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PEEFACE. 


nPHLS memoir “On l,he Sub-Mechanics of the. Universe” was 
1 municated to file Royal Society on February d, 1002, lor publi 
in tin', Philosophical Transactions ; it was read in abstract be Ion', the. h 
on .February Id. It was unde.]' criticism by the. referees of the. Royal i* 
some live months. I was then informed by the Secretaries that 
been accepted for publication in full. At the same time the Seer 
asked me if l should be willing, on account of the size, and chi 
of the, memoir, which seemed to demand ;i separate volume, to cons 
what appeared to be an opportunity of making a substantial real 
in what would otherwise be the expense. The Cambridge University 
had already published two volumes of my Scientific Papers and were ’ 
to share in the cost of publishing this as a separate volume to 
with the other two, special copies being distributed by the .Royid f- 
as in the case of the Philosophical Transactions. To this prop 
readily agreed. 

OSBORNE REYNOLD 


,/a naan/ 23, 1003. 


ERRATUM. 


p. 5, line 22: for 2 read q. 
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SECTION I. 


INTRODUCTION. 

1. By this research it is shown that there is one, and only 
conceivable purely mechanical system capable of accounting for all 
physical evidence, as we know it, in the Universe. 

The system is neither more nor loss than an arrangement, of indef 
extent, of uniform spherical grains generally in normal piling so close 
the grains cannot change their neighbours, although continually in roll 
motion with each other; the grains being of changeless shape and size; 
constituting, to a first approximation, an elastic medium with six ax 
elasticity symmetrically placed. 

The diameter of a grain, in C.G.s. units, is 

5*534 x 10~ 18 = <r. 

The mean relative velocities of the grains are 

6-777 x 10 = a". 

The mean path of the grains is 

8-612 x 10~ 28 = \. 

These three quantities completely define the state of the mediu 
spaces where the piling is normal; they also define the mean densr 
the medium as compared with the density of water as 

10“ = 22U. 

The mean pressure in the medium, equal in all directions, is 

1-172 x 10 K =_p. 
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The rate of propagation of the normal wave is 
7161 x l() w = 2-387 x r. 

The rate of degradation of the transverse waves, i.e. 
resulting from the angular redistribution of the energy, or 

5-603 x 10~ 1(i = tt 

or such as would require fifty-six million years to reduce the 
the wave in the ratio 1/e 9 , or to one-eighth; thus accounting 
considerations, for the blackness of the sky on a clear dark n 
degradation of the normal wave, i.e. the dissipation resulting 
redistribution of energy, is such that the initial energy wo 
to one-eighth in the (3-923 x 10~ B )th part of a second, or 
traversed 2200 metres ; and thus would account by mocha,nica 
for the absence of any physical evidence of normal wave 
evidence as might be obtained within some metre's of tin 
wave; as in the case of Rontgen rays. 

2. In spaces in which there are local inequalities in the 
local centres, owing to the absence or presence of a numb' 
deficiency or excess of the number necessary to render the 
such local inequalities are permanent; and are attended ’ 
outward displacements and strains, as the case may be, extend 
throughout the medium, causing dilatation equal everywhere 
but of opposite sign, i.e. dilatation equal to the volume of 
presence or absence of which cause the inequality. 

When the arrangement of the grains about the centres is t 
of grains in normal piling on which grains in the strained noi 
the nucleus in normal piling cannot gear with the grains onto 
normal piling; so that there is a singular surface of mis! 
nucleus and the grains in strained normal piling. 

Such singular surfaces are surfaces of weakness and raa; 
freedom or surfaces of limited stability with the neighbour 

These singular surfaces, when their limited stability is ov 
to maintain their motion through the medium, by a process 
in any direction; the number of grains entering the surface 
being exactly the same as the number leaving on the othc 
when the inequalities are the result of the absence of grains 
to the molecules of matter. 
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motion, whatever may he the motion of the singular surface : but the str 
normal piling, which surrounds the singular surface and moves by p 
gation with the singular surface, being of less density than the mean de 
of the medium, represents a displacement of the negative mass o: 
inequality, i.e. of the grains absent. And in whatever direction the sin 
surface is propagated the motion of the medium outside is such as repre 
equal and opposite momentum; as when a bubble is rising in water. 

In exactly the same way, for inequalities resulting from an excc 
grains, the momentum resulting from the displacement of the me 
would be positive. 

The principal stresses in the medium outside the singular surfa 
a negative inequality are to a first approximation two equal tang( 
pressures equal in all directions; 

2?t=$P> 

and a normal pressure p r = %p, 

the mean of these pressures being everywhere the mean pressure o 
medium p equal in all directions. 

Efforts, proportional to the inverse square of the distance, to cause 
negative inequalities at finite distances to approach are the result of 
components of the dilatation (taken to a first approximation only) 1 
are caused by the variation of those components of the inward strain ^ 
cause curvature in the normal piling of the medium. The other compo 
of the strain being parallel, distortions which satisfy the conditi< 
geometrical similarity do not affect the effort. If the grains were 
finitely small there would be no effort. Thus the diameter of a grr 
the parameter of the effort; and multiplying this diameter by the curv 
of the medium and again by the mean pressure of the medium the pr 
measures the intensity of the effort. 

The dilatation diminishes as the centres of the negative inequr 
approach, and work is done by the pressure in the medium, outsidi 
singular surfaces, to bring the negative inequalities together. 

The efforts to cause the negative inequalities to approach corres 
exactly, to gravitation, if matter represents negative mass. 
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the effort to cause approach between the ••.u ’h tn*i .t ;<m: 
surface (— I) in tile product Ilf these i jli.inf if o i on;!' :p': d 1 

per X 10 1 X :} 7 r x h'liT x fi'«*i70*l - It) !» a] 

The inversion is thus romplrie. Maif>-r an .»J* . m- 
effort to brine - the negative inoqualil ie-. in-i r }j. is J m 
to recede. And since I lie actions arc lh<<. t«! j> • p?. 

attraction involved ; the offals- 1 n-iiI hr ? uif *4 d,> 
the pressure, inwards. 

3. If instead of the negathe ineipiuhrb-. a -u *h 
inequalities are positive, the effort-. Would {•• i - a. ? 
the positive inequalities, and the nnaly-.i-. u-mld h- ?h> e. 
curvature would be negative. And i( i. imp-!' t-r >. 
positive inequalities exist, tin* Cue! that tie * r.-p, I , t j, 
tend to scatter through space fu:;eth<r wub r!o . „ \ •. 

of inequalities either positive or nopaliv«• • .>•. up\ k j t >, 
as compared to the. total volume o| tie- medium, p. >, t ? ; , 
positive inequalities might liavc mi a id.. hue >4 :u b 
than that of the. negative inequalili.-. whah , s! . . n i > 
gravitation; and thus we have an r\plau if mu ><1 * h, it ’ 
positive inequalities, even if,such r\mt. 


4. Besides the positive and mqahw m, .| U g 
inequality which may he easily onno* i\ id, and fl.i. 
poitane.e whatever may he iho e;ui .e t 1 i i j>>. ■ d 


equality, as between two inetpmlif: 
tin; nnmher of grains in e\er»s j t 
number delieient in the other. 


I.. ^ uup-| 

incipialities, iimsmueh as Ihe form.-,- 
mass while the latter have „» .-ff et 


fn.m • mu, 

l 1- E ' - ' E ‘ 

m 1 ha s 


: dill p>. >. * ; .■ 

and " 5 , 

h* >«n. I*. Hi.' 

. - <• hd 

fund util is * t 

lh I) -m 

Hiv >■(,i- an 

’ m j ■■ , 

I ' Hi I lie mi 

m p-, 4 


1 . i. "• immuivf an .e, 

the complex inequalities eunvspmid with . J. .-ho u 



I) SKK'IVII UK TIIM ItKSU UTS AND SOM K, OK TIIK STKI’S. 


and neo’ati Ve 
pressed when 
apart by 


ineiptalities :iml a^ain by the parameter r 0 . T1 
tin 1 positive and iK’Lpdivi 1 inequalities arc a(< finite 


l> 


/•1'7T' 


It, 


It bcin^ essentially negative ami (du* dimensions of iiln>. effort < 
inU which express an effort l.u (.lie displacement of mass. 

'Plm complex inequality which corresponds to idu^ separata 
positive and neo'ativc iii(‘(jna,lil.ii‘S is mm displacement, nul» tv 
fn.fl. admits of no question and nii^ht have. boon recognised loro 
il, nut. burn for tin* general assumption that positive, elee.trici 
positive eleetririly, the. fact lining that the. apparent repulsion of th 
electricities is the result of their respentive efforts to approach 
spoetive locative inequalities. I>y the assumption it been,me a 
possible to express the potential I', and the elee.frieily (/ as rational! 
when, ns it now appears, the potential T and the. eler,trinity 

spee.tively r")' * and ( wltieli a,re both irrational. The' 

beini;' l^ 11 * I'afional (juautity 

a" 

r 

which, differentiated with respect to the distance, is 


and the mechanical explanation of these is, 



M7ry i I 

Id] ?V f r 


K, 


and for the effort to revert, we have 



4 


V 


'•l>7r N 

. d , 


i 


. ■/ 
o 


r' J 


It. 


'flam for the electrostatic unit we. have, since r 


1, a,ml It 
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grains absent iii each inequality as are displaced in the complex inequ 
the distances being the same, 

1*2 x 10 15 , 

so that the effort of attraction between two inequalities, the grains a 
about each of which is the same as the grains displaced in institutin 
complex inequality, is eighty-one thousand billions less than that oJ 
electric effort. 

5. Cohesion between the singular surfaces of the negative inequa 
results from the terms which were not taken into account in the first apj: 
mation which correspond to gravitation. These secondary terms in 
the inverse distance to the sixth power, and therefore have a very 
range, and so correspond to efforts of cohesion of the singular surfac 
well as surface tensions having no effect unless the singular surface 
molecules, are within a distance very small compared with the diar 
of the singular surface. 

6 . Transverse undulations in the medium, corresponding to the y 
of light, are instituted by the disruptive reversion of the complin 
equalities. The recoil sets up a vibration which is exhausted in initi; 
light. 

7. Thus far the sketch of the results has included only those for v 
there exists sufficient evidence to admit of definite quantitative ana 
Nevertheless these quantitative results show that the granular met 
as already defined, accounts by purely mechanical considerations foi 
evidence, and affords the only purely mechanical explanation possible 
then the substructure of the universe is mechanical, all the evidence 
already adduced, is such as may be accounted for by an extension o 
analysis, and this is found to be the case. 

The results of the further analysis afford proof:— 

Of the existence of coincidence between the periods of vibrati< 
the molecules and the periods of the waves; 

that dlSSOCiatlOll of pnmnnmj mAlnmiloo nv/ur/\c ..1 ^ 
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that refraction is caused by the vibration of inequalities ha 1 
saino periods as the waves; 

that dispersion results from the greater number of ooinoidi 
tile waves get shorter ; 

that the polarization by reflection is caused only by that cm 
of the transverse motion in the medium which is in the 
incidence and results from the passage of the light from 
without, or with few, inequalities, through a surface into 
in which there are more, inequalities; 
that the metallic reflection results from the relative small no,!- 
dimensions of the molecules compared with the length 
wave and the. closeness of their piling when the waves p! 
a space without inequalities across the surface beyond w 
inequalities are in closest order ; 
that the aberration of light re.suIts from the absence of any apj 
resistance to the motion of the medium when passing 
matter. 

8. Iti may he somewhat out of the. usual c.ourse to describe th 
of a research before any account has boon given of the method 1 
these results have been obtained; but in this case tile foregohq 
of the. purely mechanical explanation of the physical evidence in the 
by the granular medium has seemed the only introduction possi 
even so it is not with any idea that this introduction can afford i 
liminary insight as to the methods by which those results ha 
obtained. 

(lert.ain steps, as it now appears, wore taken for objects qui 
from any idea that they would be stops towards tins mechanical 
of film problem of the universe. 

The first of thesis steps was taken with the object of finding a nu 
explanation of the. sudden change in the rate of flow of the gas in 
of a boiler when the velocity reached a certain limit -perhaps th 
he holler described as a step towards a step*. 

'Pile second step was the discovery of the thermal transpii 
gas logotlior with the analytical proof of the dimensional prop 
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And iL whs only on taking tin* font th *f.p, n.tunh, th< .»u« 
action of sand, which revealed dilalamy ,e. tin- iaim.; |a»»p«sj 

granular media*, which directed iiltent i<<u i*> t In* j.ihdn \ *<: IU 

explanation of gravitation. In >pite uf tin- apparent p,,-. ,il«iiit \, ,t!I 
to effect the nocessary analysis failed at the Inin- 

There, was however a fifth step; tin* eth etin^ ft f hr .ut.ill, 4 '. {»> 
fluids, and flic determination of tin* enf.-inm*. nhu-h led {,« jp,. 
of the possibility of the auuly f ieal wjui.tl n«n * 4 * th« n> , t { !aM! 
fluid into lm'an varying tnoliou, displacing un>in> inam, .u«i f u llt ,. 
and this suggested the possibility that tin sn« dnim .4 ,, 

granular, tho grains being in relative nn<ti m .md „u do }JI1 

subject to varying mean motion. And tin * ha. pi-.v* d t>« |„ s 
At tile same time it berunie evident tb.it i» «.», i,-.i 1 , p, AlVl< 
any method short of the general e.pmtn.u . »4 n , .. tls * 4 r : i( >r , ln 
from the very first priueiph’H; and n 1. h>>nt ; f/n ihi 

mechanical account oj the physical t-v nI< h*v h,1. b. i K , # p* 4 > o. ,s 

* I'htl, »!/«</, I HsA, 
f UmjuI S»t\ l‘hsi. />.jto 1 


MIKJTION II. 


Til 10 <I ION ERA L 10(^11 AT,IONS OK MOTION OF ANY ENT 

9. Axiom I. Any change whatsoever in tho tj_iuuilrit,y of any on til.; 
a o.losotl surface nan only bo effected in one or oLhnr of two distinct w 

(1) it may bo olVootod by tho production or destruction of th< 
within tho surface, or 

(2) hy tho passage of tho notify arrows tho snrfaoo. 

To express this general axiom in symbols l put;— Q for tho < 
required to occupy unit voluino, as an indolinifoly small nhnno.nf of 
8tf, at any point within tho snrfaoo is orrupiod. Q is thus 1.1m dons if 
entity at tho point, and howovor it may vary from point to point is 
valuod function of the position of the point: 

( Q8tf ) — JJJ(^dxdj/dz is put for flm quantity within a space H i 
by flm surfao.o. x at the instant considered, 

is flm (piantity onrlosod at a previous instant. 

'£( p Q8> S') is flm (piantity which has boon produced within a dm 
interval, and 

« (rQ8ti) in the (piantity which has crossed the surface! iuwardr 
tho interval. 

Tlum 2 (<JS, S') - 2 („Q8K) + ( P Q8X) + 2 

is a complefts expression for this Axiom. 

Using 8 [ | to express any change, enfe.cfod in the. time 8l this 
written 

8|X(«S«)| *•«[S(,«SS)| + «[X W&S')]. 





10 


ON THE SUB-MECHANICS OF THE UNIVERSE. 


produced or destroyed, any production or destruction of a particular fc 
the entity at a particular place and instant of time involves the destr 
or production, at the same place and time, of an equal quantity of the 
entity in some other form or mode. 

To express this in symbols let Q refer to the general entity w 
distinction of form or mode and Q u Q.,, &c. respectively refer to the s 
particular forms or modes of the entity. 

Then since 

8 [X (pQrSti)] = - 8 [t (p&Stf + &c.)]. 

which is a general expression for the law of conservation, and is the g 
equation of continuity in terms of the several distinct actions of exc 
between the different modes of the entity. 

11. Transformation of the Equations of Motion and continuity 
steady surface. 

Equations (1) and (2) hold however large or small the space 8 ai 
interval 8t may be and whatever may be the motion of the surface s enc 
the space $; for the 8 covers the X ( ). 

If however the surface s be steady or fixed in space the 8 may be ct 
by the X ( ) and the equations written 

2 [8 (QSflf)] = 2 [8 ( P Q83)] + % [8 ( C Q88)] . 

^i8{pQi8S)]^-t[8(jQ % BS + r)] . 

Since these equations hold for indefinitely small spaces and indefi 
small intervals of time in the limit, when da-, dy, dz and dt are se\ 
zero:— 

X (Q88) — Qdxdydz . 

and X [8 (Q8$)] = — (Q) dtdxdydz . 

In cases where Q is not a continuous function of t the meaning ol 
differential coefficients as that in the right member of equation (6) b 
unintelligible without further definition, and it seems desirable here to 
out, once for all, in what sense they are used in this paper. 









TUI-1 GENERAL EQUATIONS OE MOTION Ol-’ ANY ENTITY. 


13 ] 


Where (p has positive values on one side of the surface and lie 
values on the other, then putting for the continuously varying vt 
Q where <j> is negative and Q.^ for Q where <jt is positive, Q is at all 
expressed by the limiting value of the function 

W-.Q' + Q* 6 "* 

1 + e n 'l‘ ’ 

when 7i is infinite*'. 

Kor any finite value of n If is a continuous function of the varial 
are. also the derivatives of A’; and substituting F for Q, the limiting 
when tt is infinite, of any functions derived from F by any mathei 
process are taken as the values of the function expressed by the same l 
matical process performed on Qf. 

13. Having regard to the foregoing definition of the iutorpretaf 
be put upon the meaning of the differential eoellioientH in eases of < 
tinuily, the. expressions obtained by equations (5) and (0) for the ri 
eonvo.etioii into and produetion in sue.h indefinitely small spaces n 
treated as continuous functions of the coordinates. 

Thus taking /<, /), w for the eomponent ve.loeities of the entity, to 
Q refers, passing a point .r, i/ t z, relative to the surface, of the elem 
space d.rdt/th at rest or in steady motion, since n, v, w are single val 
each point at any instant of time the convection into the space 
interval dt is expressed by 

dt ^(M) d;rdt/dz ™ I' I fi 2 (™U)j dmdi/dz' 

or at u point thi> rate, of change by convection is \ . 

il n i (l i ^ W) , (i 

dt c *~ ( dx '■ dt/ c iz J ; 

* Klfi'tririti/ and Ma<jnc(i»m, Maxwell, g H. 

t Ettrlririti/ and Hlatjnctiuni, Maxwell $ H. 

ml, 

ill 1 ' dt dt ii (V, (J.J s n '>‘ tl<l> 

dt 1 I ,.«<!» p (,«'/*ju dt, ’ 

it Oil i ii L 1 11 1, ii ! 11 f i ii 0 11 hi him I a tt Ail'll Siiii i ^ ^ ^ t 1 ini im A i i u imilil i im 
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whence substituting in equations (1) and (2) lor bln* indefinite!; 
element dxdydz and the indelinitely small interval of tinm dt 
become:— 

dt dxdydz = dt {£ (,Q) - 1 (««)- jt («Q) - f h («'«)} .... 

7 ( f \ 

dt dxdydz = - dt &c. )j dxdydz . 

or at a point the rate of change, is 

dt^ ] ~ dt ( '^ } " {(hr (/, ^ ) ‘ h (/ / / ( '^ ) 1 . 

. 

Equation (10) expresses the rati', of change in tin* density Q ul a j, 
terms of the densities of the actions of production and rnmeetimi , 
point. While equation (11) expresses the relalion which lu»liK In-taw 
densities of the. several actions of exchange between the ddfrivnt 
of Q. 

14. Moving tdarfacc. 

lu the equations (fi) to (I 1) lihe surfaces nl the element uf spare 
dxdydz) are steady, and in eijuations (.*1) and (4) the rinsed Mirlnc 
which the summation is taken is also steady 1 ""the ft being m\ reed by s 

Hi however, the motion of every point id' the surface be taken into a 
it is possible to sum the results of equations (7), (H), ({») „ V f*r I hr 
enclosed by a surface in any manner of cuntinuuux motion. 

Putting it, v, w for the component velocities of the surface at the 
a '>y> z > fhen the component motions of the entity represen led by Q i« 
to the surface at this point are respectively 

u — u, v — v, w — w, 

and although u, o, w are mdy defined at the surface, since (ho umimn c 

M11Vfiir* » 1U /»/ml miinoii T" . 1 i * 







TUB OKNFKAE F.QUATtoNS OF MOTION OF ANY ENTITY. 


in 


Tin* insfantanoous ral.o of producfion wifhin (.ho surlaoo, is not. alforo.d by 
(.Ik 1 eont.imams mot,ion of l,ho surlao.o. Thoiv.lbro. oquafion (1) boo.omns 

d ^ 
dt 




d 


d 


j 11 I (" “ «) Ql\ "I' ({tj i ( 11 - '») V] I' dz I.C"' “ ^Jj * • •( 1 

and int.ojjfrat.intf oqnntion (10) nvnr fho surfao.o, t.lio ralo ofc-hango in fin' spaeo. 
insfanfatioonsly ono.losod as by a Jhrd surfaco is 


dQ 


S f 2 ' ' v 


d ud ( pQ^ 

dt 

"fid 


[dr ( ,Ll ^ " l * di/ ^ !l.~ <l;V ’ dl d ilz .( U ) ’> 


whono.o Hubst.it.nl,inq; in oquafion (l.d) foi* 

d 




from oquafion (1-I-), 

‘Ilf (,£<"«> £<«<»>}*** 

or as it. may bo writ,fen 



du dn dm' 


(in), 





SECTION III. 


THE GENERAL EQUATIONS OF MOTION, IN A PORK! 

MECHANICAL-MEDIUM, OF MASS, MOMENTUM AND KNE 

15. These equations are obtained by taking in equal ions (I )to 
refer successively to the density of mass, the density of flu* eouqua 
a particular direction, of the momentum, and the density of (lie energ 

The forms of the equations so obtained, ns well ns (lie eiremusla 
which they are applicable, depend on the definition given, respeetiu-ly, 
three entities. 

If this definition is limited, strietly, to that afforded by I In- laws of 
as distinct from any physical or kinematical properties of matter, tin- eqi 
will bo the most general possible and applicable to all meehuuieal y 
In which case by introducing separately and step by step further del 
of the entities the effect of each such definition <>n tin* {hrm of the rqi 
and of the expressions for the resulting actions, to he obtained by iutei 
of the equations, will he apparent; so that the individual elf-el H.,f t he ; 
particular physical properties of matter may lie analysed. While nit t hi 
hand if the definition is, in the first instance, such as that on win 
equations of motion for fluids and elastic solids have bn-n fitindi 
equations so obtained will be essentially the same. And, altinnq 
significance of the several expressions in the equation*'! an iela!mg to 
in illation, convection and produe.tion will he more elearlv brought on 
will afford no opportunity of analysing the several effects ivsultiui 
particular physical definition. 

In this investigation the object sought, in the first inslninv, Juts }» 
lender the equations the most general possible. Only introducing rent 
definition where the effect, of such definition, on the form of tin- 




17] (IKNKRAL EQUATIONS OF MOTION - IN A FIT RICLY-M KOI IAN I(!AL-MKI)IUA1 

The sense in which mechanical-medium in here used is nob that in i 
the term ‘nuulium’ or ‘medium of space. ’ in generally used in mec-ha 
philosophy, nor yet, that for which “mabbor” is list’d. For although 
which is recognised ns mabtor is Liu* only entity included in Lho equaLu 
mobion whirh 1ms Lho proporby of occupying position in spaon, ib is 
norossary in order t.o aocounb for experience bo abbrilmbo bo mabbor pro]) 
oxbonding through spares whie.h are nob occupied hy null,tor, and bo nun 
Hiirh extension with bho ahsoneo of any mor.haniral properties as belongi 
Kpaoo itself it, has been recognised that, there exists in spare some 
entity, besides mat Lor, which has bho property of occupying position a 
recognised in mechanical philsophy as bho medium of space or bho obhoi 

To the other are attributed such mechanical properties, whatsoever 
may be, as are necessary to account, for the observed proper!,ios of mabtor 1 
are nob deiiued by implication in bho laws of motion, as well as to no 
for all the properties extending outside I,he space occupied hy the m 
This amounts to an admission that those physical or extended proporbii 
not inherent in the matter m»r yet in the ether, or in other words that 
are not the properties of the entity which occupies position in span', In 
the eouseipience of the mechanical actions and of the arrangement i 
mechanical system of the Universe. 

If then everything' t hat occupies position in space is included by delii 
in the mechanical medium, experience affords no reason for nttribuLi 
such medium inherent properties other than those required hy the la 
motion and the law of conservation of energy, and so defined, I he medi 
here designated a / *u rrlif ■ Mtrhanirul ' Merfiuin. 

17. The properties of a jiurcli/ iiurhaninti-nierfin in necessitated b 
laws of mot ion are 

(1 ) Tim property of occupying definite posit-ion iu spaco ; 

(2) 'fhe continuity or continuance in space and time ; 

(.*}) 'flic property of definite capacity for momentum, Ac. d< 

mass; 

(•L) 'fhe property of receiving and communicating momeiibi 
accordance with the laws of conservation of moment,uni and energy. 

v*:. it,., ......... r .. ......it.... ......i,'..,. ..r i .... 
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18. The equations of coutinidti/ of mass. 


Putting p 

for the capacity for momentum or mass in the indefinitely small spn 
and substituting p for Q in equation (2) the equation for enUHervat 
mass becomos 

B [2 ( P p8tf )]* 0 .......(I 

and by equations (1) and (17) the equation of motion of mass becomes 

Sp(p&8)]-8[S(^)1.. ..( 


Whence for the indefinitely small element of spare tUtlyds and the 
finitely small interval of time dt it follows by equations (7) that 


dp dpn dpv dpw 
dt dm dy dz 


which is the genoral equation for density of mass or medium at a {mint. 


19. Position of mass. 


Taking «, y ) z as defining the position of the indefinitely small h 
space 8s, and putting pm, py , pz sueeuKsively for Q in equation (2). the 
tions for tho conservation of the position of the mass become renjieetivelj 

5 ) [a { P (pm) a. 9 j] « 0 , t[B [ P {py) tf«|] * 0 , S[ 8 \fpz) </«| J ® ()...{t 


Tho equations for tho rate of change of position of the mass vt 
space ovor which tho summation extends, become by equations (l 
( 20 ) 


ap 


(pmBs)} ■» a p {„(p«) Bn] j, &«., . 


4\ 


Sinco m, y, z are not functions of the time, it follows by equation 
if x, y, z dofino tho position of the centre of gravity of the ntiti* ii 
steady space over which the summation is taken, that 


ds Ufa-*) 


u , dpv dpw\ , , , 

dw + <£ + ,u) ,Ud v ,l> 


Jffpdmdydt 


For in a fixed spaoo. 


' 0 , 


* 
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For a space moving with tho mass by (15) 


f '^[(p.r)S.s'l 


d(pss) 

dt 


8s 




fa (p xn ) + ( f y (p™) + fa (p®w )| 8s 


■ 


whence since x is not a function of t, 
dx 


^ (/ 


p dt 88 > “ ^ ^ nS ^’ &c> > &0 - 


20. Before proceeding to the consideration of momentum a] 
it will be found convenient to express certain general mathematical 
between the various expressions which enter into the equations for 
into which p enters as a, linear factor. 

When Q is put for pq, where q is a factor which has only on< 
each instant for each point in mass, but which value for the poii 
is a function of tin* time, then tho derivatives of discontinuous 
having the meaning ascribed in Art. 12, 

d (rQ) _,/Hpp) , jHv<l) 

dt ' 1 dt, 9 dt . 


And since by equation (17) 


d(vp) 

dt 


0, 


d(pQ) _ d( v <j) 
dt 9 dt 


Also 


and 


dQ 

dt 




\ 


d( r Q) 

dt 


it ( W ) + rt (pW/) + ^ (W) l h 

- C {"■ ite +■■ 


whence subtracting and having regard to equation (19) 


dQ 

dt 


d(M) 

dt 


P 


dq 

dt 


"P 11 


dq 

dx 


4- he.. 


therefore by equation (H) 

d( P Q) 

t A 



\ 
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and putting and q>, respectively for q in equations (^(i) and sn 
in the right member of the equations (-7), 

dQ _ dJM) _ (dQ» _ d (M\ (<!Qa _ d M >\, 

dt dt v dt (it- ) " \ dt <h - : 

-nr = v, ~M + ' h m I 

21. In the equations (2:1) It) (28) p is subject (o tin' em 
conservation of mass, equations (17) and (I!)). If instead of p w 
as an abstraction of the density we obtain a corresponding but mo 
theorem, by putting 

dp" _ idp'a dp"(< dp"to | d ( p") 

dt \tfa '' dtj 1 th | 1 dt . 

where the last term on the rigid, expresses an arbitrary density-’ 

d( v Q) odipj) d (f,p") 

~dt = '' ,U "> ,11 . 


dQ dp" „ dt / 
dt -V dt ' f> dt, 


tit 1 

(dp" u 

(4 |4 “-- 


p‘(,t 


Equating by ( 28 a, 24 a, 

2:1 A), 




dQ _d{ r ,Q) ; 


/( 

, (dq 

, dq , , \, 

dt dt 

~ V dt 1 

P 

[dt 

1 it . 1 iVe, ) 

tlx 

d (pQ) 


p" 

(dq , 

dq , . \ I 

dt 

<! df. 1 

[dt 1 


And putting 7 = 7 ^., 

and Q t p" 


V, 

p"(J : > \\e hast* 


*(£- 

dt ) 

d ( ,,p") 

•' W; lit 

1 q>p" 

G > 

: 'd ' : 

< 

dt J 

dl r t i"l 

" W * dt : 

1 7 

G • 

•G ■ G 


dO l (lh n 
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22. Momentum. 

Tim tie(million of momentum afforded or required by the laws o 
is, l,lm.l. t.lm monu'Ht.um in .any particular direction is the product of 
multiplied by t.lm rate o(' displacement, in Urn particular directio 
m;iss in which it. resides. Since al. each instant niiiss bits posi 
rapacity for momentum, iind t.lm rate. of l.ht* displacement, al; t.h 
has magnitude and direr.l.ion, mtmient.mn Inis podtion, maijuit 
direction. 

Taking ;is before it, v, n> l,n represent, l.lm component veloc.it,i< 
nniss passing .a point, at. any insl.ani., ;uid p lor t.lm density of t»be 
I,he siitne inst.ant., I.lm densities of t.lm respeel.ive components of m 
are r<‘Hprrl.ively 

M x ~ pit, M,, — pv, M z pul 
Substituting M x ('or Q in equation (1) it. becomes 

ei\^(M x M)\ &<••••• 

lly eipnil.ion (2) substituting ,,/l/ |; Ibr ,/ih, 

f S' 12 ((W) | - 81 2 ( -I- &.c..) |, &(*.., &c. 

where -• <S [( t ,Q^d I &c.)| expresses l.he ral.e ol destruction ol ir 
in direct ion ,r, in nil other modes l.lwm l.lnil. represented by \ 

space of >S*. 

23. (loud net inn of mom col urn hi/ the mechanical medium. 

As H{M r oS) represents t.lm sum of all t.lm moment,nm in d 
wit.hin Urn space S, there is ditbeull.y in realising how moment,nm in 
,r can be produced or dest.royed in iiny ol-her mode. If, as in this 
p <S»S' is defined as including t.lm lot,nl ciipacit.y lor moment,nm with 
delinit.ely snuill space, 8A', t.lm production or dost,met.ion ol men 
direction ,r in nnv ot.lmr mode t.hsiu at. a point within 1,1m 

requires that, moment.tun should have colored t.he spaci* wit,bout. In 
conveyed bv t.lm umt,ion of 1,1m mass across l.he surrounding sj 
dillicult.y thus present,cd naluraliy raises t.lm quesl.iim as t,o win 
production or destruction is necessarily implied in t.he laws ol mot.’u 
wlmt.her t.lm entire exchanges of momentum cannot, be accounted 
result, of convections by the moving mass i 


a ... 


i 


i 
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crossing a surface', in a negative direction, ha, rva.-Hy t\u- v.im- g.-m 

significance as an input! stream »f moiun.rum ...g f l 

surface in a positive direction. The n-.nl! ?h«- ‘-ni. men I 

Htreains of positive momentum in the j.-.isiu- 'lia.mi. ami « 

momentum in the negative direction a« r.pml rah-., nhil- Hi- mu 
momenta of the masses in the f\v«» >4 mam. taken 1«. « within if 

is zero. 

In Huch streamH of momentum the m’imn »t a ■•u»l.»«*e i =. iliMtigh 
kincmatioal, that of iwhuwje »f momentum U twe.-a the .pom 
opposite sides of the surlaee, such evchutige J*n» »■* a! .t d>tini 

which rate has a definite iuteuMl \ at rael« point »4 lie mi l.n-*-, ; 
direction of the momentum e.rchowjtd n (hr «/nfi-'o-o : f th e m 

at eaeh point. Tlie condition that a.-u.-n u*d i- m:,.is s«i<- . f> 
opposite is thus completely nut istied t hat e* !>» ,tu m»* * - * * ■ \ r; fh. 

one of exchange of momentum, hist it m .»!■«• •*!«.• **t » %» h in - -l m*. 

momentum about every axis. Hem.-, win i. th« * . .-leiKs.«n- 

medium admit of such opposite .*4ream. >4 u»*«m* utoio n t dill* i* n* do 
through tlie same space in the sum*- tutri *a! <4 lum-, « -»< h use* ■. -4 ne<i 
in any direction across any - tuface may he * . »| «!al« * h, it,,; 

momentum is zero. 

In this way, in the kinetic theory, th«- »tir->n i m •> c .m% m-a 
completely accounted for, m the m-.uI? *4 t!»*• e.-m?j..n ,4 !,«»,!, 
conveyed by tho molecules amongst w In* l» ils«- us*u j, lS » i- *}r4i shut■ 
fonnly in all directions. Hut men m the r.i.-w *4 g.*.-; .o* h * "io* * to 
not account for the maintenance of tie deUnbuU-m «4 \« h- 4e. : .Hus->j, 
molecules. This requires that the nioh-.-uS*”) -»hu»ijd . >,< 'h jng mmi 
and such exchange as appears l«\ etpi tts..u 11 :u *' lilt), 4 1 » A‘I ■ - <14 ii * < t | 
the result of kinetic, convection by bui s ■ pus, • i„. 

action hetweem the uutleeules, In the kin* ts« ti,. ..m »h-^|.. j* 5 ? i. s 
that f forces 1 exist between the iiioUth!« •>. v> !*< n «inn * > t* drs^i 
each other, either as the result *4 tuning n? 4 ?!,, r . tJ .»>, 

through intervening space, 

From these and like eommleratioijH :f ;ipp<- iS i f , s 

the transmission of momentum from on*- p s .ea n ip, v , i., g- s 

n I r»f] f/n» tie flu* t*.It a,. _ .n - - S . . » 



2.‘{| (HINKHAIj EQUATIONS OK MOTION IN A UUlUiEY-MEUllANHJAL-MEM 

unlt'ss wu accept action at a distance, and thereby pro elude all 
definition and explanation, it is necessary that the purely-m.ee] 
medium, in addition to the properties of occupying' position, and 
capacity for momentum, should have the property of transmitting 
ducting momentum through the space, if occupies otherwise than 
convection consequent upon the motion of the mass ; and, to completeb 
the condition that the direction in which the exchange is effected 
direction of the momentum exchanged, it is necessary that the dim 
conduction should everywhere be the same, as, or the opposite to, 
the momentum conducted--that the conduction should he by streai 
or imaginary streams, of real or imaginary momentum in the same d 
as that of the momentum, just as in the case of convection, exce.pt 
(he latter case the streams and the momentum are real; so that if 
refer to the direction in which h is measured, which is that of such a 
o( which j> is the, intensity, positive or negative, of the rate, of ex 
across a surface normal to //, the intensities of the rates of exclu 
momentum, in direr!,ion h, across the surfac.es tjz, zu'., nitj are rrspi 
pl t pin, pit , and the intensities ol the. rates of exchange of the compel) 
momentum, in the direction of m, y, z, respectively, are 

across yz pft t pirn, pin, 

zm pud, put", pni.ii, 

u'ij pnl , pit in,, pid. 

Tins property of conducting momentum (on which all moelmnioa 
depends), necessitated by the laws of motion as inherent in a 
mechanical-medium, must lie continuous in time and space if the t 
is rout humus in lime and space. As possessed by llm medium, tli 
the property differs from the properly of strength or that of rrsistin 
possessed in various degrees by matter in respect to the limits 
strength, which limits depend on tho physical condition of the mal 
ave u ev’slon • < in l.h * n >d* t 1 . Thin dilT* • me > nx retoi. • 1 h I’mils li 
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momentum conducted, as distinct from tluit conveyed, in a purely-nieeh 
medium. Thus 


P'.VXi ‘Pl/Xl pzx> p.vi/i P Ml > Pz>/> p.iv> P;u> l tv i 
the expressions, used by Lbuikine tor Idle*, component intensil ies of t in- 
in which the exchange of momentum is in the direction indicated t 
second suffix and is across the surface perpendicular to I,he direclion iud 
by the first suffix, maybe defined to express the intensities of the ra 
conduction of the components of momentum in which tin* momentum 
the direction indicated by the second suffix and is conducted in tin* dir 
indicated by the first suffix. 


Whence, at any instant-, the rates ol conduction of tin* eotitpom 
momentum from the outside into the indefinitely small steady eh 
daily ds are respectively expressed by the left members of tlm'oou 
(30 a), 

_ dp,,', dp, x ] ,1,,, 

( <!.<■. ,l„ 1 ,h \ ) 


W-V-m , ilp„ ilp.,,} 

1 "I" / ■-!- , jdtvdt/dz b,,d,rdi/th .(,’!() 


\ dx dy d 

fix, F v> Jf z being merely contractions for the (expressions in the left m<-n 


24. kSince, in order to satisfy the condition that action and react 
equal, accumulation of momentum in the mode in which it, is mudu 

impossible, the expressions for the rat.. conduction into the mrs 

space dxdyds must also (express I,he rates at which momentum in the 
m which it is conducted, is produced in the mass in the s p ;u .,. 
element and destroyed within the .‘lenient. Whence it Ibllmvu (hat b 
respectively represent the rates at which the densities of the n-,i 
components of momentum, in other mode than that of M, v yr a.v «ffi. 

wit un the 0l.ii.uml, mul us l-hoso aro mllj . a| , \ v||i ,'. |l . 

within I,hi, olomni.t is .l.«lmy,Kl- Vil |,„. s „ r , ; 

oijualiuns (-JO), and tlm i„|iiul,iun.s „r ,i,i.i,,,,i v n) - , 

rcspoctivu cnni|)oiti!iits of i„ a |,uivly ..m-rhaui.-al „„,liii 

come by e(juation (1.1) 
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nu'tlium expressed in terms of general symbols expressing the separate 
oi tin* distinct actions ol conduction and convection. 

Substituting li»r b\. equations (.SO A) and d{ r AIJ)/dt from (7) w 
l,ho full detailed expressions for l,lu>, equations of (,ho densities of th 
ponents of momentum all a point 

, &o. r «Scc.... 

The equations (S2) and (So) are flu 1 . ( i (|iial,ious of oonsurvaliion 
mold,uni in a purely-meohanical-medium, al, a poinl,, in wliioh 1,1 m lirsl 
in (ilio brackets on the right of (SS ) ox press I,ho rates ol" change 1 
dilution, and (.ho sooond I,ho ral.os of change. by e.onvee.l.ion. 

The integrals ol’ I,ho right mombor.s of I,hose, aquations transfer 
suiTaoo integrals, and (Jins l,hoy express l.lie condition that, the oh; 
momentum within any spare ,S' is solely the result of the pasi 
momentum across the. surface of H. 

2D. The (untscriHitinii, if the poni.lion, of vtniueiittnii,. 

If appears from flu 1 previous article I hat the condition of couse 
of momentum requires that action and reaction should be equal and oj 
but this is all ; so far p J/v , &o. may be independent, of each nth 
there is no indication that exchange, must fake place in I,he. dirot 
the momentum exchanged. 'Phis is however expressed by file equal 
conservation of the position of momentum. 

Taking ./•, i/, z aml pit, &e. as referring t.o a fixed point. '’Plum mull 
ea.eh td’ the equations (*PI) by .•/.*, if, z, successively, we have 

, . 

or transforming', since .r, //, z are not functions of/., 

d. f d , , , 11 

dt f'P") - •}>■>■<■ •- l )l(u ■ ■ - ”1" (» u ') + 

d id tl ) 

(U ( UP ") - / Vr " P "« :;; ■ h) V ( V.u- I pun) -.V.o.j . 

d {d< . . ., } 

(-I 111 ) - P.-s -p" W • Jo,. - (V.v.r +P 11 ") 


dl 1/,. 
(// 


’,( I ■ pan) I' &c.J, &c. 


dA /, 
(// 


\d . 

1 du^ Vxx 


d 


d 


p II !l)-\- ^ - ( j) !lx d- putt) I- (/>...,; + pit,III) 
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ponents of momentum within 8, while those of puu, &c. represent tin 
of displacement of momentum by connection within 8. 

Hence what these equations express is that the whole rate of clis 
inent of momentum in 8, less the internal rate of displacement, is ee 
the rate of displacement of the momentum across the surface. 

This, it appears, follows directly from the condition that actio 
reaction are equal— i.e. the equations of motion—and implies no rt 
between the components of conduction. Such conditions however 
from the further condition that the direction of exchange is the direcl 
the momentum exchanged. 

26. Conservation of moments of momentum. 

Subtracting equation (35) for ypw from that for ypv, 

J t (*pv - ypw) - (Piu ~Pyz) 

- ~ Jf x \ Z ( P.r,l + UV ) - V (Pxz + uw)} + &C.(:- 

whence in order that the rate of change in the moment of momentum 
the axis of x may be expressed by a surface integral we have the cone 
as previously obtained (Art. 23), 

‘P:y = 'Puz> and similarly, that p xz =p zx and p >JX = p X!/ .(31 

27. Boundary Surfaces. 

The conditions at the bounding surfaces of spaces continuously occ 
by the medium may be of two kinds, according to whether the si 
divides the medium from unoccupied space, or separates two conti: 
portions of the medium which are in contact at the surface. 

Taking r, s, t for distances measured from a point in the surface in 
tions at light angles to each other, that in which r is measured being n 
to the suiface and l r , m r , n r , l s , m s , n s , l t , m t , n t for the direction cosii 
r, 8 , t respectively, then since p xu = p yx> &c., &c., 

Prr = PaJ* + Pypnf + p zz nf + 2p m m r n r + 2 p zx n r l r + 2 p xy l r m r 
Pss=p XX l s ~ +Pyym s - PpzJlp + 2 'p uz m s n s + 2p zx n s l H + ^Pxfs^'h 
Vtt =Pttnl? + PyyUic +p a n? + 2 py Z m t n t + 2 p zx n t l t + 2\p xy l t m t 
pst = p x Jft + p y ym s m t + p zz nyi l - b p (m s ?i t + n s m t ) 
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Where (.ho. surface. separates Uu 1 . medium from unoccupied sp 
stresses p rr &c., art! all zero at the. surface, but where, the surface divii 
portions of flu*, medium in contact, then flu*, intensify of the llux ao 
surface, at a point is the intensify of the rate at which such mome.i 
received by the. one port,ion and lost by the. other across the. surfac.t 
point., and by the foregoing notation p n ., p r „, f) rt respectively ex pi 
intensifies of the rat.es of llux across the surfa.ee of the compou 
moment.um in fin* direction in which r, s, h are respectively nn 
These ra.t,( i s art' the limiting values at. the surface, of the respect,n 
ponenl.s of llux within the. medium on either side of the surface 
directions in which r, .v, / are. measured, .-uid are thus the limiting v; 
the surface, of the expressions on flic right side of the equations (1). 

28. hj iicn/ 1 /. 

Although the half of the nis-ninu (that is half the rate of flu; t 
menf of the momentum, or half the product of the momentum uu 
by the ral.i* of displacement, of the mass) now called kinetic, energy, 1 
been recognised as (.he genera.I measure of (.he mechanical-effect of n 
cal act.ion through space, the recognition of energy as a. physiea.1 eii 
resulted from t.he discovery of the reversibility of actions In 
mechanical-action produces physical effects, and of t.he. linear rclatim 
exist, bet,ween the physical measures of the physical efforts so produ 
the kinetic energy which has been expended in producing them. 

The discovery of those relations a,ml the reversibility of the 
having' led to the recognition of t.he* existence in the Universe of 
entities which could be. changed to a,ml from the mechanical entity 
energy,these physical entities, although not otherwise nice,ha,ideally d 
have become recognised as inodes of the general physical entity i 
kinetic-energy is one mode and the only mode, which is subject 
mechanical definition ; and hence followed the recognition of the law 
serration of energy. 

'faking &e. t.o ha.ve the significance ascribed to them in Art, 
intensities of t.lie components of mechanical act,ion that is I,he. in 
of the components of t.he llux of momentum, by conduct,ion, 11 
negative to flu* positive side across a surface of which the direct,ioi 
normal is defined bv /, ui, n art; respectively expressed by 
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Multiplying these time-measures respectively by <6 v, it', the com 
velocities of the mass at the point, we obtain 

* u (]hJ + Vu* nl + 

which are the corresponding space-measures ol the respective emtipou 
the intensity of mechanical action at the. point. 

Adding these and multiplying by 8s, the element ol a closed surln 
integral over the surface is expressed by 


upxx + W»u + w P*z) 1 Ob”?/* 


■inp !K ) in, 


which is the space-measure, of the mechanical action of the. mass olds 
closed surface on that within. 

This (if there are no purely physical exchanges) is by the law of 
vation of energy equal to the rah 1 , of change, of energy in all its 
within the surface—that is if there is no change by convection acr 
surface, which will be the case if the surface is everywhere moving w 
mass. 

The changes of energy may be partly in kinetic.-energy and pa 
otbe.r physical modes, according to the expression which is oblaii 
transforming the equations of momentum (.*W) by equation (2b); mull 
respectively by u, v, w, integrating over the surface and adding, the ei 
becomes, when transformed by equation (la), taking U it, &e., and as: 
the actions continuous in space and time, 
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energy in other or physical modes within the surface as resulting from th 
mechanical action on the surface. 


29. In a purely-mechanical-medium (including everything Unit hr 
position in space and possessing no physical properties other than are ret/nirc 
by the lams of -motion) tho kinetic-energy must include all the energy in th 
space over which tin 1 integration extends, hene.e as applied to such me.diui 
the second term on the loll of expiation (lift) must he ze.ro, however large < 
small tin 1 space over which the integration extends. Whence puftin 
2A’- p{u" l v’ -1- if') and transforming equation (3H) hy equation (15), tl 
equation of energy for a fixed space becomes 


</ hi , 

,u h,s 


I'JKv,, "1 "’hxz I « H) l ’ 


\'{itp, /x I t'Pitu 1 «7V* 1 t>M) w-'\-("p.‘x. 1 h "7 J -v t mhJ) u\ tlK ... (3!)). 

\Vlienee since this holds whatsoever may he the size of the space e.i 
closed, we have for thi* rate of change of the density of energy at a poii 
hy differentiating the left member of equation (!!!)) with respect to t.l 
limits 


y r ("Px.r t nh, 1 fl' ("Iht* * i yMP^hvp^p-wp, 


tl (ll/'J ) (U vtt) tl ( ll'/'j ) 

</,e tly th 


30. In order to simplify the expressions N may he put for tin 1 rate 
which density of the energy, in whatsoever mode, is produced hy tl 
mechanical action at. any fixed point in space, and N it -, N in A\ lor tl 
densities of tin* energies which have been produced by the components 
the direct.ions in which .e, y t « are measured respectively, so that 

N ■ A', t N„ l ;V,. ] 

I \t | ./ ./ ( i ) l...... (41), 

Then ^ r • f r ^ n l >x ^ ^ ,hj ("Pv^ f /- 

. f/iV r/Ah ,IN U ti Ah \ 

a,ul tit tit ’ dt ' tit I 


J' /A ' x.s'1 


,..(42 


\(upst } vp sl , t tnp,.)l-Hnp, tx \vp vv \ mPtiP” 1 ^"P-s. I l 'P:u+ w P^ n I 
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which may be obtained from (1) and (2) together with the condition 
is continuous—and is the equation for the density of energy—in t 
general symbols expressing the densities of the distinct actions of eon 
and convection at a point. 


31. The condition of a yurely-mechtu deal-medium. 


Equations (40) and (43) are the equations of continuity of enei 
purely-inechanical-mediura in which the relation between the stres 
strains is continuously, that the second term in the left member of e 
(38) is everywhere and continuously zero. Transposing the expressio: 
the integral in the second term in the left member of equation (38) b 
and equating to zero we have 


( da dv diu 

+p,k 


'dv dw\ (dw du\ 
dz dtj) ^ z ‘ l \dx dz) 


+ Pay 


du dv' 
,dy dx. 


= 0 


Then, for convenience, expressing equation (44) as dli/dt = 0, e 
(44) defines the action in the medium as being purely kinematical. 


From the definition of p xx , <fcc., <fcc. as components of intensity of 
of momentum it follows geometrically that the value of the ox] 
which forms the left member of equation (44) is independent of the d. 
in which the axes are taken. Hence, if i, j, k, arc measured in the dh 
of the principal axes either of the rates of distortion or of the stres: 
point p and u, v, w are the components of the velocity in these dir 
respectively, transforming to these axes we have by equation (44) 
either;— 

dv _ ( lu> _ ^ fo c> - or p _ o & t . &c. 

4 dj 


du 

lhi d: 


dv 


dw 


+ tod, + p‘*d t 


= 0 . 


From these three conditions it appears that no energy is translbi 
distorting the medium. And we have as the three possible conditio 
purely-mechanical-medium 


pu~ Pjj ~ pkk ~ d ; which is the condition of empty space 
du dv dw 


Va —pjj—Pkk ; and (l _ +j 


- + 


d. 


0 ; perfect fluid. 


du dv diu dw dv du dw dv dv A 

37 + a; + 37 = ° ; 0r chj + dz = 33 + dx = dw + dy = 0; i ,U '' lccfc 
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Kinetic energy has direction at every point, although not a vcctoi 
Liu* aquations obtained by multiplying ('((nations (32), respectively, by ii 
arc, respectively, Lin*, ('({nations of energy in the diri'otions of .r, ?/, c. 

For an element in a olnuod surface; within Lhu mass 


d 


2 tit .}). 


Ur) dxdjJiU 


du da da\ . , , 
P*.r + '/V (ly -I- ihx ds ) diiidijd: 


l j v ( p.v.vit ) I - J ( Vnx.il ) t 'ji ( ‘ihx:u ) j dtvdydz ... (4 


Ac., for.. 

In these (KjuaLions the; members on tho right represent work, ii 
directions ,r, ?/, s t rcspectivc'ly, doin' on tin* surface within whic.h tf 
tegrafion extends. And a.s tliosu efforts a,re all in tho direction of 
or ~, rospoo.liivoly, Limy involve no change from one direction to mini 


Ihit the second terms on the left of each of the equations ropi 
production of energy in the directions .r, //, c rt'speetively, al, the ex 
of the energy in the other directions. 


It is thus shown by condition (-14) which is that the sum of 
terms, li’om the three equations, is zero that, putting It Ac. h 
densities of the rates of angular dispersions at a point, from the direi 
,r, //, ; respectively, these are 


dll, r 
dt. 


da da 

! Krx d.r 1 V!ix d,j 


1 lh. 


du 

dz 


Ac.., Ac. 


It is to he noticed that in a medium such that it, v, w do not repi 
the velocities of points ill mass, /does not represent a.ngnla.r dispi 
only, unless e((iialioits (dt) a,re satisfied; and if not so satisfied dll x jdl ' 
represent the work done against, the apparently physical actions i 


•diiun. 

as well : 

is the 

a.ngul 

lar dispersion. 


The 

analytical 

separ; 

itioii 

of this action is 

obi. 

lteral i 

equation, 

whic.h 

hecollies 



d It 

I 


1 /tv) 

i ^ d it d u 

ihu 

\ 

dt 

q ( P' 


[~ d.r ' dij 

d t 

) 


1 1 

(du 

du 

‘du 

•Ih’Y 



1 2 l''"" 

r \d;j 

,/J 

1 • 

dxj\ 



1 



■du dn 

diu\ 



q { l ,x 

> h Pmi 

1 IK,) 

\<l,r ^ dt/ 

dz) 



1 i^prr 

P,r 1 

P.'i't 1 

d 

]K,\ dll 1 

l'v( 

-du. 


J </.r 2 

>.'/// 


dv 

il.r 
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From the member on the right of equation (47) it at o 
that the two first terms express angular dispersion only, while 
two terms express distortional motions only, which, by the cor 
are zero. 


33. The continuity of the position of energy. 

Kinetic energy has position; and hence, putting x, y, z f< 
at which the density of energy is E, by equation (1) 

8 [2 (M}] = 8 [2 [ c (Ex 0 88}] + 8 [2 { p (Ex) 88}], &c., &. 

in which x, y, z are not functions of time. And if x, y, z are 
centre of energy, u, v, w for the component velocities of the s 
equations (12) to (1G), Art. 14, we have at any instant, 

x'£{E8S] = 2 {Ex8S}, &c., &c. 


whence, differentiating with respect to time, 


dx 

dt 


2 {^] = - x ~ [2 \E8S}] + ~ [2 [Ex8S}], &c., &c. 


Then, by equation (15), these equations become 


C ^t[ESS\ 


dE dEu dEi) dEtv) 
dt ^ dx ^ dy + dz j 


+ 2 


_ dE d ( Exu ) d (Exit) d (Ex'iv)~) 
dt dx dy dz 


= 2 k - s) (tf + + + ilf “)) 

1 ' rl+ s*”' dy dz J 


\ dt ' dx 

-h 2 ( Eu88 ), &c., &c. 

Whence, for a fixed surface, since it = v — w = 0, 

dE 


dx 

dt 


j(® ~ x ) 


dt 


8S 


, &c., &c. 


2 (E88) 

For a surface moving everywhere with the mass so tha 
equation (51) becomes 


dx 

dt 


d 


2 \(x - ®) “ ( P E) 8S\ + t { Eu88 }, &c., &c. 


or. 


2 [MS} 

~\2\(Ex)8S^ = lLi-.(.E)8 1 + 2 Eu8S) 
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34. Discontinuity in the medium. 

It is to ho noticed tlmt tho expressions in equations (37) to 
adapted to the (last's in whio.li tho niodium is continuous, so that f< 
complete expression of tho actions whom tho medium is continuous v 
closed surfaces, only.it is necessary to express tho conditions at tho bou 
surfaces by using tho expressions in equations (37). 

These complete expressions might! very properly bo introduced a 
stage. Hut! as the necessity for tho definite use of thc.se. does not 
until a much later stage in this research, and then arises in a com para 
simple case which has already been much studied in some, of its as 
it is convenient to proceed as if the medium were, continuous imti 
stage is reached. See equation (132), Section IX. 




SECTION IY. 


THE EQUATIONS OF CONTINUITY FOE COMPON 
SYSTEMS OF MOTION. 

35. Component systems may he distinguished by definition c 
ponent velocities or their density. 

By a component, system of motion distinguished by veloc 
understood a system of motion, howsoever defined, in which tin 
any point is not necessarily the velocity of the mass at that poi 
direction or magnitude. 

Talcing, as before, u, v, iu, to express the components of 
velocities of the mass at the point x , y, s and time t, and p for 
of the mass, and u", v", tv" as expressing the components, with re 
same axes, of the velocity of a component system, there exist at 
the residual components 

u' — u — u", v' = v — v", tv = tv — tv" . 

The sums of these components + &c. satisfy the eqi 

Section III., and the following equation, for the resultant system 
of these systems is subject to any definition, actual or cond 
equation for the resultant system becomes the equation for t 
system. 

It is a very general method in mechanical analysis to separate 
of the mass at each point into two component systems, wheneve 
tions arc such that the independence of these systems is obvio 
instance, the motion of the mass at each point at any instant is 
as consisting of the motion of the centre of gravity of the wh 
the instant together with another component system which is the 
the point relative to the motion of the centre of gravity. But sue 
have hitherto been considered as depending on special theorems, 
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It appears, however, that the manner in which the rates of incre 
the momentum and kinetic energy of the one component system dope 
convection by ami transformations from the other may he subject 
general analytical oxjimssion, even when the definition is arbitrary am 
conditional. 


This is accomplished by equating the expressions for the raft's of in 
of vf', &e. at a point moving with the mass to arbitrary functions - 
multiplied by p, express the rate's at which density of momontum is 
formed from the system pit? into the system pa" and represent the oul) 
of production of momentum in that system, so that the equations of i 
of either of the component systems may then be obtained from equ 
(1) and (2) or (10) and (II) Section IT. Tin; equations so obtaine 
differ in form from the equations of the resultant system in live parl.iei 

(1) The equations for the component system will differ from that 
resultant system from the fact that it", v", ‘in" do not represent the 
causes of convection, which are tt,v,‘in: so that the rate* of increase of 
convection is not 




A 




dt'Q dtuQ]^ 

,/,/ + <h j 

W i (■•■«). &,■. ( 

where flic prc-sullix c" indicates convections by it" and u indicates fli 
vecfioiiH by it?, inwards across the bounding surface of flu* element. 


or 


(2) A difference in the form of the equations also results from tl 
flint pit ", pv", pin" are not, flio only modes in which densities of mono 
in the direct,ions ;r, }/, z exist at a point in the medium. The rates of in 
of density in the modes pit", Ac. by conduction, info the steady clem 
space, f hvdiph are not the only increases other than by convection ; siuet 
are the further possibilities of exchanges of densities of momentum hi 
the modes pit,", and ptd, Ac, existing at the same point in the same nun 


Thut, such abstract, exchanges, wit,bout mechanical act,ion, must 
from the definition by which the component, sjtsfems are disfinguishet 
once seen, for to this definition it", u", in" are subject at, each point am 
instant,. And therefore flic rates of increase of it", u", in", (lie doliuei 
pound,s of acceleration of flu* moving muss, expressed by 


till' 


tinf 


w 


du" 


&e. Ac 


du" 

dt ' “ dx ' " dp ' </: 

are subject t,o arbitrary definition independent of the actual uccelemf 
the mass. Ami 
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Taking 


T? n 

, &c., &c. 
p 


as arbitrary expressions for these defined rates of increase ar 
by p we have as the equations of continuity for the components 
pu", &c., &c. by equation (28) Section III. 


dpu" = d_ 
dt ~ dt 


( c pa") + p 


d_ 

dt 


( p u")> &c., &c. 


and again by the equations for the resultant system 

^j- (pu" + pu') = ^ (cpu" + c pu ) + Fx) & c -> &c... 


Subtracting equation (58) we have for the other system 


dpu' _ d 
dt ~ dt 


( c pid) + F x - p ~ ( p u"), &c., &c. 


It thus appears that 

p~( p id'), &c., &c., 

express rates of transformation of density of momentum from 
system pu' to the system pu ", &c., &c., consequent on the geometi 
by which u", v", w" are defined. 

The arbitrary rates of increase of density of momentum i 
these transformations may be considered as variations either i 
system of stresses or an arbitrary system of convections to be 
the actual definition. 


(3) The equations of the component systems differ fro 
resultant system on account of the expression for the tra 
energy to and from each of the component systems in conse 
definition to which they are subjected. The densities of each 
of transformation of energy are by equation (28), putting 
respectively, the sums of the products of the densities of f 
ratios of transformation of momentum to the particular coin]: 
(dppid'Jdt, &c.) respectively multiplied by the component veloc 
the same system. 
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From these equations it will be seen, at once, that the sum of the 
formations to the two component systems is not necessarily zero or th, 
transformation is not wholly between E" and E'. 

(4) The equations of energy for the component systems differ in 
from that of the resultant system in consequence of the fact that the s 
the densities of the energies of the component systems, at a point, i 
equal to the density of energy of the resultant system at that ' 
or that: 

\p {u 2 + v- + w 2 ) 

= {■u" 2 + v" 2 + w" 2 + -it' 2 + v' 2 + iu' 2 + 2(«'V + v'v' + w"w')} - .(( 

whence p(E — E" — E') = p (u"v,' + v'v + w"w') > 

Whence it appears that the transformation of energy is not s 
between the systems E" and E\ but also between each of these an 
system (u"u' + &c.); so that besides the equations of energy of the comp 
systems there is the equation of energy of the residual system 
considered. 

The density of the rate of transformation to the residual system 
definition equal in value and opposite in sign to the sum of the ra 
transformation to the energies of the component systems 



Another expression for the transformation to the residual sy,st< 
obtained by multiplying each of the rates of transformation of com]: 
of momentum to the component system, by the corresponding compon 
velocity of the other system and adding, as in equations (28). 

The density of the rate of production into residual energy m 
obtained in the same way by equation (28); then by equations (1.0) we < 
expressions for 

p C k(E-E"-E-) and |(/«")• 

(5) In the equation of motion for the resultant system of motior 
purely-mechanical-medium, d ( R)/dt , the density of the rate at which c 
is produced in other modes than E, is defined as zero; and henc 
expression for this production disappears from the equation of energy 
does not however follow as a geometrical consequence that the expro 
for d(R')/dt and d(R — R')jdt, obtained from the equations of momenti 
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values may be, they are pure abstractions resulting from the dei 
the systems of motion, and are therefore transferences of such en 
the one system to the other. Therefore while it is necessary 
these expressions in the equations of energy for the three syste 
convenient to indicate that they express a transference by a pre-si 
cl ( T R')jdt. 

36 . Component systems distinguished by distribution of mass. 

Taking, as before, p for the density of the mass at xyzt ai 
any defined density of mass at the same point, there exists the 
mass 

/ // 

P=P~P . 

The sum p" + p satisfies equations (33) Section III. for the 
system, also equations (58) and (60), Section IV., for the componenl 
distinguished by the distribution of velocity, and if p" is subjecte 
definition, actual or conditional, the equation for the resultant densil 
the equation for residual density of mass. 

The equations so obtained will differ in form from the equatioi 
resultant mass in one particular. 

The fact that the integrals of p" and p do not, either of them, 
themselves, represent the only mass included in the space over v 
integrals extend, entails a difference in the form of the equations f 
of the resultant system. 

The rate of increase by convection of p" is not necessarily the 
of increase, since there are possibilities of exchanges between the 
p' and p" at the same point. 

That such exchanges must result from the definition is at once 
dp" felt is subject to these exchanges at each point at each instant, ai 
fore the defined rate of increase of the component density p" at 
moving with the mass is subject to arbitrary definition independei 
rate of increase of the actual density. 

Taking as in equations (24 A) Section III. 

d T p" _ dp" dp"u dp"v dp"w 

dt dt dx dy dz 

as the arbitrary expression for this defined rate of increase, wc 
equation of continuity for the component density 

dn" d.. d( n "\ 
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And by the equation for the resultant system 


d( P " + p') d a (p" + p') ___^ 
dt dt 


dp' d c p _ d T p 
dt dt dt 


( 6 * 


Then, since by equation (24), d p (pu)/dt — pd p u/dt, substituting in equa 
(32), the equation at a point for the resultant system is 

du du 


du du du . die d v u 

-j- -j- u -x —f- v —j —H U) -= - 7 , • 

dt dx dy dz dt 


(6C 


Then multiplying by p" and adding u 


j u to the left men 
dt dt 


dp 


and the equivalent ud p p" jdt to the right member, we have for the equa 
of momentum of the defined density: 


dp 'u d c (p a) h d p u dpp ) 

di - dT = p ~ + “ 


dt dt 
d p ( P "u) 


dt 


( 6 ) 


and in precisely the same manner 


dpu dep'u __ , d p (u) drP[\ 
dt dt ^ dt U dt 


d p (p'u) 
dt 


,(6J 


37. Component systems of motion distinguished by density and velocity 

Again substituting u" and u successively for u in equations (67) and 
we have the four equations 

dp"u" d c (p'u") d v (p"u") „d T u" „ d e ’p" _ rl r \ 

~~dT~ % -w- diTP 1 


dt 

dt 

dt 

dp'u" 

d c (p'u") 

_ d, p (p'u") 

dt 

dt 

dt 

dp"u’ 

d c (p'u') 

_ dp (p"u') 

dt 

dt 

dt 

dp'u' 

d 0 (p'u') 

a dp (p u ) 

dt 

dt 

dt 


+ u 


d c ’p' 

dt 


^ dt 

,, d T u!' , d c 'p" p'F x — pffa. 


\ .( 6 £ 


— u 


+ 


dt dt p 

, d T u" , d C 'p' p'F x — pFf 


p ~W +U ' Hi + 


together with corresponding equations for v", w", v', w'. 

Adding the last three of equations (69) together, it appears that 
(ou — o"u") dAou — o"u") d n (pu— "u")\ 
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whence putting Mf for p"ui\ Mf for pu — p"u", &c., &c., we have 

d c M x " __ c l p M. x " _ „ d T u" „ d T p" \ 
dt dt dt ^ dt U dt 

dMJ __ d e M x _ dpM„' jj, _ „ d T u” __ „ d T p" [ 
dt dt dt x ^ dt U dt j 

It is to be noticed, however, that these last equations might be o 
by the simple definition of (pu)", so that they do not express all the de 
which results from the separate definition of p", u". The import 
this appears at once on proceeding to derive the corresponding eq 
of energy by multiplying the equations respectively by u" and u, an( 
forming, which process since u", v" have defined values, gives 
results, whereas the mere definition of the product (pu)" which lea 
definition of either factor incomplete would not admit of such derivat 

38 . Distribution of momentum in a component system. 

The condition imposed by the laws of motion, as the result of exp 
of physical actions,—that action and reaction are equal and opposi 
that the exchanges of momentum take place in the direction 
momentum exchanged,—will not of necessity be fulfilled by an arb 
defined component system. But should this not be so within all s 
spaces and times, the effects of one component system on the other v 
accord with any physical action; so that for purposes of aualysis the 
expression for this condition in a component system is of the fn 
portance. 

It has already been shown that the first of the conditions requir 
the integral rate of increase in each component of momentum, in a re 
system, shall be a surface integral, however small may be the limits (Secti 
Art. 24). The same holds for a component system within defined lim 
that we must have, within such limits, 

HIM [ ‘ (i4 " )]+ $ y4,,) } dxA y (Udt 

= IIIK^ + ^dy + ^) dxd ’J dzdt - &c - &c - 
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which is t.lu* general condition l,o be. satisfied by the component) syslicm / 
if the analysis is eon lined to physical properties. 

If this condition is satislit'd by the. system p"u", &c. it follows that ! 
is satisfied in the resultant system the. samt'. condition will be satisfied 
residual system pu — p'u". 


39. 77m component o<giationn of energy of the component nysi 

dintinynished hy density and velocdty. 


Multiplying the first of et|iiafioiis ((»!)) by it" and translonn 
equations (‘is a), Section Ill., and putting p'ftft for p" (a") a /2, we 

d{p"Kf) dAp’Kf) fdf'K") .,,,,drn" , u"*d v p’ 


.ft ft 1 

a p 


4- &.c. 


dt, dt dt r dt 2 dt 

Also nmltiplyinyM.be third of equations ((>!)) by n and trans¬ 
forming a) we liavt' 

dp" ft. r dAp"h' x ) dpip’ftx) 

dt " dt ilt 


,r(i’"f.. ll " ,nr " :) ) ,„A u f ) x,A w,n 


dt 


dt 


dt 


Then multiplying the first by ft and the third by n" and 
adding, &e. 


d (p'ftr.) d,. (p" ft.v) d p ( p"ft x ) d r p"ftft 

dt dt dt dt 


■I f'«. 


" l> 


& c 


/ „dAg") . n. t »xd r ft' p"n"b\, , 

u n !. -I p {u, u ) ^ 4- ^ ' Mi.. 


dt 


Again, multiplying the second by n",tk,e„ 
dp ft, dAfftJ') d P ( pftj') i( ., , dm" ^ /i/ #a d v p 


dt dt, dt 

Multiplying the fourth by n\ <&e. 
dp ft x d.Ap'ftj) djAp ft x ) 


dt 




2 dt 


4- 


dt 


dt 


dt 




.. lU ... I . 1 .,, n ,» .,..,1 



40 


ON THE SUB-MECHANICS OK THE UNIVERSE. 


The first of these equations is the equation of l.lu* ft 


p"> 


Then adding together the several corresponding toil 
equations following the first, we have 


d (pJ'J - p"M") _ d e (ptt-p"M ")„ (l,,(pK - pti 
dt (U “ (it- 


for the energy of the system of momentum pn - p'u 




40. Generality of the equations for the component systt 


As the actions which are respectively expressed hy the sevi 
equations (08) to (72) fremembering I * i 


distinct, these equations are perfectly general and may lx 
analysis of any resultant system of motion existing in a pu 
medium, into any two component systems which arc. ycomdrit 
able. 


The motions in the two systems are not necessarily hide 
effects of the one on the other are generally expressed 1 
Thus it may be that neither of the component systems i 
system, since one system may be subject to displacement t 
and may receive energy from the other system, although tl 
a purely-mechanical-inodium. And if thus appears that 
a non-conservative system of motion in a piirely-ineehanie 
is to say, it appears that, so far as one abstract system of mol 
a purely-mcchanical-medium may he possessed of physii 
consequence of the simultaneous existence, of another sy 
Thus where the only motion apparent to our senses is that 
system, (the other component system lining latent,) alth 
in a purely-mcchanical-medium, the apparent system will 
follow the laws of a conservative, system, hut. is expivs* 
involving terms expressing the effects of the latent system 
system, which apparent effects depend on certain physical 
medium. Such apparent physical properties however re 
explanation when the eo n 1 it i t ii.it r of if. in L* mu- <• 
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41. Further extension of the .si/stem of (nitrfi/sis. 

So far the complete expression of l.lu* equations of motion has 
eonliuetl to the ease ol two eompoiient systems of motion. Hut by a pree 
similar method either of the two e.omponent systems of motion ma 
further definitions be again abstracted into two or more component sys 
of motion which in virtue of the delinitiou are geometrically disfinguisl 
from each other and from the remaining component system. 

If instead of faking if", r", f/<" to express the defined components o 
motion after the abstraction of the residual motion, we take 

if" I //'" Ir" \ v‘" p Jv’e., //>"+ 

and for r Q put r Q 1 . h for r fl/' put ,,M" I V M"' I - &c., end 

for the other fuuelioiis, expressions are obtained for the equations of as 1 
component systems of motion as are distinguishable by definition. 
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The first of these equations is the equation of the component £ 

p", u". 

Then adding together the several corresponding terms of th 
equations following the first, we have 


cl ( P E - p"E") _ d c ( pE — p"E ") = d p (pE - p"E") 
dt dt dt 


for the energy of the system of momentum pu - p"u‘ 

' // 

dt 


me^) . ++ wFl _ <wp 


40. Generality of the equations for the component systems. 

As the actions which are respectively expressed by the several terms 

) _ M_) . d 

dt 

distinct, these equations are perfectly general and may be applied 
analysis of any resultant system of motion existing in a purely-meeb 
medium, into any two component systems which are geometrically distil 
able. 

The motions in the two systems are not necessarily independent t 
effects of the one on the other are generally expressed in the eqi 
Thus it may be that neither of the component systems is a conse 
system, since one system may be subject to displacement of momen 
and may receive energy from the other system, although they both c 
a purely-mechanical-medium. And it thus appears that there ma 
a non-conservative system of motion in a purely-mechanical-mediun 
is to say, it appears that, so far as one abstract system of motion is con 
a purely-mechanical-medium may be possessed of physical propel 
consequence of the simultaneous existence of another system of 
Thus where the only motion apparent to our senses is that of a con 
system, (the other component system being latent,) although this 
in a purely-mechanical-medium, the apparent system will not of n 
follow the laws of a conservative system, but is expressed by eq 
involving terms expressing the effects of the latent system on the a 
system, which apparent effects depend on certain physical properties 
medium. Such apparent physical properties however receive met 
explanation when the complete motion of it is known; or, on th 
hand, the experimental determination of these properties may s 
define the latent component motion so as to account, in the equation 
recognised system, for the terms exnr ssing it eff ct: s for insta 


equations (68) to (72) (remembering 


df 


dt 


are mecha 
dt 
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41. Further extension of the si/xtem of (tmli/tu'tt. 

So tar t.ho complete expression of the equations of motion lms 
confined to Mu* ease of two component systems of motion. But by a prei 
similar method oiflior of' Urn two component systems of motion nu 
furthor definitions Ik* again abstracted into two or morn component syi 
of motion which in virtue of the definition are geometrically distinguis 
from eiich other and from the remaining c.oiuponent system. 

If instead of taking u", v", w" to express the (lelined e.oinpoiumts ( 
motion after the abstraction of the. residual motion, we hike 

u'‘ it " 1 h ke., e" t v'" q- Ike,, in" + w' n + ke. 

and for C Q put C Q f Q -f ke., for r M‘ put t ,M“ •(• 4- ke., and 

for the other functions, expressions are obtained for the equations of as 
component systems of motion as are distinguishable, by definition. 


SECTION V. 


THE MEAN AND RELATIVE MOTIONS OE A MEDIUM 

42. Kinematical definition of mean motion and relative motion. 

By the mean motion of the medium is here understood an al 
component system of motion of which the mass and the components 
velocity respectively satisfy certain conditions as to distribution;— 

(1) The condition of continuous velocity, that the mean com}: 
velocities are continuous functions of x, y, z and t, however disconti 
the mass may be, Art. 12. 

(2) The condition of being mean velocities, that the qua< 
integrals, with respect to the four variables, of the respective densil 
the mean-components of the momentum (the components of the 
velocity multiplied by the density of the mass at each point) taker 
spaces and times, the measures of which exceed certain defined limits 
be the same as the corresponding integrals of respective components 
density of the resultant momentum. 

(3) The condition of momentum in space and time of the comp< 
of momentum of mean-velocities, that the integrals of the moment 
the mean velocities taken over the same limits as in (2) shall be respec 
the same as in the resultant system. 

(4) The condition of relative energy, that the quadruple int 
with respect to the four variables, taken over limits, of the products 
differences of the respective components of the actual, or resultant, and 
velocities, each multiplied by the density of the corresponding compc 
of momentum of mean velocities, as defined in (2) shall be zero. 
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(5) The condition of the momentum of relative-velocity, th 
mean densities of the components of momentum of relative velocity ai 

(6) The condition of distribution in space and time of the mom 
of relative velocity, that, taken over the same limits as the mean v< 
the means of the products of the respective components of the mom 
of the relative velocities multiplied by any one of the measures 
variables are all zero. 

The further condition that must be satisfied by the velocity lef 
abstracting the mean motion in order that this may be relative-veloi 

(7) The condition of position of energy of mean and relative vel 
that the mean values of the products of relative energies, as defined 
multiplied by measures of any one of the variables, shall be zero, or tl 
mean position of the energies of the mean-velocity, together with the 
of relative-velocity, shall be the mean position in time and space of 
of the resultant system. 

By the mean density of mass is here understood an abstract sys 
mass which satisfies certain conditions as to distribution. 

(8) The condition of continuous density, that the mean densil 
continuous function of the variables. 

(9) The condition of mean density, that the quadruple integra 
respect to the four variables of the mean-density taken over spac 
times which exceed certain defined limits shall be the same as the 
sponding integrals of the actual density. 

(10) The condition of distribution of mean-density, that mean p 
in time and space of the mean-mass shall be the same as the mean p 
of the resultant mass. 

By the relative density of the medium is here understood the < 
(positive or negative) which remains in the medium afterjthe mean-( 
has been abstracted, when this residual density satisfies certain con 
besides those entailed by the abstraction of the mean-density. 

The conditions entailed by the abstraction of the relative densil 

(11) The condition of relative density, that the mean of the i 
density is zero. 
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(13) The condition of momentum of relative mass, that the p 
of the components of mean velocity multiplied by the relative dei 
mass have no mean values over the defined limits. 

(14) The condition of distribution of momentum of relativ< 
that the products of the components of mean velocity multiplied 
relative density of mass and again by the measure of any one of the vs 
have no mean values over the defined limits. 

(]5) The condition of energy of relative mass, that the prod 
the squares of the components of mean velocity multiplied by the ] 
density have no mean values when taken over limits. 

(16) The condition of position of energy of relative mass, tl 
products of the squares of the components of mean velocity multiplied 
relative density and again by the measure of any one of the variabL 
no mean values. 

By the mean motion of the medium is here understood the pro 
the mean-velocity multiplied by the mean density, which is also the 
of the mean momentum. And by the relative motion of the mec 
understood the density of the resultant momentum less the me* 
mentum. 

In the same way by the density of energy of mean-motion is und 
the product of the square of mean-velocity multiplied by the mean- 
of mass; and by the density of energy of relative motion is understt 
density of energy of resultant motion less the density of energy of 
motion 

43. The independence of the mean and relative motions. 

It will be observed, that according to the foregoing definitions, 
resultant system which consists of component systems of mean- and r< 
motion, satisfying all the conditions, all the motion which has any 
the mean momentum or in the mean-moments of momentum is, by i 
tion, separated from the relative-motion in such a manner that the 
of each component system is subject to the laws of motion. Actii 
reaction being equal and opposite and the exchanges of momentum 
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44 . Component systems of moan- and relative-motion are not a 
metrical necessity of resultant motion. A very general process in Mectiai 
Analysis is to consider motion in a mechanical system for a definite inte 
of time as consisting, at each point of space at any instant of time, of c 
ponent velocities which are the mean-component velocities of the whole t 
over the whole time, together with components which are the differe 
between the actual components at the point and instant, and the m 
components. These systems respectively satisfy the conditions as to 
tinuous and mean-velocity (1) and (2). Also the condition of relative-velc 
(5), and that of relative-energy (4), but they do not satisfy the conditioi 
to distribution of mean-momentum or any of the other conditions; and h 
are not mean and relative, except for particular classes of motion, in 
sense in which these terms have been defined. 

Such component systems of constant mean-motion in a defined space 
time are a geometrical necessity in any resultant system. And, althc 
I am not aware that it has been previously noticed, it appears that 
sidering the number of geometrical conditions to be satisfied by the. momen 
of mean-velocity and of relative-velocity ((1), (2), (3), and as a cousequ 
(5) aud (6)), and the opportunities of satisfying them, the latter are suffu 
for the former; so that every resultant system of motion existing in a del 
space and time consists of two component systems which satisfy the 
ditions (1), (2), (3), (4), (5) and (6), although they do not, as a geomet 
necessity, satisfy all the further conditions required for mean and reh 
motion as here defined. 

45. Theorem A. 

Every resultant system of motion consists of a component system of ? 
motion which satisfies all the conditions of mean-velocity (1, 2, 3), ana 
condition of relative energy (4), but not , of necessity, that of position of reh 
energy if) ; together with another system which satisfies the condition 
relative velocity (5) and (G), but not of necessity (7), the condition of d/isli 
tion of relative energy. 

Taking the mean-velocity at a point x, y, z at the time t within 
defined limits, to be expressed by 

u" = A + (as — x) A x + (y — y) A y + (z — z)A z + (t — t) A t , &c., &c.... (71 

where the barred symbols refer to the mean-position of the mass within 
limits, whether time or space, thus 

x = ffJff'Pjd^ydzdt & m 
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(i), ( 2 X ( 5 ); tliat 


(3), (6) 



p (u — u") dxdydzdt — 0, 

xp (u — ii') dydxdzdt = 0, &c., &c., &c. j . 


p (u — u") u"dxdydzdt = 0. 


The last of these conditions will be identically satisfied if 
satisfied. Hence there are only five conditions to be satisfied 
expression for u" there are five arbitrary constants, which are < 
putting 

A IIIKpu) dxdydzdt 

fillip) dxdydzdt . 

then integrating the four equations of position and obtaining 
A%, A y , A z , A t by elimination from the resulting equations, 
must be real since the A x , &c. enter into the equations in th 
only. The same reasoning applies to the component velocities 
that the first part of the theorem is proved. 

To prove the second part all that is necessary is to observe 
dition (7) requires that 


jjjjxp (ib — u") u"dxdydzdt = 0 . 

when it is at once seen that this condition is not satisfied as 
consequence of the definition of u", since the terms involve p] 
variables x (y — y) pA y , &c., which do not necessarily vanish oi 
so that the second part of the theorem is proved. 

46. Theorem B. 

In a similar manner it appears that every resultant s r t 
consists of a component-system of mean-mass which satisfies all 
(8), (9) of mean density, and the conditions of relative density (li 
of relative density (12), also the condition of momentum of relax 
but does not satisfy, of necessity, the condition of distribution 
of relative-mass, or of mean-mass (10), (14), nor the condition , 
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the mean position in time and space, not of the mass, but of the tin 
space between limits. Since the mean value of p" between limits is n 
mean value at the centre of gravity or epoch, the conditions to be sa 
are: 

( 8 ); ( 9 ), ( 11 ) 

E?“ ^ - *> *•+«■ - w 

( 10 ), ( 12 ) L( 


jj\\x{p — p')dxdydzdt = 0, &c., &c., &c. 


which five conditions determine B, B X} B v , B z and D t whatever n 
the distribution of mass, so that putting p = p — p" the condition 
and (12), 


p' dxclydz -- 0 


fJJ&p' doodydz = 0, &c., <&c., &c. 


are satisfied. 


Again, since the constants A and B in the equations (77 and 83^ 
and p" are respectively the values of u", p", at the mean position o 
respectively, and the constants A x , &c. and B x , &c., are the diffe 
coefficients of n" and p", respectively, the equations may be written 

u" = u" + u, &c., &c.| 

p" = p" + p, &C., &C.j 

Then multiplying the corresponding members, 

pu = p ’ii" + p V' + pu\ &c., &c .i 

whence it appears, since the integrals of the last three terms on tin 
arc by definition of necessity zero, that 


11 pudxdydzdt = pu" dxdydzdt 


so that condition (13) is of necessity satisfied, which concludes the p 
the first part of the theorem. 

To prove the second part. Multiplying the equation respective! 
&c., then, since the integrals of xpirf, &c. are zero while those of x : p i 
of necessity zero, and the expression of xpu, &c. includes the 
du" 

x-p , &c., it appears that the product p"u" does not of necessity 
the condition of position of mean-momentum for every distribution o: 
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It has thus been proved that in order that a resultant-sys 
may satisfy the condition of consisting of a component sys 
momentum which is a linear function of any one or more o 
together with a component-system of relative-motion which i 
conditions (1) to (15), the relative motion and the relative-ma 
ever may be the mechanical cause, be subject to certa 
restrictions relative to the dimensions of the limits over wl 
motion is taken. With a view to studying the mechanical 
which cause such restrictions, where they are shown to exist b; 
of systems of mean and relative motion, it becomes important 
as far as possible, the geometry of these restrictions. 


47. General conditions to be satisfied by relative-veloaiti 
density. 

The general condition to be satisfied by relative-veloc 
addition to the conditions which follow from the definition of 
the integrals of the products of the density of relative com 
pu"u', multiplied by the measure of any variable, are zero, or 


xpul'vi dxdydzdt — 0 , &c., &c., &c. 


Hence as u" is a linear function of the variables these coj 
satisfied if pu', multiplied by any variable, and again by the 
power of this variable, all vanish on integration with resp 
variables, so that the general condition is at once seen to be tl 
components of momentum of relative velocity, integrated 
with respect to any two independent variables independent 
in which u" varies, must have no mean value; and in the st 
w", since v ", w" are not necessarily functions of the same o 
order to generally satisfy the conditions pu', pv', piu musl 
integrated with respect to any two variables. 

Again when the previous condition of relative velocity 
appears that the general condition of position of mean-momei 

f | f fxp'W'dx dy dzdt = 


JjJxpudxdydzdt, &c., & 


requires that the products x 2 p', &c. shall vanish when inte| 
limits with respect to all four variables. Whence we have fc 
of relative mass—that the integrals of p taken between limi 
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and since u" is a linear function of the variables 


(pu — p"u')v!' = pvt*' 1 4- pu'u" .(9< 

whence the integrals of both the terms on the right vanish by the pre 1 
conditions. 

An d further, the conditions 

/f//■* u ~ p' u "^ = ^ c ’ j . 

are satisfied; for by taking u" constant in equation (77), by the definiti 
u" we have one relation between four independent variables, so that 1 
are three independent variables with respect to which u" is constant, 
in exactly the same way there are three independent variables with rei 
to which p" is constant. Therefore u" 2 and p" arc each functions oJ 
independent variable only. Hence in the expressions 

xpu" 2 + sc pu'u", &c., &c., 

since v", w" are not functions of the same variable as n", p'x, &c. must v. 
when integrated with respect to any two variables, ol' u", v ", w ", mu 
constant. The factors of p' and pu 1 are each functions of two indepei 
variables only, and hence these terms vanish on integration between 1 
with respect to all four variables by the previous conditions of relative de 
and relative velocity. 

Whence it appears that the general conditions, besides those which f 
from the definitions of mean velocity and mean density, that imil- 
satisfied by the momentum of relative motion and by relative density 
that these must have no mean values when integrated between limits 
respect to any two independent variables independent of the variable 
respect to which u" varies, &c. And it is only resultant systems in i 
these conditions are satisfied that strictly consist of dynamical systei 
mean- and relative-motion. 

That these conditions can be strictly satisfied by any system within 
limits seems to be impossible; as for this it would require that, in a j: 
mechanical medium, there should be, in the same space and time, two rr 
moving in opposite directions, such that at each point the density <: 
momentum of the one was equal and opposite that of the other. It is 
ever possible to conceive masses with equal and opposite momenta a 
finite distance from each other, and in such cases the conditions may be 
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48. Continuous states of mean- and relative-motion. 

The abstract systems of relative velocity and relative density as <. 
in the previous article must, as a geometrical necessity, be of an alter 
character in respect of some of the variables, such that the respective 
of the positive and negative masses of relative densities, and the p 
and negative momentum of relative velocity, taken over the limits as 
two variables, balance. And as a consequence the distribution o 
relative-masses and relative-velocities, whether regularly periodic, as 
case of waves of light or sound, or such as the so-called motions of ag 
among the molecules of a gas, involves a geometrical scale of distri 
defined by the dimensions of the variables over which the alten 
balance. 

Such scales of relative-density and velocity, clearly, define the i 
limits of the spaces and times over which the resultant system can 
of systems of mean- and relative-motion. But there is no necessity tl 
defined space and time over which the system of mean-motion extends 
be confined to the dimensions of such scales. That is to say the < 
space and time, over which the mean-system may be a linear function 
variables, may be in any degree larger than the minimum necessary 1 
satisfaction of the conditions of relative-density and relative-velocitj 
these conditions will be satisfied for the whole space if they are contin 
satisfied in every element of dimensions defined by these conditions. 

49. Under such circumstances the expressions for the mean- 
admit of another interpretation, one which has already been discusse 
paper on “The Theory of Viscous Fluids*. 5 ' 

In this expression the mean-velocity at any point sc, y, z, t is clefi 
the mean taken over an elementary space and time, of dimensions defi 
the scales of the relative-velocity and density, so placed that the 
position of the mass within the element is defined by x, y, z, t. 

Then, since by definition the relative-velocity and relative-dens 
defined by integration over the whole space and time, have no mean v, 
the element, the mean velocity at x, y, 'z, t (the mean position of 
obtained by integration over the element will be the same as that 
same point obtained by integration over the whole space and time, as 
first of equations (79); and since, by definition, not only the relative d 
but also the variations of relative density, with respect to any variabL 
no mean values in the element, the mean-density at the mean p 
x, y, z, t, obtained by integration over the element as in equations (£ 
e the s m s tha t ‘ned fas in the .eoond enuation hv ' it.ei 
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It thus appears that p'\ u", in equations (89) to (. ( )1) may he tak 
represent the values of the mean-density and mean-velocity at ,r, y, z 
defined by integrations with respect to two variables over an element h 
dimensions defined by the scales of relative-velocity and relativo-de 
so placed that the mean position of the density in space and time 
cc, y, z , t. 

50. The instruments for analysis of mean- and relative-motion. 

It further appears that, since in the method of Arts. 43 and 44 ni' m 
taken to represent any entity, quantities consisting of the squam 
products of u, u", u, Fjp may by the theorems of those articles be sopii 
into mean- and relative-components which satisfy the conditions Art. 41 
(2), (3), (4), (5) and (6), respectively, the mean components being 
functions of the variables, and the relative, components having no 
value when integrated with respect to any three independent variable.^ 
dimensions determined by the scales of relative-velocities and re! 
density. And in the case of the quantities p', pn', &c., subject to the li 
definition Art. 48, but only in the case where the relative, component 
have no mean values when integrated with respect to any two indepo 
variables over the same scales. But in either ease, if Q expresses the di 
of any function, integrating over definite Hunts about any point a 1 , y, k 
mean position of mass at that point we have 

flf/Q dxdydzdt () „ . 

fjffdxdydzdt * J 

and 

ffm-Qr')d*dydsdt 

fJJJdoadydzdt 

and putting h and k for any two variables, /' .C* 

[ffh(Q- Q“) dxdydzdi = 0, 

fjffeiQ- Q") Mydzdt - 0 , 

Equations (92) are thus the general instruments of mean and re 
analysis. 

51. Approximate systems of mean- ami relative-motion. 

The interpretation of the expressions for mean- and relutive-mofioi 
sidered in the last article is adapted to the consideration of systems in 
the mean motion, taken over spaces and times which are defined b 
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time. Thus if p" and u" are any continuous functions of the four va 
x , y, z, t, taking x 0 y 0 z 0 t 0 as referring to a particular point and time, t] 
any other point x, y, z, t, 



where the differential coefficients are all finite. Therefore as (x — i 
approach zero all terms on the right except the first approximate to ze 
the terms of higher order which involve as factors multiples of the va 
of degrees higher than the first become indefinitely small compared w: 
linear terms. It is therefore possible to conceive periodic or alter 
functions of which the differential coefficients, continuous or disconti 
are so much greater as to admit alternations to any finite number 
included between such values of (x — x 0 ), &c., as would leave the te 
the second and higher orders indefinitely small as compared with tl 
the first order, and those of the first indefinitely small as compared w 
constant term. Therefore as long as p" and u" are finite and contir 
varying functions of the variables it is always possible to conceive s 
of relative-density and relative-motion which together with their diffe 
coefficients satisfy the conditions of having approximately no mean 
over the limits, and thus to any degree of approximation satisfy til 
ditions necessary to be relative-component systems to the mean 
p 0 "u 0 " 4- &c. within the limits defined by the scale of relative motion. 

The method of approximation therefore consists in obtaining 
p", u", p'u", &c., &c., 

and the variations of these, Q", when Q is any function of 

p"u", p", p, p'u, 

by integrating over the element taken about x, y, z, t, as the mean p 
then using these quantities as determined for x, y , z, t, to expr 
expansion 

p'u", &c., &c., 

for any other point within the limits of integration as in equatic 
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It thus appears that the only motions neglected are those which 
defined as small by the conditions, being of the second degree of the dimer 
of the scale of relative motion, while those retained may have any value 
a point, and are, within the limits of approximation, linear functions of 
variables; so that within the same limits p , pa', &c., &c., satisfy by 
special definition the conditions of having no mean values over the liini 
any two variables; and generally Q'has no mean value over three indepom 
variables. 

As has already been pointed out the maintenance of such a system i 
depend on the distribution and constraints, and the process of ana 
consists in assuming such a condition to exist at any instant, and then i 
the equations of motion ascertaining what circumstances, as to distribi 
and properties of conduction, the actions of convection and transformatio 
and to the relative-motion on the variations of the mean-motions will 1 
increase or to diminish these variations of the first and second orders. 

52. Relation between the scales of ‘mean- and relative-motion . 

From the previous article it is (dear that the absolute dimensions of 
scale of mean-motion, as determined by the comparative values of the t 
of higher orders as compared with (.hose of the lower, do not enter in(u 
degree of approximation to which the conditions of relative-mass 
velocity are satisfied, except as compared with the sc,ale of the rela 
motion. But it does appear that the degree of approximation depend 
the comparative values of these scales. And hence, if is only under cm 
stances (whatever these may be) which maintain distributions of mass 
velocity which admit of complete abstraction into two systems wi 
distinct as to relative scales, that systems of mean and relative motion 
exist. 

Thus, as we have previously pointed out, it is not sufficient that 
relative motion, or one class of motions such as the motion of the molecul 
a gas in equilibrium, should be subject to superior limits by the sea 
distribution. It is equally necessary that the scale of variation of i 
motions, such as the mean motions of a gas, should be subject to sup 
limits (whatever may be the cause) which prevent the scale of these m 
motions approaching that of the molecules. And it is the existent 
circumstances which secure both these effects, which is indicated by resul 
systems which satisfy the conditions of mean- and relative-motion as de.fi] 

It has been already proved that the existence of component sys 
which satisfy the conditions of mean position of density and of relf 
energy, as well as those of mean-density and mean-position of momei: 
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conditions only. Were it not so there would be no point in the an 
then the existence of such component systems would reveal n 
circumstances as to the geometrical distribution of the medium, or tl: 
in the medium, whereas it has now been shown that the existence 
systems of mean- and relative-motion, as indicated by the observ< 
motion and the apparent “ physical” properties of the medium o 
depends (if in a purely mechanical medium) upon circumstane 
constrain the geometrical distribution of the motion of the mediui 
the application of this method of analysis affords a general means of 
the conditions of the medium, either intermediate or fundament! 
would admit of such relative or latent motion as is necessary to 
as a mechanical consequence, for the apparently physical properties 
and the medium of space. 




SECTION VI. 


THE APPROXIMATE EQUATIONS OF COMPONENT SYSTEMS 
MEAN- AND RELATIVE-MOTION. 


53. These equations must conform to the general equations of compoi 
systems as expressed in the equations (Gl) to (76), Section IV. 

Thus if in equations (69), (70), (71), together with equations (74), (75), i 
p", u” and p'v! are at any time subject to the respective definitions for m 
and relative-motions, these suffice, for the instant, to determine the rati 
transformation (as expressed by arbitrary functions) in terms of the seo 
defined rates of convection and production. 

Then these rates of transformation, as expressed in the defined sym 
having been substituted in the equations, these equations express 
approximate rates of change of the mean and relative component sys 
at the instant. 

These equations express, in terms of the so far defined mean and roll 
quantities, the initial approximate rates of change in the defined quant 
and thus afford the means of studying whatever further conditions must 
in the distribution of the medium in order that these rates of change 
tend to maintain or increase the degree of approximation to which 
conditions of mean- and relative-motion are initially subject. This stm 
the further definition, however, must of necessity follow the com 
expression of the initial equations, to which this section is devoted. 

54. Initial conditions. 

The initial conditions for approximate component systems of mean- 
relative-motion, as defined in Arts. 50 and 51, Section V., define all l 
quantities as continuous functions of the variables, such that within 
limits over which the means are taken they are constant to a first app 
mation, whether they are the means of density, means of velocity, or lr 
of component momentum; also the means of any products or dcrivafciv 
products, of velocity, or density, the means of any products of mean 
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Thus if Q be any term expressing increase of density of mass, moi 
or of energy for the resultant system, or for either of the component 
at a point, x, y, z, t, at distance Bx, By, Bz, Bt, 


ru/ ffff Qdxdydzdt 
Q ^J fff cUci yd zdt ■ 

Q' = Q-Q" 


satisfy the conditions (1), (2), (3), (4), (5) and (6), Art. 42, of being res] 
mean and relative, approximately,—that is to say Q" is, approxin 
linear function of the variable, and Q' has approximately no met 
when integrated over any three independent variables. 

Also if ^ is a derivative of any quantity 



and 


n my' d(Q 

1 dx dco 


QfdQ, 

dx 


55. The rate of transformation, at a point, from mean-velocity, 
of mass. 

From equation (58) or the first two of equations (69) transfor: 
equation (19), 

du" „ du" ,, dnT „ du" 
dt dx dy dz 


, du , du , 

+ U - 1- V -J- + w 

dx dy 


(j,u") : &c., &c. 


The first four terms in this are all mean accelerations, while 
three terms on the left are such that multiplied by p have no mean ' 
are entirely relative-accelerations—whence by definition it follows tl 
du"/dt is a mean-acceleration the right member must contain term 
exactly cancel the last three terms on the right, and that these form 
relative terms it can contain. These terms which represent the acc< 
at a point per unit mass, due to convection of mean velocity by 
velocity, are the only transformation from mean velocity at a point. 

Since after abstracting these terms the right member remain; 
mean, we have 

d p u" , du" 0 . fd n u"\" 
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In this t.hi! term on the loft is, by definition, such as has no moan va 
hence taking a mean by equation (1)2), Section V. 


dt 


<Wcpn') 

dt 


l -i\ 


.(do; 


or dividing by p" it appears that the transformation from relative-velocity 
mean-velocity, at a point, is expressed by 


'1 i dApi(') 
p" 1 dt 


JL 


n 


&c., &c.; 


that is tin; mean accelerations due to the mean convections of the rulat 
velocity by the relative-velocity, plus the mean acceleration due to c 
duetion. 


Substituting from equation (1)7) the expression d^i'/dt in equations ( 
and (GO), Section IV. 


d v ii" ,du" , ,du!' 

at “ u «/,r +" dg 


•to 


, did 


d: 


i (/»«')" , v , r ' 

dt + • 4i<! - te 


dp («') 
dt 


, dn" , da' 


d,v 


<l,iI 


„,<(«" 1 , I'V , r „ w 

dt H v ' 


V .(100 


57 . The ndes of iTtnisfonmUiini of the enerpi/ of weae-veloeiti/. 

Ah already pointed out, Art. MG, Section IV. equation ((II), the. rate 
transformations of eneigies per unit of mass, of mean-velocity and relat. 
velocity, are respectively obtained by multiplying the rates of transforma 
of mean- and relative-velocity, a" and if A-e., &o. respectively; thus 


i d Y i,rr i «"[d,o>»') & 

O ,n O ( l tl - “ IVl t f „ -j h T / ;(•( > Wl.M IV(. 


a dt 

1 d r (itj 

2 " dt 


dt 


, ,du , , do , , du 
>1 II, . + U V , f II w . 

d,v dtj (h 


i-Kf, 


rfr («"«') _ 1 JV,■('<">’ 

dt 


+ "dt )’ &( ” 

■i >l dt ~ P - 1 dt + M 


2 { (U 

,<l 

U 

2 


. , , (hi ,, - 

4 - un , 4 &c., &c, 

d;v. 


...(1 


68. The. expressions for the rates of transformation in equations (1 
and (101) include all the* rates of transformation of component velocities, 
of the squares and products of the, component velocities of the compot; 



58 


ON THE SUB-MECHANICS OF THE UNIVERSE, 


any one of these quantities, the rate of increase of which 
one of the equations, may, by definition, be further absf 
component systems. 

The component systems of the energies of the mean- and 
per unit mass may, therefore, be separately abstracted into m 
component systems. And the importance of this at once aj 
process of analysis is solely between the mean and relative 
is mean and (u"u?) is relative, although positive, is i 
distributed as a continuous function of the variables. 


The rate of transformation from the mean rate of incre* 
relative-velocities to relative-energy of relative velocity. A< 
and fifth of the equations (74) as they stand, and substitutin 
for the transformation-function from the second of equations 

1 dp (u'f _ 1 d [ c (pu)* + u’Fx] 

2 dt ~ 2 dt 


pu u 


du * 
dx 


+ &c. f — 


pu' ( dg (pu') 
dt 


+ F a 


Then putting 


(uy=((uyr+((uyy 


where ((w') 2 )" is obtained after the same manner as puttin 
for the total rate of transformation, we have as in equatioi 
substituting ((u')*)" for u" and the three last terms in equati 
in equations (100), since the last term has no mean values, 


1 M u 'yy = i 

2 dt 2 


dx 



d[d cP (( U yy] 
dt 


+ * 



, , du" 

puu S 


+ &C. 


ft 


i ^(wy _ i t(&?)" 

2 dt 2 dt 


Then since 


dry'll ~ 


d p {v?) d T (u'J d T ((u')-)" , 

'~dr = ~ir' + ~~dr~ +uF °> 


and 
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The expressions for tho production of mean energy of relative 
which form the. left members of equations (104) are not t rams for matioi 
energy of mean motion only. They include, the relative parts of the i 
convection and production of energy of relative, motion which are 
transformed to the. system of relative energy. Those rates ofconvee.fi 
production of relative-energy are expressed by the first two terms 
equations (104), while the last term expresses the only rates of 
formation from energy of mean-motion. 


Whence the only transformations from energy of the component 
motions are 

( , ,(//(", , ,du" , , ,, . 

— p \ iui , + v u . -I- in a . f, we., &e. 

r ( da: dtj dz) 


59. The rate of trunafurination from, wean to relative eueryy. 
Krom equation. ((14), at a point, 

d v p" dp" dp"u" dp'e" dp" tv" dp'ii dp'v dp"w 

dt dt da: dy dz d,r ' dy * dz . ’ 

whore the first four forms on the. right art 1 nil moan, and the last flirt 
be in part, mean and in part relative. Hence the relative, part 
convection of mean-density hy the relative-velocity is the. transfer 
to the relative density at. a point, and this must form the only rein 
flit' left, member, and 

d T p" ^dvp" (d v p"\" . 

dt dt V dt ) \ dt ) 

Also from the last of equations ((15) '•.( 

(l T p" dp dp u'’ dpi)" dp'ie" d (,<'p) 

dt " dt 1 dx dy dz dt 


In the last of the equations (107) the first four terms on the rq 
relative, and therefore the mean rate of transformation is 


d T p" 

dt 


S3 


(d, P y 

dt 


Then adding the mean and relative parts; since 

ip")) 

dt dt 


and 


(pu+Sm.y'^0, 
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60. The transformations for mean and relative momentum. 


We have MgO = // dpF _ u „ dyp 


dt 


dt 


■ it 


dt 


Then substituting from the first of equations (101) and (109), a 
forming, 


d T {p u') _ dc'(p'u') \d c (p"it) -pY' , p„ 

dt ~ dT~ + \~~W~' +Jf ^ +&c ‘ 


and we have 


d T (pu- p"u") = d c - ( p"u") _ \ d c (p"u') + ^j_ &c ^ 


dt 


dt 


61. The rates of transformation of mean-energy of the comp 
mean- and relative-velocity. 


From equations (74), (100) and (109) we have 


id[ T ( P "(«"»] id[ c - P “ («")•-] 

i it 2 it + f ~ir~ +F * }- 


1 d s?fi «“:>v] = _ i diAiwn 

2 dt 2 dt 


+ 


' ds (p {(u)-y 
dt 


-\-u 


\ > 

/ / \AJ%AJ n { 

puu —t- &c.l 


( , , dxt 

Tx 


In the second of equations (112) it is the last term only that e 
transformation from energy of mean motion. 


The last terms of equation (112) admit of different expression, ff 
tuting for 

d c (pu)" 


dt 


its equivalent 


dpu'uf dpv'tt dpw'u 

dx dy dz 


or 


dp"(uu)" dp" (v'u')" dp" (w'u'y 
dx dy dz 


and we have 




r d f+&ci 
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so that by equation (95), F„" may be expressed by 

S d #+ & 4 - 


Then we have 

u"F a 


d(u"p xx ) _j_ £. Ci 


dx 


„ du" 
' p xx dx 


&c. 


also (u'F„y = (uF*-n"F x )" 

and this may be expressed as 

_ W u V «*f! + &c.[ + 

[ CLOG ) 

+ {4“3i) +&c -}' 


d(u" p") 

dx 


+ &c. 



duT 

dx 


•P &c. 


(11 

.(11 


Then substituting in the first of equations (112) wc have for the 
of transformation to the energy of mean motion 

1 d W + &c.l 

2 dt 2 dt \ dx ) 

- + &c.J + |[p"+ P'»] % + &c j •• n 

and again substituting in the second of equations (112) we have for the 
of transformation to the energy of relative motion 


1 d[ T (p" (W)")] _ _ 1 d [cp" ((*0 3 )"] 

2 dt 2 dt 


, i d\sp{(uyyr 

+ 2 dt 


d ^2^f + &c 1 

dx J 



+ 


d + &c.l 


dx 


du'‘ 


{p"{unT^p\ x }- dx + &c. 


•0 


The purpose of this transformation is easily seen on adding the eqn 
The two last terms in each equation cancel, showing that they re] 
a transformation between the rate of increase of the mean-eneip 
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the energy of residual motion, or of relative energy, these become 

1 d T [ pu 2 — p" (id)") _ 1 d [ c’p " (a 2 )]^ 

2 dt ~ 2 dt 

1 d[,(p(uy)T \ d [u" (p" (uu)")] ^ 

2 dt \ dx 

+ j^ +&c j_| yV | +&c j'' i&ai&c j 

and these are the exact forms in which the rate of transformation to r< 
energy, obtained by substituting u~, (id)", (id)', uF for u, u", id, F respe 
in equation (111) for relative momentum, is expressed. 

In a purely mechanical medium the last terms in these equation 
represent the mean rate of angular dispersion both of mean and i 
motion of energy, as explained in Art. 32, Section III., while the inte£ 
the remaining terms are all surface integrals. It is thus seen that th 
of exchange between mean-energy and relative-energy are purely conse 
within the limits of the approximation. 

On the other hand, the integral rates of exchange by transfer 
between mean-energy of mean-motion and mean-energy of relative-mo 
expressed by the integrals of the last terms of equations (116), (111) ; 
surface integrals, nor are these rates confined to angular dispersion; £ 
they express exchanges at each point which are not expressed by a 
integral, and thus appear to represent those actions of the relative-mo 
the mean-motion the study of which is the object of the investigation 
this is found on closer examination not to be the case. 

62 . The expressions for transformations of energy from mean to ? 
motion. 

du" 

The expressions p"(idu)" + &c., which occur in the last te: 

equations (116) and (117), are simply transformation terms expressi 
mean effect of the convections of relative-momentum by relative mot 
the energy of mean motion, and this is the most general and most ini] 
transformation. 

The other transformations are the results of conduction. These 
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dispersion from the energy of the other components of mean-motion, as 
as the rate at which the energy of the component of mean-motion is b 
increased by transformation from the energy of the corresponding < 
ponent of relative-motion. The second of these expressions includes 
the rates at which energy of the component of mean-motion and the en 
of the component of relative-motion are increasing, by angular dispersio 
the expense of the other components in their respective systems,—toge 
with the rate at which energy of the component of the resultaut syste 
being increased by transformation from euergy in some other mode—w 
latter rate does not exist if w, v, w are the motions of points in mass. 


In the expressions 


and 


f p'\x ito +&c -) 5 &c -> &c *> 

' du o 

*pX3j "f~ o5C* 


// 

i , &c., &c., 


the analysis necessary to separate out the expressions for the sept' 
actions in either system is furnished by equations (4*7 a), Section III., 
symbols for the mean and the relative motions being substituted for tbo. 
the resultant system. 


Putting p } the first two terms in these equations (' 

o 

which express the rates of angular dispersion in the directions of x, 
respectively on the square of the components of the mean and the rosul 
system, become respectively 

”1 „f~du" dv" dw"\ 

3 P \ dx dy dz ) 


1 

3 


V 




dv 

dy 



dv"\ „ /du" dw"\Y 
dx / P zx \ dz dx J) 


diu\ 1 f (du dv\ (du dw\ 
Tz) + 2 \ Vva \dy ~ Tx) + Pzx [dz ~ d^J 


&c., &< 


, &c., 


The corresponding expressions for the rate of increase of the resili 


are 


I .. /du" dv" dw"\ . „ du" 

l&P U + dy + d,) Jr{P *‘- 1>) dx 

1 ( „ (du" dv"\ „ (du" dw 

+ 2F»H ch/ + d^) + P“ 


dz dx 


, &c., 


1 (du dv diu\ . . du 

Plt+i + S+fc-f)!. 


3 ' \dx ' dy ' dz! ' r ’ dx 

1 ( / rLu s7n%\ 


/rim rlnn\ ) "1 
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Substituting these for (p" xx i^ + &c and (p«^ + &c -) as 


into equations (116) and (117), these equations become 


1 d T [p" (w") 2 ] _ 1 d e ' [p"(u'y]_ { do" [p (uu')"] M & n \_ \ du" V 

Tl a J* 1 sJn 1 ’ ( 1 rl w 


fl „t„du u dv" duA, 1(„ fc 

+ 181’ ( a 3s— + 

1 ,, fdu dv dw \ , tt //\ 

+ LS ? {~S + dt + lu) + (p **- p) 


, fdu" dvff\ „ ( dv!‘ 
yx \fy~dw) +P Zx \dz 


+ 2 \p"v* 


' du " . dv' 


d^ + fa) +P 


du" dw' 
. dz dw 


+r{/(uv)"^p|+&c., &<=•. & °.( 


1 d [rp"( mV)"] _ 1 d |>"(mV)"] 1 dypJMyr _ jiKa=y' 

2 dt 2 dt 2 dt \ dw 



In these equations the first three terms in the members on t 
express rates of linear redistribution of the energy of components o 
of the respective systems, while the fourth terms express, respective 
of energy received from the other components of the same system b} 
dispersion, and the fifth and the last terms express the direct e: 
between the two systems, of mean density of energy, by transformati 

This last statement however is only true when, as in the cas 
resultant system, in a purely mechanical medium, there is no rosiliem 
rpsnlf.amf svsfp.m fnr fhp fifth tp.rm 'n thp last pnnation exnressos 
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resilience of the mean and relative systems is zero, and the fourth te 
equation (117) has the identical value, under opposite sign, as the j 
term in equation (110), which expresses rate of decrease of abstract rcsi 
in the mean system. 

The first term in the brackets represents the angular disperse 
distortion under mean strains, equal in all directions, and the secoi 
presents the rates of angular dispersion by rotational motion of the 

63. The equations for the rates of change of density of mean 
relative-mass. 

By equations (64) and (109) we have for mean density 

dt'-dsp" n 

dt dt . v 

and by equations (65) and (109) we. have for the equation of relative ni 

<¥ __ d Up) , d(cp) ni 

dt ~ dt + " dt .^ 


64. The equation for mean momentum. 

By equation (5H) and tin 1 first of equations (100) we have for the eq 
of mean momentum 

d P "n" __ dsp"u" _ <d{ V „ + p" (■ n'uT) , ' 

dt ~ dt 1 ' das' + ’ 




and by equations (60) and the second of equations (100) wo have the eq 
of relative momentum 


d(pn — p 
dt 


a") d. 


(/>«) 

dt 


(p"u' 

dt 


d ( fi pu!)' 


dp' 


div 


•4* iVio. 


,..(1 


65. The equations for the rate of change, of the density of mean-em 
the components of mean-motion and of the mean-energy of the compon 
relative-velocity. 

Substituting for the transformation function in the lh\at of eqnatio 
from equation (116), the equation for mean density of energy of mean 
becomes 

1 d[p" (»")*l_l. («")’)]_ jrf(VW«T + ?>*.")] . to , , &l 

2 dt 2 dt ( dtr. 
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and the equations for the mean density of energies of relat 
become 

1 d [p" ((«?)"] _ . 1 d\<r(p"(( u 'Y)"y) , I id (u : 

2 - It - + 2 dt + 2 dt -\—d 



( tht" 1 

— j [p" (u'u')" + pxx'^\ ~ + &C.J- , &C,, &c. 

66. The equation for density of relative-energy. 

Proceeding in the same manner as in equations (74) and subst 
rate of transformation to relative-energy equation (118), the ei 
relative-energy of component velocities becomes 

1 d[pu*-p"(u i ) ,r \ = 1 d \jr (pu 9 - p" (n 2 )")] 1 d[ c f P (tf)")] 

2 dt 2 dt + 2 dt 

.lit (POT _l_ 1 d[c P ((uJ)T 

~ r 2 dt + 2 dt 


( dx ) 


dx 


+ *4 + {(p*»s) +&c -|' 


&C., &C. 


67. Complete equations. 


1 d [>" ((«")«+ (»7+ Q")»)i i a p (p" (K)» + («"y + («/■)»)}; 

2 dt 2 



dx ’fl 


dx 

d[w"(p"WuT + p xz ")] + &c> 
dx 
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The equations (119) to (127) are the equations for mean and 
component systems of any resultant system in which the condit 
satisfied, irrespective of the medium being a purely mechanical medin 
is to say, irrespective of whether or not in the resultant system (p, u, 
&c.) are related to the actual, mechanical-medium, or represent the c 
motions and stresses of a component system of mean-motion of the i 
system. 

It has already been pointed out (Art. 52) that the absolute seal 
variations of the mean motion has no part in determining the c 
approximation, but only the relative magnitude as compared with i 
of variations of the relative motion. So that any component of meai 
may be a resultant system if the conditions exist which ensure its si 
the conditions of mean and relative motion. There is however this d 
according to whether the unqualified symbols refer to the purely me 
medium or not. If they do refer to the mechanical medium, then 
terms in equation (124) and the last but two in (123) represent 
dispersion of energy only, and the last term in equation (127) and 
but one in (126) are zero; if not, they represent changes of energy. 





SECTION VII. 


THE GENERAL CONDITIONS COR THE CONTINUANCE OE C 
PONENT SYSTEMS OK MEAN- AND RELATIVE-MOTION. 


68. The general conditions for the existence of mean-, and roll 
motion, as defined in Art. 17, Section V., are that the. components of mo 
turn of relative-velocity, as well as the relative density, must respectivi 
such that their integrals with respect to any two independent vari 
taken over limits defined by the scale of relative-motion, have no mean v 


By equation (1), Section IT., it follows that for the continuance of 
status the respective, rates of increment of these quantities by all c 
convection and production, must satisfy the same! conditions. Therefi 
the necessary and sufficient conditions we have, that 


d (pit-') 


dt 


dt Jt [' dp ' dt 

’ J„ at • J„ dt • j„ dt • 


where the limit t may have any value, when integrated between the 1 
as initially defined by the relative, scales, with re.Hpccl, to any two hid 
dent variables shall be zero within the. limits of approximation. 


The satisfaction of these conditions does not follow as a ge.onu 
consequence of the initial condition. 


The rate, of change, in the density of relative-momentum is a eonseq 
of the space, rates of the variation of the. convections and condu 
existing at the instant. And initially the mean- and relative-motioi 
subject to definition, from which, as a geometrical consequence, their 
tions, in space;, are also subject to definition, which although less cm 
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d(pu') 

dt 


dt = — 


s (puV)+(pv ' u,) + s ipw ' u ' ) } dt 


-p 


. du" , dv" , 
u' -J-+V -J- + w' 
dx dy 


dw" \ 
dz J 


dt 


+ p {s (pu ' u "> + 1 o V) + s (pwV) } 

-P^FJ'Bt + F' Bt, &c„ &c. 

P 

]n these equations, according to the method of approximate 
terms in the member on the right are such as have no mean va 
integrated over any three variables, as a geometrical consequei 
definition. 


It therefore appears that it does not follow as a geometrical cc 
that 


d (pu ’) 
dt 


&c., &c., 


should satisfy the condition of having no mean values when 
with respect to any two variables, to the same degree of approxinu 
the initial values of pu', pv', pw'. And this applies to both rates of 
by convection atid rates of increment by relative accelerations. 

If, then, this condition is to be continuously satisfied it must 
result of some redistributing effects of the actions of conducth 
convections. For the rates of increase by convection are a g 
consequence of the initial motions which are subject to the defin 
scale and relative-motion; while on the other hand, the rates of i 
conduction depend on the conducting properties of the medium, 
on the distribution of the medium in space and time. 


69. The fourth property of mass, necessitated by the laws of 
that of exchanging momentum with other mass, Art. 17, Section 
now appears that this is the fundamental property on which the 
of systems of mean- and relative-motion depends. 

For if there were no conduction, that is, if mass were complc 
trable by mass; so that two continuous masses could pass thr 






72] 


COMPONENT SYSTEMS OE MEAN- AND RELATIVE-MOTION. 


70. Notwithstanding the extremely abstract reasoning on which 
foregoing conclusion is based it is definite. And it appears possible to 
this reasoning further and so obtain conclusive evidence as to wlial 
general properties of conduction and the general distributions of the me 
must be for the maintenance of the mean- and relative-systems, whei 
resultant system is purely mechanical. 

71. The general laws of conduction of momentum by a purely mec 
ical medium, as defined by the laws of motion, have already been dot' 
(Section III. Art. 24), and the efforts of conduction in displacing niomc] 
and in angular dispersion of vis viva have, been proved (Section 
Arts. 31—2), and also the effect of conduction on the resilience, if 
However, since there is no resilience in a purely mechanical met 
it at once follows that the medium must be perfectly free to cluing 
shape without changing its volume, or it must consist of mass or m 
whether infinite, finite, or indefinitely small, each of which ahsol 
maintains its shape, find volume.; that is to say, each of which is a p< 
conductor of momentum. 

Thus tlm class of media in which flu; general conducting prop 
satisfy, as a resultant system, the condition of being a purely meeln 
system is not large; being confined to 

(1) The “ perfect fluid ” ; 

(2) The perfect solid; 

(3) Perfect discontinuous solids; 

(4) Perfect discontinuous solids with perfect fluid within their 

slices. 

This class of media fill satisfy the conditions for purely mechanical i 
as resultant systems. Hut it does not follow, as a geometrical nee.t 
that they fill satisfy the conditions of consisting of mean find relative 
ponont systems. 

For although any medium which satisfies the conditions of consist 
component systems of mean and relative motion must of necessity s 
the conditions as a resultant system, tlm converse of this is not a noeess 

It therefore renmins to obtain from the previous definition the fi 
limitations imposed, as a geometrical necessity, by the conditions of cons 
of o mnurmr t system s of f.tir mniii.li *lv in >an- in 1 roll tiv ‘-moth n. 
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may satisfy the condition of having no mean values, when ir 
between the limits of the scale, in time and space, of relative mot 
any two independent variables to any defined degree of approxima 
time integrals of the members on the right must satisfy the same cc 

Whence it follows that the condition for the maintenance 
inequalities steady requires that the rate of increment, as e 
by all terms on the right, in each of the equations (128), shall be 
has absolutely no mean value when integrated over limits, with 
^to any two independent variables. 

This condition, although it applies only in a somewhat particu 
is such as must be satisfied for the maintenance of mean and relative 
to be general, and hence any evidence that may be derived from it 
perfectly general. 

To apprehend the importance of this evidence we have only to 
what has already been pointed out, that the first four terms in t 
members in each of the equations (128) require, as a geometrical r 
integration between limits over three independent variables in or 
they may have no mean values. Whence it follows that in < 
maintain the inequalities steady the fifth term, which expresses relat 
of increment of momentum by conduction, must be such when ini 
over limits, with respect to any two variables, as will exactly ca 
integrals of the other four terms when they are taken over the san 
with respect to the same two variables. 

Thus we have for a particular case, which however must occr 
general systems consisting of component systems of mean- and 
motion, an inexorable condition as to the necessary properties of cone 

It will be readily granted that the satisfaction of this condition 
the absolute dependence of the functions F x ', &c., on the conditioi 
medium and its relative-motion. 

(2) Evidence as to the necessary properties of the medium 
obtained from the condition that the inequalities must be maintained 

The satisfaction of the condition of equality between the rates of 
actions resulting from transformation, convection, and conduction, c 
define the magnitudes of the inequalities which may be maintair 
only the fact that the remain steady. 
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increase with the inequalities and are of opposite sign, whereby tin 
equalities are subject to logarithmic rates of deciemcnt. 

Then, whatever might be the rates of institution of inequalities rosu 
from all the other actions, the inequalities would increase, increasing 
rates of decrement by conduction until these balanced lilac rates of iucroi 
that is until the other actions were cancelled by the actions oxpresse 
Jpg.' } &c., after which the inequalities would remain steady as long as the 
of institution remained steady. 

(3) Evidence as to the necessary properties is also obtained frou 
conditions that define the scales of relative motion. 

Where mean motion is everywhere uniform this condition requires 
the scale of relative velocities and relative mass shall approximate to 
finite scale at which it will remain as long as the mean motion is everyv 
uniform. This does not follow as a geometrical necessity of the i 
definition, for if constraining limits were absent from the mass, the at 
which insure the logarithmic rates of decrement would continue, to din 
the scale indefinitely ; hence inferior limits of relative-mass and reh 
motion define the properties of the medium ns regards limiting eoiistrai 

73 . This evidence, together with the definitions of menn-vclooitj 
mass, suffices to differentiate the four general states of media, whit 
resultant systems, satisfy the conditions of being purely mechanical, 
those which also satisfy the conditions of consisting of component systc 
approximately mean and relative motion. 

Since continuous mass cannot pass through continuous mass wi 
exchanging momentum, the reciprocal actions between the masses in rei 
motion will be to cause continual diversions of the paths of points in mi 

And by definition of relative motion, if then', is no moan metier 
mean component momentum in any positive direction is exactly equal 1 
mean of the negative momentum in the same direction. Therofon 
mean rate of increase of component momentum in the positive 4 , directu 
the components of the reciprocal relative accelerations, is exactly 
to the mean rate of increase by the component reciprocal aocelen 
of the component momentum in the negative direction. The mean mt 
being uniform, the reciprocal accelerations have no effect on oner 
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but, are the means of the components of resultant reciprocal acce 
with various degrees of divergence from the direction of the previous 

And it is thus shown that any angular redistribution of posr 
negative components of momenta, or, which is the same thing, of 
viva of the component velocities, results solely from the impenetra 
the medium. 

74 . From the foregoing reasoning it might be inferred that the 
trability of mass together with the definition of relative motion mus 
logarithmic rates of decrement of all inequalities provided that the 
were sufficiently mobile. That this is not the case is however at o 
from the theory of a “ perfect fluid/’ 

(a) For in such media every point in mass is in complete non 
straint by the surrounding medium, with lateral freedom. So that, 
point can move without affecting the motion of every other point 
degree, there is no lateral action. Thus the continuous finite acce 
do not cause finite diversions of the paths of points in mass f 
previous directions at any point of their courses, but cause finite c 
of these paths. And thus the paths of adjacent points are ul 
parallel. There being no finite lateral deviation, there is no lateral e 
of momentum in the direction of motion at any point. 

Whence such lateral exchange of momentum being necessary 
that there may be general rates of logarithmic decrement of inec 
it follows that in a perfect fluid there cannot exist logarithmic 
decrement of all inequalities of relative motion. 

It thus appears, since, as has already been pointed out, gener; 
ithmic rates of decrement of all angular inequalities are necessary 
maintenance of approximate systems of mean and relative moti 
a perfect fluid, although satisfying the condition of a purely me 
medium as a resultant system, cannot satisfy, generally, the com 
consisting of component systems of approximately mean and relative 

(b ) A perfect continuous solid, that is a continuous mass which < 
momentum perfectly, whether direct or lateral, can only move as oi 
and therefore cannot consist of component systems of mean and 
motion. 

f S>\ T* •t'WVrtrt /> f 4- li s\ vv> y~) -i r-i -J-^ <*> irv-Pxr 4- 11 ^ *, 
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(d) If then the conditions for mean and relative systems are tc 
satisfied it can only be by discontinuous media. 

These all include perfectly conducting parts and arc capable 
separation into two classes according to whether or nob these parts ar 
are not in such constraint with each other that each part is in coin} 
constraint with the neighbouring parts ; lateral as well as normal. 

(e) In media in which the perfectly conducting parts are eacl 
complete lateral as well as normal constraint with their neighbours, t 
can be no logarithmic rates of decrement. Whence, as ill the casi 
a perfect fluid, such discontinuous media cannot generally consist of c 
ponent systems of approximately mean and relative motion. 

It thus appears that no purely mechanical medium can satisfy the cc 
tion of consisting of approximate systems of mean and relative motion m 
it includes discontinuous perfectly conducting parts, each of which 
certain degrees of freedom with its neighbours. 

(/) If, therefore, it could be shown that, as in the other pi 
mechanical media, these discontinuous media, with degrees of froedon 
not admit of logarithmic rates of decrement of the inequalities of roll 
motion, it would follow that component systems of approximately mean 
relative motion are impossible. 

As it is, however, it can be shown that these discontinuous media, 
or without perfect fluid occupying the interstices, as long as tile perf 
conducting parts have any degrees of freedom with their neighbour, 1 
admit of, and not only admit of, but entail, logarithmic rates of deoremo; 
all inequalities of relative-momentum. 

This will be fully proved in the following sections. But it is suflieiet 
this stage to show how this comes about. 

(g) The actions between perfectly conducting masses are ins tan tan 
finite exchanges of momentum in the direction of the common norini 
the surfaces at contact. The direction of this normal lias no nooi* 
connection with the direction of the relativo motion of the masses lx 
contact; therefore the direction of relative motion after contact hai 
necessary connection with the direction before contact. And thus 
actions w’ll be to render the. nn.th of the. centre >f each mass a rectili 
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securing continued angular redistribution in direction and magnitude 
relative momentum of each of the perfectly conducting masses; so tl 
mean inequality in the relative motion is subjected to rates of dec 
proportional to tbe inequality, and to the mean of the positive or n 
components of relative velocity, divided by the scale of relative motioi 
logarithmic rate of decrement. 

(A) The evidence furnished by the necessity of the maintenance 
scales of relative mass and relative motion has not been drawn upon 
foregoing reasoning, and therefore may now be brought forward as con 
the conclusion already arrived at; that the only media that sati 
conditions of mean and relative component systems are those which 
discontinuous perfectly conducting parts, since such media are tb 
media in which limits to the scales of relative mass and relative 
are of necessity maintained. 

75. Having thus arrived, for reasons shown, at the conclusions t 
only purely mechanical media which can consist of component sysl 
approximately mean- and relative-motion are those which consist of pi 
conducting members which have certain degrees of independent mo's 
and that such media of necessity satisfy the condition of securing lc 
mic rates of decrement of all mean inequalities in the positive or n 
components of relative-momentum in every direction, the further f 
may be confined to this class of media only. 

It is still a class of media and not a single medium. 

Such media may be distinguished according as the interstices t 
the grains are occupied by perfect fluid or are empty of mass. But 
by no means the only distinction. For the perfectly conducting in 
may have any shapes, and hence may include any possible kine 
arrangement or trains of mechanism, provided that there is always a 
amount of freedom or backlash, as it is called in mechanism; or tb 
consist of parts of any similar shape but of different sizes or of pt 
same in size and shape, as for instance, spheres of equal size and mas: 
is this all, for the relative extent of the freedom as compared with 1 
of the members may introduce fundamental distinctions in the pr 
of media consisting of similar members. 

76. This last source of distinction, arising from the relative e> 



77] 


COMPONENT SYSTEMS OF MEAN- AND RELATIVE-MOTION. 


In this preliminary discussion of the effect of the extent of the freed* 
relative to the dimensions of the perfectly conducting members, the k 
may be considered as being spherical grains of equal size and mass. 

In the first place it must be noticed that, so far, in this section 
account has been taken of any transformation of mass or of the displacer 
of momentum by conduction, so that the logarithmic rates of deeror 
by accelerations refer only to changes in the direction of the vis viva, lea 
out of account the fact that there is displacement of momentum by 
duction at each encounter, and, thus, the reasoning, so far, does not t< 
on the possibility of redistribution of inequalities of rates of conduc 
of component momenta. 

It has, however, been shown that, owing to the fact that the direct 
of the normals at contact are independent of the directions of relative me 
before contact, in a granular medium, there! must exist rates of redistrihu 
of all mean angular inequalities in vis viva of the components of vek 
motion, whatever maybe the inequalities in rates of conduction of momou 
in different directions. 

Thus far, then, for anything that has been shown in the. previous rea 
ing, the actions which determine the rates of displacement of momentiu 
conduction may be independent of any effect of the independence of 
direction of the normals at contact, and the direction of the. relative irn 
of the grains before contact, which, as shown, secures angular dispel 
of the momentum of relative motion. 

77. In the simple case of uniform spherical grains, which limy 
conceived to be smooth, without rotation, whatever may be the rek 
paths of the grains as compared with their diameters, if the state of 
relative-motion is without angular inequalities, since this .state is maintu 
by the continual finite exchanges of momentum lateral to their paths, 
mean component of the aggregate momentum in an interval of time, d( 
mined by the time scale of relative motion, must be the same ii: 
directions, as also must be the aggregate component paths traversed 
positive direction, and also those traversed in a negative direction. 

But it in nowise follows as a necessity of complete angular disperse 
components of momentum, within the limits of relative motion, that the n 
length of the component paths traversed in one direction shall he the s 
as the mean of those in another direction. 
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[75 


securing continued angular redistribution in direction and magnitude of the 
relative momentum of each of the perfectly conducting masses; so that any 
mean inequality in the relative motion is subjected to rates of decrement 
proportional to the inequality, and to the mean of the positive or negative 
components of relative velocity, divided by the scale of relative motion—to a 
logarithmic rate of decrement. 

(h) The evidence furnished by the necessity of the maintenance of the 
scales of relative mass and relative motion has not been drawn upon in the 
foregoing reasoning, and therefore may now be brought forward as conlirming 
the conclusion already arrived at; that the only media that satisfy the 
conditions of mean and relative component systems are those which involve 
discontinuous perfectly conducting parts, siuce such media are the only 
media in which limits to the scales of relative mass and relative motion 
are of necessity maintained. 

75. Having thus arrived, for reasons shown, at the conclusions that the 
only purely mechanical media which can consist of component systems of 
approximately mean- and relative-motion arc those which consist of perfectly 
conducting members which have certain degrees of independent movement, 
and that such media of necessity satisfy the condition of securing logarith¬ 
mic rates of decrement of all mean inequalities in the positive or negative 
components of relative-momentum in every direction, the further analysis 
may be confined to this class of media only'. 

It is still a class of media and not a single medium. 

Such media may be distinguished according as the interstices between 
the grains are occupied by perfect fluid or are empty of mass. But this is 
by no means the only distinction. For the perfectly conducting members 
may have any shapes, and hence may include any possible kincmatical 
avrangenieut or trains of mechanism, provided that there is always a certain 
amount of freedom or backlash, as it is called in mechanism; or they may 
consist of parts of any similar shape but of different sizes or of parts the 
same in size and shape, as for instance, spheres of equal size and mass. Nor 
is this all, for the relative extent of the freedom as compared with the size 
of the members may introduce fundamental distinctions in the properties 
of media consisting of similar members. 

76. This last source of distinction, arising from the relative extent of 
the freedoms as compared with the dimensions of the grains, being perfectly 
general however the media may otherwise be distinguished, is a subject for 
general treatment, the outlines of which may with advantage be drawn at 
this stage from the evidence, already adduced, as to the conducting properties 
of the media consisting of component systems of approximately mean- and 
relative-motion. 
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In this preliminary discussion of the effect of the extent of the freedoms, 
relative to the dimensions of the perfectly conducting members, the latter 
may be considered as being spherical grains of equal size and mass. 

In the first place it must bo noticed that, so far, in this section, no 
account has been taken of any transformation of mass or of the displacement 
of momentum by conduction, so that the logarithmic rates of decrement 
by accelerations refer only to changes in the direction of the vis viva, leaving 
out of account the fact that there is displacement of momentum by con¬ 
duction at each encounter, and, thus, the reasoning, so far, does not touch 
on the possibility of redistribution of inequalities of rates of conduction 
of component momenta. 

It has, however, been shown that, owing to the fact that the directions 
of the normals at contact are independent of the directions of relative motion 
before contact, in a granular medium, there must exist rates of redistribution 
of all mean angular inequalities in vis viva of the components of relative 
motion, whatever maybe the inequalities in rates of conduction of momentum 
in different directions. 

Thus far, then, for anything that has been shown in the previous reason¬ 
ing, the actions which determine the rates of displacement of momentum by 
conduction may be independent of any effect of the independence of the 
direction of the normals at contact, and the direction of the relative motion 
of the grains before contact, which, as shown, secures angular dispersion 
of the momentum of relative motion. 

77. In the simple case of uniform spherical grains, which may be 
conceived to be smooth, without rotation, whatever may be the relative 
paths of the grains as compared with their diameters, if the state of the 
relative-motion is without angular inequalities, since this state is maintained 
by the continual finite exchanges of momentum lateral to their paths, the 
mean component of the aggregate momentum in an interval of time, deter¬ 
mined by the time scale of relative motion, must be the same in all 
directions, as also must be the aggregate component paths traversed in a 
positive direction, and also those traversed in a negative direction. 

But it in nowise follows as a necessity of complete angular dispersion of 
components of momentum, within the limits of relative motion, that the mean 
length of the component paths traversed in one direction shall be the same 
as the mean of those in another direction. 

The clear apprehension of this fact is of extreme importance, when we 
come to consider the rates of displacement by conduction of momentum ; 
this is easily seen :— 

If each grain traverses the same aggregate, positive and negative, com¬ 
ponent paths in the same time, but their mean component paths in one 
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direction differ from those in another, since the paths are limited by en¬ 
counters, and the displacement, by conduction, of momentum in the direction 
of the component is the mean of the product of the diameter of the grain 
multiplied by the component of the relative momentum; then, if the mean 
component conductions are the same in all directions, the number of the 
conductions in any direction must be inversely proportional to the component 
mean path in that direction. And thus the rate of displacement of momen¬ 
tum in any direction must be inversely proportional to the menu component 
path in any direction. 

78. In order to secure that the rates of displacement of the momentum 
shall be approximately equal in all directions, it is not sufficient that there 
should be logarithmic rates of decrement of the mean inequalities of the 
relative components of momentum, positive or negative, but requires in 
addition that there should be logarithmic rates of decrement of mean 
inequalities in the mean component paths of the grains. 

The length of the path of a grain in any direction depends only on the 
positions of the surrounding grains; arid if the mean distance between the 
grains is such that the probable length will carry its centre through several 
surfaces set out by the centres of these other grains, then, since all possible 
arrangements of the grains would be probable, all directions of the normal 
at encounter wonld be equally probable, whatever might be the directions of 
the paths. And hence continual encounters would lead to such distribution 
of the grains that the probable length of the path wonld be equal in all 
directions; and, so, there would be logarithmic rates of decrement of 
inequalities in the lengths of the mean paths in different directions. 


78 A. Evidence of the necessity of such logarithmic rates of decrement 
of inequalities in the arrangement of the mass is furnished by the equations 
of relative-mass; in a manner similar to that furnished by the equations 
of relative-motion as to the necessity of logarithmic decrement of the 
inequalities of vis viva. 


This at once appears from the equations of relative-mass (119), which 
may be expressed: 


+& , 

at ax 


' d ( pu ') 
dx 


+ &o. 


In this equation, according to the limits of approximation, the terms in 
the right member are such as have no mean values when integrated over the 
defined limits with respect to three independent variables. 

Therefore it does not follow as a geometrical consequence of the definition 
of relative mass that 


dp 

dt 
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should satisfy the condition of having no mean value, when integrated ovor 
definite limits with respect to any two independent variables, to the .same 
degree of approximation as do the initial values of p ; and this applies both 
to the rates by convection and the rates by transloruration, 

If then the conditions are to bo continuously satisfied, it must be as the 
result of the redistributing actions on the rubes of convection by the mean- 
velocity, which alone institutes inequalities. 


78 13. Inequalities in the integrals of relative, mass, over defined limits, 
with respect to any two independent variables, correspond to inequalities in 
the products and moments of relative mass. And it thus appears that these 
inequalities have no connection with inequalities in the menu-mass, which is 
a mean over all four variablos. 


Therefore these inequalities arc inequalities in the symmetry or angular 
arrangement of the relative mass. 

This significance of the inequalities becomes apparent on multiplying 
both members of the equation of rotative, mass by the square of any variable, 
as «?, or by the product of two variables, as -i/s, and taking the me.au over 
all four variables; as 


d(pj = 
lit 




[d (pa 1 ) 
1 dx 


-I-&C.1.{128 A). 


Then if a?p' integrated ovor all four variables satisfies the conditions to 
any degree of approximation, tho maintenance of the same dogreo of approxi¬ 
mation requires that 

,,/V 

dt 


should satisfy the identical conditions to tho smno dogreo of approximation. 

Hence we have the necessity, in order to maintain the inequalities 
steady, that, whatever may bo tho rate of institution, resulting from distor- 
tional mean motions, as expressed by tho first term in tho right member, 
the rate of rearrangement resulting from the fransfornmtimi expressed by 
the second term must be such as exactly counteracts tho rate of institution. 


78 c. It thus appears, as in tho case of Art. 72, that tdiis condition of 
equality botween tho rates of institution and rearrangement; can ho satisfied 
only when the rate of rearrangement, as expressed by tho second term, 
depends on, and is proportional to, the inequality instituted. 

78 J). From this evidence it appears that tho logarithmic rate of decre¬ 
ment of inequalities in tho mean arrangement of the. grains, which has luscn 
shown (Art. 78a) to follow as the result of diffusion in granular media, is 
a necessity for the maintenance of systems of moan and relative motion. 
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And thus ifc appears that granular media may satisfy the condition of 
consisting of component-systems which are mean and relative in respect of 
conductions as well as convections. 

78 E. It also appears, and perhaps this is of greater analytical import¬ 
ance, that the two rates of logarithmic decrement, that of inequalities of 
vis viva, ancl that of rearrangement of mean inequalities in the symmetry of 
the mean arrangement of the grains, which also secures the redistribution of 
augular inequalities in the rates of component conduction of momentum, arc 
in a measure independent and are analytically distinct. 

79. The inequalities in the mean symmetrical arrangement of the mass, 
although, being the most remote, they have presented the greatest difficulties 
to recognition and analytical separation, arc of primary importance and 
distinguish between classes of granular media. It has been shown that 
logarithmic decrement of these inequalities results from diffusion among the 
grains. 

79 A. It does not, however, follow that such logarithmic rates of decre¬ 
ment would exist when the grains were in such close order that no grain 
could break through the closed surface which might be drawn through the 
centres of its immediate neighbours. For then, whatever might be the 
order of arrangement of the grains, notwithstanding the existence of a certain 
extent of freedom, it could undergo no change. 

If in this last case the general state of the medium were such that the 
mean freedoms of each grain were equal in all directions, so that there were 
no inequalities in the mean component paths in different directions, the 
relative-motion would be in a state of mean equilibrium without inequalities 
and the rates of displacement, by conduction, would be equal in all directions. 

But if, from the last condition, the medium wore subjected to a meau 
distortional strain, however small, the mean component paths of the grains 
would no longer be equal in all directions; and the rates of displacement of 
the momeutum, by conduction, would be no longer equal in all directions, 
but would be such as tended to veinstitutc the form or condition; that is 
to say, the rearrangement of the grains within the limits of freedom would 
be such as to balance, not the external mean stresses by which the strains 
were brought about, but the stresses necessary to maintain the strain steady. 
And thus the logarithmic decrement would not be to a state in which the 
mean paths were equal in all directions, but to a state in which the in¬ 
equalities in the mean paths were such as to maintain the necessary 
inequalities in the rates of displacement, by conduction, to secure equili¬ 
brium under the external stresses. 

80. It thus appears that, while the effect of relative accelerations to 
redistribute all mean inequalities, iu the angular distribution of relative 
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vis viva, is independent of anj r symmetry in tlie mean arrangement of the 
grains, and, hence, of mean angular inequalities in the moan component 
paths of the grains, and is therefore subject to no limits. Whatever the 
relative freedoms of the grains may be, the angular redistribution of in¬ 
equalities in the mean component paths depends solely on the rate of 
redistribution of the mean inequalities in tho symmetry of tho arrange¬ 
ment of the grains and is subject to limits depending on tho relative lengths 
of the mean component paths of the grains, taken in all directions, ns com¬ 
pared with the diameters of the grains. 

81. It also appears that tho definite limit, at which redistribution of 
the lengths of the mean paths ceases, is that state of relative freedoms 
which does not permit of the passage of the centre of any grain across tho 
triangular plane surface set out by the centres of any throe grains which aro 
neighbours. 

This definite limiting condition obviously corresponds to that at which all 
diffusion of the grains amongst each other censes, 

82. It thus appears that there is a fundamental difference in media, 
otherwise similar, according to whether or not the freedoms are within or 
without this limit. 

This difference amounts bo discontinuity in the media, for within tho 
limit there will be no rearrangement of the grains however long a Lime may 
elapse or whatever the state of strain may be. While outside the limit, 
in however small a degree, any state of mean strain must ultimately bo 
relaxed howover long tho time. 

83. The time taken for such relaxation will in some way bo a function 
of the degree in which the freedoms aro without tlm limit of no diffusion 
which will range from infinity to zero, sn that (.here are contimums degrada¬ 
tions in the properties of tho media according to tho degree in which the 
freedoms exceed the fundamental limit. 

84. The independence of tho redistribution of relative vis viva on tins 
fundamental limit to redistribution of tho arrangement of masH in media 
consisting of perfectly hard spheres, or of masses of any rigid shapes, does 
not appear to have formed a subject of study by those, who have developed 
the kinetic theory of gases; so that however complete this development 
may bo with respect to limited classes of granular media which have formed 
the subjects of this study, the methods employed can have boon applicable 
only to those classes of media in which the extent of the relative freedoms 
has, in a large degree, boon outside the fundamental limit of uo diffusion. 

85. It seems important that the limitation imposed, by the methods of 
analysis hitherto used ill the kinetic theory, on tho class of media t,o which 
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that theory applies, should be distinctly pointed out here, before proceeding to 
the further analysis of the general theory. Otherwise confusion might arise 
in the mind of any reader acquainted with the conclusions already accepted 
as resulting from the kinetic theory, as to the reason why, after having 
arrived at the general conclusion that the only media which can consist 
of component systems of mean and relative motion belong to the class of 
granular' media with some degree of freedom, which is also the class of media 
to which the kinetic theory has been applied, any further analysis should 
not simply follow the lines of the kinetic theory as hitherto developed ? 

This question having been anticipated by the answer which is given 
in the previous paragraph, in which it is shown that the general class of 
granular media is subject to fundameutal differentiation according as the 
ratio of the mean paths of the grains to the dimensions of the grains is 
within certain limits; and that hitherto the method of the kinetic theory 
has not been such as to take account of these limits, and is thus only 
applicable to media in which the relative paths are large as compared with 
the linear dimensions of the grains*. 

86. Besides the fundamental limit of no diffusion there is also another 
fundamental limit, which appears as soon as a finite relation between the 
paths and the linear dimensions of the grains is contemplated. This limit is 
that to which the medium approaches as the paths of the grains approach 
zero. 

If the granular medium is in a steady condition, then if the relative 
vis viva is finite there will be some extent of freedom. But for any given 
vis viva the mean paths will depond on the rates of conduction or vice versa. 
Thus it is possible that the relative mean paths may be indefinitely small as 
compared with the diameters of the grains, and the rates of conduction 
indefinitely large. 

87. It has been shown Art. 74 (a) that a granular medium, in which the 
grains are in such arrangement that each grain is in complete constraint 
by its neighbours, cannot consist of mean and relative systems of motion. 
While from the previous paragraph it appears that granular media in which 
there is finite relative-energy may approach within any approximation of 
the condition of complete constraint with their neighbours. 

88. The conclusion, as stated at the end of the last paragraph, has 
a fundamental significance. It clears the way to the recognition of the 
definite geometrical distinction between the effects of redistribution in 
media, otherwise similar, in which the mean paths are respectively within 
and without the fundamental limit of no diffusion. 

* Phil. Mag. 1860, Vol. xix. p. 19, Vol. xx, p. 21. 
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When there is no relative motion and each grain is in complete con¬ 
straint with its neighbours, if thoro is no mean motion, it follows, at once, 
that tho directions of the normals, at the poiuts of contact, to the surfaces of 
the grains, whatever these directions may be, are undergoing no change— 
are fixed in space. 

If then, as shown in the last paragraph, granular media in which thoro is 
vis viva of relative-motion may approach indefinitely to tho condition of 
complcto constraint, it follows that in such modia, when tho moan paths arc 
indefinitely small compared with the diameters of tho grains, tho directions 
of tho normals at points of contact approximate indefinitely to certain 
definite directions fixed in space, that is, as long as there is no mean- 
motion. Thus we have the definite, geometrical distinction, that as long as 
tho mean paths are within the fundamental limit of no diffusion, and blmro 
is no moan-motion, tho normals to tho surfaces at encounters are within 
certain angles of directions fixed in space; while if the moan paths are 
without those limits, in however Humll a degree, the normals continually 
change thoir directions so Unit, if Hiifiloiont liino is allowed, all directions 
are equally probable, 

89. While within the fundamental limit any one grain can only have 
contacts with a strictly limited number of other grains, in tho case of 



uniform spherical graiiiH, in regular symmetrical piling, tho number of grains 
any grain can come in contact with is twelve, so that if thoro is no strain 
in the niodium and the mean paths are indefinitely small, as compared with 

G—2 
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the diameter, there are twelve fixed normals in which this grain can have 
contact with other grains. The twelve normals radiate from the centre of 
the grain, and when the grains are in the regular formation each normal 
is in the same line with an opposite normal so that there arc six fixed axes 
symmetrically situated in which encounters take place. And as the resultant 
accelerations are in the directions of the normals at encounter, these six 
directions of the normals are six axes of conduction of momentum. 

These axes pass through the twelve middle points in the edges of a cube 
circumscribing each grain, if there are no mean strains in the medium, and 
are thus symmetrically placed with respect to the three principal axes of 
the cube. This is shown in Fig. 1, p. 83. 

If, then, the rates of conduction across surfaces perpendicular to these 
six axes are equal, the momentum conducted being in the direction of the 
axes, the grains will, of necessity, be in mean equilibrium. 

This state of equilibrium in no way depends on the mean density of 
the relative vis viva of the grains. Therefore, in the limit, as the mean 
paths of the grains become indefinitely small, as compared with their 
diameters, as regards the direction of the rates of conduction, whatever the 
relative vis viva may be, the state will be the same. 

Thus, if there is no relative motion, but the grains are under stress, 
equal in all directions, by rates of conduction resulting from actions at 
the boundaries of the medium, the rates and directions of the resultant 
actions would be the same as if the rates of conduction resulted from the 
exchanges of momentum of relative-motion. 

90. This limiting similarity between the states of media, one of which, 
having no system of relative motion, is purely kinemntical, and cannot 
satisfy the conditions of consisting of mean and relative systems of motion, 
while the other, essentially, satisfies these conditions, has a fundamental 
significance, although (except by the recognition that in the one case the 
conduction results from mean actions at the boundaries of the medium, 
while in the other the conductions are between the moving grains) this 
significance in no way appears as long as there arc no mean strains in the 
media. 

If these media are subject to any indefinitely small distortional strains 
the discontinuity between them, as classes of media, appears. 

In the case of kinematical media without mean strain, the stresses being 
equal in all directions and finite, no strain will result from indefinitely small 
stresses, nor will any strain result until the mean distortional stresses arrive 
at the same order as the mean stress equal in all directions. Thus if p 
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represents the stress, equal in all directions, and — p is the normal stress 
imposed in the direction in which x is measured, the stress in the direction 
at rig-lit angles remaining equal to p (and not affected by the strain), thorc 
will be no strain until p xx is greater than 2p. Whence it follows that any 
distortional strain is attended by an increase of moan volume occupied 
by the medium equal to the contraction in tho direction in which m is 
measured, since there is no work spent in resilience, or in accelerations of 
relative vis viva. Thus the kinomatioal medium has absolute stability up to 
certain limits*. 

91. On tho other hand, tho granular medium with relative motion, 
however small may bo the mean paths, when subject to no distortional 
strain, and to indefinitely small distortional stresses, yields in proportion 
to tho stress so that such stress is equal to tho strain multiplied 
by a coefficient which is constant if the terms involving tins square and 
higher powers of tho strain are neglected; and this medium has the character 
of a perfectly elastic solid for indefinitely small strains. It lias therefore no 
finite absolute stability, and no dilatation as long as the squares of the 
strains are indefinitely small. .As the strains increase, however, dilatation 
ensues, as expressed by the terms involving tho squares and higher powers of 
the strains. 

Thus, although for small strains the two media arc fundamentally 
different, as tho strains become larger the conditions of the two classes of 
media approximate towards similarity, us regards the relation between 
stresses and strains; and thus the door opened to mechanical analysis 
by the recognition and analytical study of the property of dihvtancy, as 
belonging- to all media consisting of rigid discontinuous members, is nut 
closed to tho analysis of systems of mean and relative motion. Ho far from 
this being tho case, the recognition of the coexistence of relative motion, by 
casing off the condition of absolute stability, belonging to the purely kino- 
matical system, supplying as it were kinetic cushions at the corners, has 
removed difficulties which otherwise rendered analysis impossible.!. 

92. Tho primary conclusion arrived at in this section, that tho only 
media which, as purely mechanical resultant systems, can consist of com¬ 
ponent systems of mean and relative motion, aro tlmao which consist of 
discontinuous perfectly conducting members with some degree of freedom, 
while limiting, as already pointed out, tho scope of the subsequent analysis 
necessary fur tho definite expression of the several rates of action resulting 
from convections in such media, also indicates the methods by which 'this 
analysis may ho accomplished. 

* Phil. May. Deo. 18HfS, “On llio Dilatiuiay of Media oompoNod oflligid Pai-lieloH in Coiilaot.” 
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Given the mean actions across the boundaries of any portion of the 
medium, the mean action of the grains oncloscd is, at any instant, a mean 
function of the generalised ordinates which define the shapes, positions and 
dimensions of the members, the intervals of freedom, number of grains in 
unit volmno, their velocities and their directions of motion. 

Thus the inothod of analysis is to express the several probable mean 
rates of action, resulting from convection and conduction, in terms of the 
mean vis viva of relative velocity, the moan component-paths and mean paths, 
their number, mean-mass, and any other generalised mean ordinates that the 
shapes of the grains may entail. Thou these expressions may bo substituted 
in' the members on the right of the equations, Section VI., since those include 
general oxpressions for the several actions. 

The method thus indicated constitutes a general extension, or completion, 
of the inothod employed in the kinetic theory of gases. 



SECTION YIII. 

TUP. CONDUCTING PRORERTIEM OP THE ABSOLUTELY RIGID 
GRANULE, ULTIMATE-ATOM OR RRIMORDlAN. 

93. Ai/mouuil the absolutely rigid atom in ns old as any conception in 
physical philosophy, I,ho. properties attributed t.o it am outside any experience 
dorivod from the properties ol' matter. .In this respect, the perfect atom in 
in the, same position, though in a different way, as limb other physical 
conception—-the peridot lluid. Both ol’ these nonoepbions represent conditions 
to which matter, in one or other of its modes, apparently approximates, 
hut lie which, the results of all researches show, it can never attain, although 
this experience shows that there is still something beyond. 

The analysis of the properties of conducting momentum, which must belong 
to the perfect atom considered as of uniform Unite density, is obtained from 
the principle of conduction doliued in Art. 72, Mention Vlf.; from which 
it appears that it must conduct in all directions at an inlinito rate, or that 
it must be capable, of sustaining stress of infinite intensity, tension, com¬ 
pression or shearing; while it is shown that the property of conducting 
negative momentum in a positive, direction or vice vowt reipiircs that the 
momentum and the. conduction shall be imaginary, 

In the case of matter (rigid bodies) these imaginary stresses and rates 
of conduction are held to imply rates of actual conduction, round the outside 
of the bodies, in the medium of the ether, A conclusion confirmed in the 
case of matter by the existence of limits to the intensities of these stresses, 
Much outside conduction is at variance with the conception of fundamental 
atoms outside of which there is no conducting medium and which atoms 
do not possess the properties of changing their shapes or of separating 
into parts. 

It becomes clear therefore that any fundamental atom must bo con¬ 
sidered as something outside- -of another order than-—material bodies, the 
properties of which are. not to bo considered as a consequence of the laws 
of motion and conservation of energy in the medium but as tho prime cause 
of fheso laws, 
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94. If, for the sake of simplicity, the medium consist of closed spherical 
surfaces of ecpial radii <rj 2 with the same internal constitution—anything or 
nothing—and the interstices between them are unoccupied; these surfaces 
having the property of maintaining their motions, uniform in direction and 
magnitude, across the intervals, and that of instantly reversing the com¬ 
ponents of their relative velocities in the directions to the surfaces at 
contact on encounter without having changed their shapes; such a medium, 
however far it might go to satisfy the kinematical conditions necessary for 
the physical properties of matter, would of necessity entail the laws of 
motion and the conservation of energy; and would thus constitute a purely 
mechanical medium in which the results would he the same whatever might 
be the constitution of the space within the surfaces. 

The mean density in such a medium would be measured by the number 
(IV) of closed surfaces divided by the space occupied. And the density 
within the surfaces would be the reciprocal of the volume enclosed (t ro- 3 /6). 

Since each of the grains represents the same mass, this mass becomes the 
standard of mass ; and being common to all the grains, is of no analytical 
importance. 

In the same way cr, the diameter of the grains, becomes the standard of 
scale in the medium; and being the same for all the grains has no analytical 
importance. 

It is, therefore, important and convenient, as adapting the notation to 
any arbitrary system of units, to define the mass of a grain in terms of 
the dimensions of the grains in the arbitrary units. 

The most definite and convenient definition appears to be that which 
makes the mean density of the medium, when the grains are piled in their 
closest order, a maximum, that is when each grain 1ms contact with twelve 
neighbours at the same time. In this way the mass of a grain is expressed by 

a 3 

VI’ 

where a is the diameter of a grain expressed in arbitrary units. 

Then if p" expresses the mean density of the medium 

« _ A"cr s 

P V2. 

And thus p" becomes unity when the grains are in closest order. 


,( 129 ). 




SECTION IX. 

THE PROBABLE ULTIMATE DISTRIBUTION OE VELOCITIES OE 

THE MEMBERS OE GRANULAR MEDIA AS THE RESULT OE 

ENCOUNTERS, WHEN THERE IS NO MEAN MOTION. 

95. Maxwell'a Theory. 

Since the only action between elastic hard particles, as considered by 
Maxwell, is that of exchanging each other’s relative motion in the direction 
of contact at the instant of contact, and the action of the grainH, as defined 
in Section V.TII., is identically the same, notwithstanding that it is not 
ascribed to elasticity, Maxwell’s* proof of the law of probable distribution 
of velocities to which the action between the particles tends, applies equally 
to the grains. This law of Maxwell’s is perfectly general and independent 
of all circumstances as to shape and size of the particles, and the extent of 
their freedoms, as long as there is freedom in all directions, and there is 
no distortional mean motion. 

According to this law the moan of the energy, taken over limits of space, 
such as deline the scale of the relative velocity of the motion in each degroo 
of freedom, is the same for each and every degree of freedom, and is 
constant when equilibrium has been established. I'rom this it follows that 
the timo-moan of the energy of motion in each degree of freedom is the 
sanio, and is equal to the space-mean. 

In tho case of all the grains being similar and oqual the mean component 
velocities positive or negative aro tho same, whothor takon with respect to 
time, or to space. And whon tho grains differ tho moan component 
velocities aro inversely as the square roots of tho masses. 

This law of distribution, to which tho relative-velocities, in any granular 
medium, tend when tho mean motion censes, being general requires no 
further exposition hero. 

* rial. May. 18G0, 'Part I., pp. 20—28, Props. I, II, III, IV. 
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In following' up till) consequences ol the law, tio wliicli IpIio menu com¬ 
ponent vis viva tends, on the liieun distribution ol the spheres, Maxwell, 
it appears, has tacitly introduced an assumption which, although legitimate 
in cases in which the diameters of the. spheres are negligible as compared 
with the mean-paths of the spheres between encounter, has completely 
obscured the fact that the mean arrangement of the grains does not depend 
solely on fulfilment of the law of distribution of the m viaa\ but also 
depends on tho hindrance which the, surrounding grains may oiler to the 
enclosed grain in changing its neighbours. 

When tho grains arc small compared with spaces separating them this 
hindranco becomes negligibly small. And, furl,Inn', whatever effect if, might 
have is entirely dependent on the conduction through the grains; so that, 
the neglect of tho displacement of momentum by conduction renders any 
account of such mutual constraints which the grains may impose on each 
other futilo. 

It now appears, however, that taking account of the conditions, we have 
in these a class of actions which, however insignificant they may lie when 
the density is small, entirely dominate 1 all other actions when the density 
approaches maximum density. And it thus becomes evident that (,1m 
failure) of the kinetic theory, as applied to gases, to apply to the liquid and 
solid states of matter iH owing to this tacit assumption that the distriliution 
of the mass depends only on tho notion which secures that the distribution 
of vis viva shall approach that of uniform angular dispersion as tin* medium 
approaches a state of equilibrium. 

It will thus bo seen, that accepting Maxwell’s law of probable distri¬ 
bution of vis viva, it still remains necessary for 1.1m purpose of definite 
analysis, to dofinc tho limitH of its consequences on the probable, arrange¬ 
ment of tho grains, i.o. of mass. 

96. Maxwell’s law of probable distribution of vis vim is independent 
of equality in the lewjths of the mean paths. 

This is founded on tho demonstration (I) that when two elastic spheres, 
having relative-velocities in any particular direction, undergo chance en¬ 
counter, all directions of subsequent relative-motion are equally probable, 
and (2) tho demonstration that whatever may he the shape of the clastic, 
bodies tho same law holds, as to the linear velocity, and is further extended 
to their rotational motions. As consideration here is confined to the case 
ol smooth spheres it is sufficient to take into account, tin* first case. only. 

Iho most gonoral expression of this law for uniform grains is, taking 
x,y,z to represent the. component velocities of grains in the directions ,c, i/ t z 
respectively, and A for tho number of grains in unit Hpueo, the numbers 




as to that in which the moan paths are equal in all directions. Q. K. 1). 

97. The distribution■ of mean and relative velocities of pairs of (/rains. 

In Proposition V. of tiro same pnpor Maxwell extended tho law of 
probable distribution of vis viva. to the distribution of tho relative vis viva 
of all pairs of grains. He does not seem, however, to have furthor extended 
it to that of tho mean motions of the pairs; which is remarkable as it 
appears to follow directly from his method and would have saved him much 
subsequent trouble. 

These extensions do not in tho least involve the arrangement of the 
grains. It is however convenient to introduce the demonstration of the 
law of distribution of the menu-velocities here, for tho purpose of reference, 
and it is simpler to demonstrate both at the same time. 

'faking y, z as tho components of the mean-velocity of a pair of grains 
and ie', y‘, z' as tho relative components of the same pair, and ir,, z u 
a; a , y. it z t us the components of the individual motions, wo have 
ft', = x -I- a/, ;//, = ;// -|- 2 , = 7 + s', 
a;,ji= s; — w\ y-i—y — y', z a = z~z'. 

Then for tho numbers of grains for which n\ is between a:, and -I- S;e,, 
y, between i/, and -I- By u z x between 7, and 7, + Bz u and te. t is between and 
rt'a -|- Sft's, &c., &c. 

ih— ... ,,, e t « ,J a a I it,nay Us 

a" (vp u 

a"(7r) a ° 

Tho first of those equations expresses tho probable number of grains 
having moan-velocities between x and x -t- Bx, &c„, &c,, for any particular 
value of w 1 , tho relative-velocity, &o. 

And the second equation in tho same way expresses the number of 
grains having relative-velocities between ni and &e., &c., for any 

value of h, &c,, &<:. Whence tho probability of tho double event is expressed 
by the product 

- ‘ I dnuhv'dydy'dzdz' 


Wa 


’ dai'dy'dz 


.(•un.). 


.(i:i2). 
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Then if r = 5? + y s + W and r' = a/* + y' 2 + z' 2 , the number of pairs having 
mean-velocities between f and r + Sr and relative volocities between r' and 
r + Sr is 

at w 

n 1 ?i 5 = dxdydzdx'dy'dz' . (133). 

These admit of integration either with respect to x, y, z, or x', y', z. 

Thus integrating x, y, z from x = — co to x = co we find 
N A ’•'» 

(V2a) 3 (tt)* J V 

for the whole number of pairs whose components of relative velocities are 
between w' and x' + Sx', y‘ and y' + By', z' and z' + Sz'. And integrating for 
r' instead of f we find 

A T AT 2?* 

- —-— e as dxdydz . (135) 

(a/V 2) 3 (tt)» J 

for the number of pairs whoso mean components of velocity are between 
x and x + Sx', &c., &c. 

These may be expressed in a more convenient form by substituting 
— r 3 d cos ddcf> for dx, dy, dz. 

And applying this to the three expressions for the number— 
of grains having velocities between r and r + Sr, 
of pairs having relative-velocities between V2r and V2 (r + Sr), 
of pairs having mean velocities between r/V2 and (r + Sr)/'/2, 

since A is the number of grains in unit volume and A(A~- 1) is the 
number of pairs of grains, 

A4(? , ) a -If j. /iocn 

a 3 v 7r 

(A - 1) A4 (V2r) 2 _(n^ / „ . x 


(V 2 a) s V7 


2aa V2Sr = (A— !)«! 


e~'W Sr/V2 = (A~ 1)n,.(138). 

(a/V2) 3 V7r ' V y ’ 


The first and second of these laws of angular distribution of vis viva are 
the same as those given by Maxwell; and the third, that for the distribution 
of the mean vis viva of pairs of grains, leads to the same results as Maxwell 
arrived at in a different manner. Together they constitute the principal 
means of giving definite quantitative expression to the results of the analysis 
of the actions in a granular medium. And it is important to notice that they 
are derived from the probable independence of the preceding and antecedent 
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directions of tho rolativo velocities of a pair of grains bcfoi'c and after 
encounter under conditions in which the mean density and constitution of 
tho medium remain unaltered. 

In Proposition VI. Maxwell has shown the rates at which tho several 
members of the medium exchange vis vina, using arbitrary constants. And 
in his Proposition VII. ho proceeds to the demonstration of tho probable 
length of tho path of a grain in terms of N, tho number of grains in unit 
volume, a tho diamutor of a grain, and v the velocity. Ho has first shown 
that if r is tho relative velocity of a particle with respect to N particles in 
unit volume, this particle will approach within the distance s of A r 7 tvs ' 1 
particles in a unit of time, 

Thus in Propositions VIII. and IX. ho determines tho uumbor of pairs 
moving according to the laws expressed in equations (137) and (188) which 
will undergo encounters in a unit of time, and in Proposition X. determines 
tho moan path of a particle to be 

1 . 

iVVW' 

In this result there are two things to be noticed. 

In tho first place tho 7t.s ,!I in the denominator represents the area of tho 
target exposed to tins centre of a spherical grain by another grain in the 
direction of their relative motion; while the is merely the ratio of 
the mean relative velocity of the pair to the mean velocity of either grain, 
equations (I3(i), (137). It is thus seen that, although tin; dimensions of the 
grain are, perforce, taken into account as determining the probability of an 
encounter, no account is taken of tile third dimension of the grain in 
diminishing the actual distance the centres of the grainH would travel 
between encounters. Hence Maxwell’s menu path Jean only be, an approxi¬ 
mation when his s is small with respect to his 1. 

The second point to he noticed in Maxwell’s deduction of the mean path 
is that lm has tacitly assumed l to lm the same in all directions. And has 
thus assumed not only that the density is constant, which is assumed in the 
determination of his laws of distribution of vis viva, but also that the arrange¬ 
ments of the particles must bo such that the mean chance of encounter is 
equal in all directions, a condition which does not enter into the laws of 
distribution of vis vivu, and consequently limits the application of this mean 
path to conditions of bin; medium such I,hat all directions afford equal chance 
of encounter. A condition which is obviously approximated to as the actual 
density becomes small compared with Urn maximum density, when each 
particlo is in continuous contact with twelve neighbours. 

98. In pointing out tho limits to tho application of Maxwell’s analysis of 
tho action in a medium of hard elastic spheres, my chief' object has been to 
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direct attention to those extensions and modifications which are necessary 
to render the analysis general, and thus to present a clear idea as to how far 
Maxwell’s method may be applied. At the same time it seemed very desirable 
to show clearly, that in extending the analysis to include conditions of the 
medium to which Maxwell bad not applied his method, there is nothing at 
variance with the results he had obtained under the condition to which his 
application of this method extended. 

Maxwell’s laws of the probable distribution of vis viva, and mass, extended 
to include the mean vis viva of pairs of grains, are, as already pointed out, 
perfectly general. 

But it is necessary to obtain expressions in terms of the quantities which 
define the relative motions of the medium for the rates at which the actions 
of conduction through the grains displace momenta and vis viva of relative 
motion, which expressions shall, if possible, be as gcuoral as the law of distri¬ 
bution of vis viva. 

In the media considered by Maxwell the distances botweon the grains arc 
assumed to be large compared with the dimensions of the grains. Whereas 
in the general theory it is fundamental that cases should be considered in 
which the distances between the centres of the grains, which are neighbours, 
approach indefinitely near to the linear dimensions of the grains. 

Such consideration involves methods of analysis by which the several 
effects of the action between the grains may be defined whatever may be 
the relation between a the diameters of the grains and X their mean path. 

In the first instance the consideration of these rates is confined to states 
of the media in which, whatever may be the density ns compared with the 
possible density, the arrangements of the grains,, however varying, are such 
that the mean actions in every direction arc similar and equal; the medium 
being everywhere in mean equilibrium. And afterwards to proceed to the 
effects of inequalities both angular and linear. 




SECTION X. 


EXTENSION OF THU KINETIC THEORY TO INCLUDE FROL ABLE 
RATES OF CONDUCTION THROUGH THE GRAINS, WHEN THE 
MEDIUM. IS IN ULTIMATE CONDIT.ION AND IS UNDER NO 
MEAN STRAIN. 


99. TllK moan rates of convection and conduction ol' momentum, ex¬ 
pressed in equations (120) by p xx , 7V> &*’••) iU1( I p" ) p" 0 , ' u ')"> 
admit of expression ns 

p-V-lhx-lh P„.r: &(!.; kp\v'vy' + (/' -- hf)" {v'l)) 1 ', p"(v'v!)", &<!,, 

where p = ji (p M -I- p m -I- p u ), p" («V)" = p" («V + -I' wvi')" 

and in thin ease p and ^p"(v'v')” represent the moan action, equal in all 
directions, while p x »~~p, p" (nV)" — \p"{n\>')" &e,, p vx , &c. and p"(v'u)" repro- 
H«nt inequalities. 

In this lirst oxtonsion of the kinetic theory the object in to oxpress the 
actions indicated by p and p"(v'v')" only, assuming that the inequalities aro 
zero, in terms of the (|uantities which doliuo the condition of the medium. 


100. To detarnriito the mean path of a grain. 


The mean path of a grain expressed by X iH the distance traversed by itH 
centro botwoon encounters, which is not the component in the direction el its 
motion, of its distance between the points at which the two actual contacts, 
which limit the path, have occurred, although it approximates to this as X/cr 
becomes large. 


Maxwell has shown that neglecting crjX the mean path ol a grain and tlm 
relative path of a pair of grains arc expressed by 


X = . . and fix - a M 
f^ira^N 7r(r A 


(139) 


respectively, whilo both of these are obtained from 

f'iirXo* ~ -jy . 


(140), 
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where N expresses the number of grains in unit volume; so that either 
member represents the mean volume maintained free from other grains by 
the kinetic action of each grain. 

In this estimate however no account is taken of the striking distance, of 
the centres of the pair of grains, from the plane, normal to their relative 
paths before contact, through the point of contact, so'that the centres of both 
grains are assumed to be in this plane at the instant of contact. 

When X/a- is large we have all positions of the projection, in the direction 
of relative motion of the striking grains, over the disc 7 to-' 3 / 4 , equally probable, 
and then the probable mean relative striking distance in the direction of 
relative motion is 

2 

S a ‘ 

This is a relative distance and the corresponding actual extension of their 
actual paths is, by equations (136) and (137), 

V2 

T 0 ”' 

101. The assumption that all positions of the projection, in the direction 
of relative motion, of the striking grains are equally probable over the disc 
area 770^/4 is obviously legitimate when X is large compai’ed with a, and 
hence these estimates of the probable mean striking distance when X/a is 
large are precisely on the same footing as Maxwell’s estimate of the mean 
path neglecting ajX. But there does not seem to be the same ground for 
this assumption when a/X is large; while, on the other hand, there is 
evidence, as pointed out in Section VII. (Arts. 88 and 89), that, when the 
grains are close, the normals at encounter fall into line (approximately) with 
the direction of a finite number of axes, fixed in space, not moro than six. 

In this article the arrangement of the grains is assumed to bo similar in 
all directions; so that, whatever may be the law of distribution of the pro¬ 
jections of encounters on the disc-area, the probability will bo equal in all 
directions at equal distances from the centre of the disc. 

Therefore taking 6, as before, for the angular distance from the axis of the 
disc at which the normal at encounter meets the hemisphere of unit radius, 
the law of radial distribution on the disc may be expressed by a function of 
cos 6, which function will depend only on the ratio ajX. Thus as a general 
expression for the probable mean striking distance we have 

2va f cos 6 (1 + Mi cos 6 + &c.) sin 6d sin 6 

- 

r 2 t 

27 r (1 + Ai cos 6) sin 6 d sin 8 

J o 


102] 


EXTENSION OF THE KINETIC THEORY. 


1)7 


in which A, &e. arc functions of ajX only; and as the law of radial distri¬ 
bution of the striking distance is perfectly general wo have, in the right 
member a perfectly general expression for the mean relative striking distance 
of a pair of grains in the direction of their relative motion. And dividing this 
by \/2 wo have for the mean probable actual striking distance of a grain 



Thus as a general expression for the mean path of a grain we have 


'If 1 2 to 

fi j i 7To'' J iV :i <T - 

and for the volume maintained by a grain 


102. Further definition of f(cr/X). 

Since the foregoing expression for the volume from which a. grain excludes 
other grains applies to all conditions of tin; medium it must include, the, ease 
in which X is indolinilely small; in which ease, if the medium is in uniform 
condition with throe perpendicular axes of similar arrangement, the unique 
condition is that, in which the volume maintained hy each grain approximates 
to <r a [f2, as explained in Section IX., each grain being in contact with 12 
neighbours. In this (vise iV" approximates to fifa-' which is the reciprocal of 
the volume maintained by the grain, which thus approximates to the, volume 
of the spherical grain multiplied hy (5/V-vr. Substituting this for the right 
member of tlm second equation ((42) wo have for the limit wlum <t/X is largo 


_ ■ <) 

\x) ‘ 4 a/ 2 “ir 


,( 1411 ). 


Then, again, if \/<r is large tins value, to whieh /( cr/X) approximates is unity. 
Whuiiee for an expression satisfying all eases in a uniform medium with three 
axes of similar arrangement it appears that, we may take 



(144). 


■ti/4V2vr and 1/ is arbitrary 


It is convenient however to render tlm expression for this function a little 
more general, since, in a granular medium although generally in uniform 
condition, with three axes of similar arrangement,, there may exist localities 
where the arrangements vary about local centres; the medium being still in 
equilibrium and Xja being small. Under such conditions the limits of 
variation are, defined hy the fact that equilibrium requires that each grain 
shall be in approximate) contact with at least four grains. And it seems that 


7 


K. 
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these may bo included by substituting 1 — G)4>, where G has the value 6/V27T 
when the medium is in uniform condition, and values ranging to the limit 
18/4V27T when the medium is in vai’ying condition, as about centres of 
disarrangement, instead of 6/4^2 it in ah Then 

/©“M 1 .<'«>• 

By definition (Section IX.) p = Ncr'jfi, and by the second equation (142) 



103. In order to render the expressions for the mean relative-path of a 
pair of grains and the mean path of a grain, taking account of the three 
dimensions of the grains, general and complete, uso lias been made, equation 
(139) in Art. 100, of the ratio (Iff 2) of the mean path of the grain to the 
mean relative-path of a pair of grains as determined by Maxwell for con¬ 
ditions in which the third dimension is negligible. 

The legitimacy of this assumption therefore remains to he proved. But 
before proceeding to tire proof of this proposition the proofs of two other 
geometrical propositions are desirable, as they depend directly on the law of 
distribution of the component-striking distance over the area of the normal 
disc. 

104. The first of these propositions is : 

When a pair of grains having any particular relative velocity (f2 F/), all 
directions being equally probable, undergo chance encounter , the probable mean 
product of the displacement of momentum, in the direction of the normal at 
encounter, by conduction, multiplied by the component of \/2 F/ in the direction 
of the normal is 

To prove this, let ^ he the acute angle between two diameters drawn 
through the centre of a sphere of unit radius in the directions of the normal 
at contact and that of the relative motion before contact, and let co be any 
small area on the surface of the sphere taken so that its mean position is at 
the point in which the diameter in the direction of the normal meets the 
surface of the sphere. 

Then by the law of probability of the striking distance it follows that, at 
a chance encounter, the probability of the normal meeting the surface in a> is 

co cos x (1 — cos x + &C-) 
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or multiplying this probability by the product of the normal component of 
the rolativo velocity \J2 Vj cosand again by a, the normal displacement, 
integrating over the hemisphere for all values of and dividing this 
integral by the integral of the probability of an encounter on m for all values 
of % over the hemisphere, we have for the probable mean product of the 
normal component of relative velocity multiplied by the displacement 


27r -• <rF/ cos (1 — /[., cos ^ -|- fee.) Hin ^d.siu v 

■■ ‘ a,r - ■-:—- -f^r,y(fj...(un 




■ A, cos % -1- &c.) sin 


105. The second of the two geometrical propositions is: 

The probable vu'.an, component conduction of component nimnentiun in any 
jived direction at a sinylc collision, in 

2 <7" 1 1/,' Ar\1 

u V2 I ^ ;i J wJ • 

To prove this we have to multiply the mean product of normal displace¬ 
ment multiplied by tlm component of t.lm relative velocity by (cr'/vT) th<> 
mass of a grain ; thus obtaining the expression for the mean displacement, 
in the direction of tlm normal at oueounler, of momentum at a single 
encounter, as 

Then, taking 0 as the angle which tlm direction of the normal makes with 
any fixed direction, say that in which % is measured, and resolving the normal 
displacement, a and the mean normal component of V in the direction of x> 
multiplying by sin OdO, integrating over the spin wo and dividing by 4>7r, 


> ( ^OmnOdO g » ,s 

4?r V'" ’ 'A.' 


T1uh expression for the probable moan-component conduction at a single 
encounter is one of the factors of the rate of component conduction by pairs 
of grains having particular relative velocity fiVf the other factor being the 
number of collisions that take place between such pairs in unit space in unit 
time, 

This second factor involves the discussion of tho ratio of tho moan path 
to that of the relative path of a pair of grains, 

7—2 
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106. The number of collisions between pairs of grams, having particular 
relative velocities, in unit of time, in unit space. 


Taking N for the number of grains in unit space and substituting F/ for 
r in the equations (136), (137), (138), Section IX., we have for the numbers 
of grains having velocities between F/ and F7 + 8F/ 


N4(ViYe 

a 3 fir 


(TVP 

- cl Vt! = n x 


(149), 


for the number of pairs of grains having relative-velocities between f2 F/ 
and (F/ + S F') 

.(iso,, 

(y2 a) v 7r 


and for the number of pairs of grains having mean-velocities between F//V2 
and (F/ + SFi')/V2, 


N(N ~l) 4 (F//V2) 3 • 
(ajf2y frr 


(V, 'ND* 

' ^ dF 1 W2 = (i^-l)n 1 


,(151). 


107. From the equations of distribution of velocities, relative-velocities, 
and mean-velocities amongst the grains and pairs of grains in unit volume, 
it follows that tho proportion of the N grains having velocities between F/ 
and F/ + 8F/ is the same as the proportion of the N {N — 1) pairs of grains 
having relative-velocities between F/ and \/2 (F/+ SF/) as well as the 
proportion of N(N — 1) pairs having mean-velocities between F, ‘If2 and 
(F/ 4- SF/)/V2, since for every one of tho grains having velocities between 
F,' and F/ 4- SF/ there are (iV — 1) pairs of grains having relativo-velocities 
between and a/ 2 (F/ I- SF/) and (N — 1) pairs having mean-velocities 

between Fi'/a/2 and (F/ + SFl')/V2. 

Multiplying the equations (136), (137), (138) respectively by F/, a/ 2F,', 
and F'/V2 respectively, and integrating from F/= 0 to — oo , we have for 
the mean velocity of grains, the mean relative-velocity of pairs of grains, and 
the mean mean-velocity of pairs of grains, 

(F')" = ^> V2(F')" = ^~ and (F/)"/V2=^...(152). 

And as the grains are of equal mass the relative velocity of each grain in a 
pair is half the relative velocity of the pair; so that the mean relative 
velocity of each grain in the pairs is 

(FT = 

V2 fir 


,(153). 
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108. To fiivd the moan path of the grains, taking f2X for the mean path 
of the 2 wirs. 

Each grain has at any instant; iV — 1 relative paths with the N — 1 other 
grains in unit volume, and iV — 1 relative velocities, so that the M grains 
have in all iV (iV— 1) relative paths and iV(iV— 1) relative velocities. 

A change in the actual velocity of any one grain causes a change in the 
relative velocity of each of the N — 1 pairs of Avhich it is a member. And 
as at an encounter between the members of a pair two grains change their 
actual velocities, there are 2(iV— 1) changes at each collision in thu 
A(iY— 1) relative velocities of the pairs in unit volume. The mean 
relative path of a pair of grains between changes being by definition f2X, 
thu mean relative path of a grain is Xjf2. And considering a particular 
pair of grains, their paths and velocities relative to each other, though 
continually changing, are always parallel and equal, so that the distances 
relative to each other traversed by each of the grains in unit of time have 
a mean value (F, ')"/\/2, and the. mean number of changes of relative, path 
and velocity in unit of time is 

(vyifzjvy 

X/f2 X ‘ 

Whence the, number of changes in all the relative paths of all the grains 
is N (N — 1) ( V')"jX\ and since there are 2 (N — 1) changes for each collision 
the number of collisions in unit volume in unit time iH 

N(vy 

2 ~X ' 

Having thus found the number of collisions between the i\ r grains in 
unit volume in unit of time, since there arc two grains engaged in each 
collision the total number of encounters made by all the. individual grains 
in a unit of volume in a unit of time is twice the number of collisions: 
that iH 

N(vy 

X ’■ 

Therefore, the mean number of paths traversed by each grain in unit 
time is 

(vy 

X ■ 

Then since! (V')" is the. mean distance traversed by a grain in unit time, 
dividing by the number of encounters the mean path is 
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Therefore if a/2X is the mean relative path of pairs of grains, X is the 
mean path of a grain. It also appears that the mean number of collisions 
in unit of time in unit volume is 


N(Vy = I[ _a_ 

2 X X a/ 7t 


,(155). 


And the mean number of grains a grain encounters in unit time is 


(FQ"_ 2a 
X f'TT . X 


.(156). 


109. The mean path of a pair of grains. 

This follows directly from the last proposition. For as the number of 
mean paths of pairs of grains is identical with the number of relative paths 
of pairs, and the mean velocities of pairs is one-half their relative velocities, 
the mean paths of the pairs must be one-half tho mean relative path of the 
pairs, that is, must be equal to the mean relative path of each grain of 
the pair, or 

a/2' 


110. The number of collisions of pairs of grains having relative velocities 
between a/2 Vf and a/2 (F/ + dVf). 

Since the mean relative distance traversed between changes by a pair of 
grains irrespective of relative velocity is a/2 X, the mean time of a pair of 
grains having relative velocity Vf in traversing their moan path (a/2 X) 
is X/F/. 

Then since the number of pairs of grains in unit volume having relative 
velocities between a/ 2 F/ and a/2 (F/+ dVf) is N(N — 1), and each of these 
pairs changes F//X times in unit time, the total number of changes of these 
pairs in unit of time is 


And since there are 2 (N — 1) changes for each collision, we have for tho 
numbers of collisions of the n(N -1) pairs of grains in unit of time, 
equation (148), 


mVf_NVf*{Vfy jy$ 

2X 2 X aVvr 6 “ 1 


,(157). 


The integral of this from Vf = 0 to F/ = oo gives the number of collisions 
of the N grains in unit time. 


111. The mean rate of conduction of component momentum in the direc¬ 
tion of the momentum conducted. Oases 1 and 2. 
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Multiplying the probable moan component conduction from a mean 
collision of a pair with relative velocity V2 F/, equation (136), by tho number 
of collisions in a unit of time, equation (157), and integrating Ff between 
the limits F/ = () to F/= co we have for the mean rate of conduction 


(FFT 
3 

...(158), 

whence since ( V 1 V')" = ?>{U'U')" 

P-Tlf © ( w W) " = &c ” &c . (1C9) ' 


^3'Lfi'L 
3 X J U, 


a}' Jit 


0 V) 

<T »~.dF' 


\d{- 




112. Tho left members of equation (151)) express in terms of tho 
(luantitics which define tho relative motion of tho medium, the mean normal 
stresses, or the mean rates of conduction of momentum, in tho direction 
of tho momentum conducted. And besides those there are the moan tan¬ 
gential stresses, or rates of conduction in directions at right angles to tho 
direction of the momentum conducted. 

These rates are obtained by substituting in equation (L5K), for e.oa'fl, 
&(■„, &c„, cos 0 sin 6 cos </>, &o., which when integrated over tho surface of 
a hemisphere are zero, if all directions of relative motion are equally pro¬ 
bable, but have values in a medium with linear inequalities when tho axes 
of roferenco are other than the principal axes of thu inequalities. 

It is therefore necessary to obtain their integral values over the several 
groups of pairs having relative vulocitius in directions in which tho sign 
of tho component displacement is tho same as that of the component of 
normal velocity, as 


2 (T 

3 XA 


/( v) V2 I 1 cos P H ' n P C<)H f / J H * 11 


I sin dclddcj) 
J o.lo 


4‘ o’ F (o\ \/2 F/ . .. 


which multiplied by the mass and tho number of collisions and taking 
tho mean is 


4 cr 
U p V2X 



( f vy 

37T 


, — &c., + &c., 


— &o, 


0<5 J), 


so that to each of these groups of pairs there is a corresponding group for 
which tho normal components of mean-relative motions are of opposite sign, 
the mean taken over the two groups or over the whole unit sphere is zero; 
so that in a medium without linear inequalities 


T«u" — 0> & 0 ’ 


,(102). 
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113. The mean rate of convection of components of momentum in the 
direction sc by grains having velocities F,', for which all directions are equally 
probable, is expressed by 


Zirp f XF/ —- cos 5 6 sin & d6 
~ J o X 

27 rp f sin 6d6 


Zl 

3 


.(163), 


which becomes, taking Maxwell’s expression for the mean value of v 2 from 
0 to oo, (&“.■!), when multiplied by the product of the mass into the number 
of grains, 




.(164). 


And for the mean rate of momentum conveyed in the direction of the 
momentum 

p" | = p'tfU'U')", &c„ &c.(165). 


For the lateral convections of momentum the expression is 


1 ri r 2 (V'V'X* 

ap I X^—hr-1—cosdsin 2 dddsia j>d$ 

—— ---= -,-&c„ +&c, -&c.(166), 

~ ~ IT 

1 f 2 f 2 

q p I sin 6d6dA 
° J o J o 

where the integration extends, as in the case of lateral conduction, over 
groups of grains of which the directions are such that cos 6, sin 6, cos <£, &c. 
have the same signs, positive or negative. The groups in which the corre¬ 
sponding signs are opposite have integrals with the opposite signs negative 
or positive, so that for the complete integrals 

p"(F'F')"= 0, &c„ &c.(167). 


114. The total rates of displacement of mean-momentum in a uniform 
medium. 

Adding the expressions for the rates of conduction and convection in 
the respective members of equations (159) and (165), also (162) and (167), 
we obtain for the whole rates of displacement of the components of 
momentum 

p**"+ P " (w uy= P " |i +| S—f g)J ( & uy, & c . &o. 

Pxy" + p" (IF V')" = 0, &c. &C. 


...(168). 
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116. The. number of collisions which occur between pairs of grains having 
mean velocities between F//V2 and (F/ + dV r 1 ')/f2. 

Since the menu distance traversed between changes of a pair of grains, 
irrespective of moan velocity, is A a/ 2, the mean, time of n pair of grains 
having moan velocity F//a/2 in traversing their moan path is A/F. And 
since the number of pairs of grains in unit volume having mean velocities 
between Vi/f2 and (F/+ (/ V^')jf2 is m (?) — 1), and each of those pairs 
changes F/A times in a unit of time, the total number of changes of these 
mean paths is 

F' 

Ox- 


And since there are 2(iY—l) changes for each collision the mmiber of 
collisions of the a (a — 1) pairs of grains in unit volume in unit time is 


n V' _NV; 41V JW 
2 ’ A 2 A a 1 \/vr ° 


(KF)), 


which integrated gives the total number of collisions a/yV.A. 


116. The mean velocities of pairs having relative velocities f2 ¥/ and 

F//V2. 

Since the time of existence of a pair between changes, whatever the 
mean and relative velocity, is the time of existence of both the mean and 
relative velocities between c.hanges, and the imam ratio of the mean and 
relative paths between changes is that of \/f2 to f2 or I to 2, it fellows 
that the mean ratio of the imam and relative velocities is ( to 2. And 
hence the mean velocity of all pairs having relative velocities between a/2 F/ 
and f2 ( F/ -1- il K/) is between \ r ff2 and (K/ -1- d F,')/V 2. Q. E. n. 


117. All direel ions of ■mean velocity of a pair are equally probable what¬ 
ever the direction of the mean velocity. 

TIuh follows directly from the expression for the number of pairs having 
particular mean and relative velocities 





? - i being tlm mean velocity, ?■„ the relative velocity and Opj},, 0.j(p.j having 
reference to tlm angular positions of r, and r. y 

For, taking r x Sr, and constant, and ascribing any particular values 
to 6 a (^ and S0.jS(j!> a , the number of pairs, having a mean velocity F, in 
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directions such that, referred to Lho centre of a sphere of unit radius, I hoy 
meet the spherical surface element il cos /V</m is lu the total number which 
meet the sphere as d cos 0,</ </j, is to 4/r. tj. K. u, 

118. The probable component of mean edacity of a pair latviny relation 
velocity r a = V2 IVm the direction of the nomad at enrnnnter, 

Since i\ = r.J2 ami ■/•, = V2 >7. >V : >7/Y~ >“ 'dl directions the probable 

component value, is 


119. The probable mean transmission of eis rira at an encounter in 
the direction of the normal. 

When two oipial spheres encounter, the displacement of energy by 
conduction of momentum is tlm product of I lie displacement <> multiplied 
by twice the. product of the components of the mean velocity and relative 
velocity of a pair in the. direction of tlm normal. Therefore since Urn 
probable component of mean velocity in the direction of tlm normal (last 
article.) is K,'/‘i fi, and tlm probable component of the relative velocity as 
obtained by dividing out tlm <r in equation (t 1-7) is 2 %/2 . J (a \), l’, -'!, tlm 
probable displacement of vie viva in tlm direction ol tlm mound is 


2 p or ,(<r' 

1 N :r U, 


IV 


± 11 ,r /’ 

i , v 


(/' | m> | n ) IV. 


.(17b). 


If l, in, n are I,lie directions of tlm nnrinul ivlonvd t> 
component displacements of tlm vis viva of components 
axes arc 


i- [l* -I /»i s T lid, J/( ") . &e.. Ke. 


lived axes, I,In' 
parallel to the 


120. The mean, distance thnaiyli which the actual ids viva nf a pair of 
gndns haviny relative velocities hdioeen y 2 I',’ and \ 2 ( I'/ I MY> is dis■ 
placed at a mean collision. 

Since the liman velocities id' pairs of grains having relative velocity 
V2 V{ is Vxjfi and the actual vis viva of such a pair is 

2 (’’ ,, + , + )~ ; + (r '-V-P 2I - 

wc have for the. displacomeuf of tlm total eis idea of a pair of grains 



And since the displacement of eis viva by e.mveetiou by a grain having 
velocities between IV and J7-1-8IY between encounters is A, l', 3 mid there 
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arc, in unit time, twice as many mean paths traversed as there are collisions, 
the relative rates of displacement of vis viva by convection and conduction 
are as X to cr.f(<r/\)/ 3, and the displacement of vis viva on encounter is 
in cases (1) and (2) 


It thus appears that, while, as has already been shown, the range of 
mass or any mean quantity carried by mass is X, and the range of relative 
velocity or momentum is 



121. The probable moon- component displacement of vis viva at a. mean 
collision, by conduction. 

Multiplying the mean normal e.omlnetion of vis viva at a collision of 
a pair of grains having relative, velocity fi Vi by cos 0 . sin 8 .d0. 2w and 
integrating from 0=0 to 0= rej'i and dividing by 2vr we got 



/a\ d . oos a 0 
W 2 


....(171). 


122. The, probable wean component displacement of vis viva by convection, 
between, encounters by a yrain lummy velocities between. Vi ami Vi -|- d Vi. 


Multiplying tlm product of the vis viva, of the grain F,' J into the probable 
displacement (X) by cos 0 , sin 0 . d.O, dividing by 27 t and integrating from 
0 = 0 to $ = 7 t/ 2, tins rate of the mean probable convection is 


„dsiidO .. 

p 2 ‘ ^ 

(I 27T 


, &(!., & 0 . 


123. The mean, component Jlux of vis viva. 

Since there are two mean paths traversed for each collision, adding 
twice the. mean component displacement by convection for one path to the 
mean displacement by condnotion at an encounter and multiplying by 
?i 1 'l / ,/2X, the. expression for the mean flux by grains having directions such 
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that cos 9 and cos^j arc. positive, and for pairs of grains for the mean velocity 
of which cos 9 and cos </> arc positive, is 



,(173). 


124. The mean component flux of component vis viva. 

Tlio flux of the components of vis viva may be separated for direct 

.. , ...... , d d sin 2 9 . o!sin 3 0 . , 

action by substituting cos 3 9 .—-— for — m the last equation and 

integrating: 


. P- (i 

N [ 


a \ , (cr\ f 2 r‘‘ 

3X/ ‘ \X/J o J o 


d cos 3 


■w-Z 

=Il ( 1 + fx)/g 


vt 

4 


and for lateral action by substituting sin 3 9 . cos 3 <f> 


d sin 3 


V.(174). 


_£ /, f i<r\ f* f^d sin J 9(1 + cos 2<jf>\ v , n 

N \ 3X/ \\) Join 4 ( 2 J ■ i • • < P • q 17r 


p n 
8' ~N 


1 + ®K 


H 
8 / 


125. The component of flax of mass in a uniform medium. 


Since mass is not subject to conduction, and the probability of a grain 
having velocity 7/ is n t /iV" while the probable mean path is X and the 
number of collisions in unit space and time between the grains having 
velocities between 7/ and (7/+8 7/) is 


X 


the component iii direction of x of a grain of which the direction is 
defined by sin 9,d9.d<f) is Xcos 9, and multiplying by the number of moan 
paths traversed by each of such grains in a unit of time wo have 


X cos 9n 


Vf 

X 


sin 9 . d9. 


dc[> 


4tt 


n 1r , d sin 2 9. d9. d<b 

c- K '—i—. 


Then integrating from 9 = 0 to 0 = tt/ 2 and <A = 0 to 6 = tt/ 2 and from 

7 / = o to 7/ = oo 

= 2 a 

Jo 4 4 sjir 


,( 176 ), 
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and talcing account of tho mass of a grain 


100 


a 

P ‘^hr 

is the flux of mass by tho grains for which cos 6 is positive, &c„, &c. 

126. 'flic extension of tho kinetic theory has thus boon carried as far 
as to include tho expression of blui rate of flux of momentum, via viva, 
and mass, by conduction, as well as by convection, in tho ultimate state of 
tho medium without mean strain. Q. E. I\ 

It is to bo noticed that tho analysis effected in this section does not 
complete the extensions which are desirable, and possible, as those include 
the extension for tho expression of tho rates of conduction as well as con¬ 
vection, when tho medium is subject to moan uniformly varying conditions 
though still in equilibrium. 

Those form the subject of Section XII. so that their consideration may 
follow the. consideration of the logarithmic rates of redistribution of angular 
inequalities resulting- from the varying condition of the medium on which 
they depend. 




SECTION XI. 


REDISTRIBUTION OF ANGULAR INEQUALITIES IN THE 
RELATIVE SYSTEM. 

127. When a granular medium, however uniform and symmetrical 
its mean initial condition, passes from a state of equilibrium and mean 
rest into a state in which there are mean rates of strain, thero follow, as 
a consequence, rates of establishment of inequalities in the mean distribution 
in the relative system, which are expressed by the rates of transformation 
from mean to relative motion, as in the last term in equations (116) and 
(117) and in (116 A) and (117 A). 

The general analysis of the effects of the mean motion on the relative 
motion for granular media comes later in tho research*; and it is sufficient 
here to have pointed out the general source of such inequalities, as in this 
section we are not concerned with the source except in as far as it may be an 
assistance in realizing the general distinction between the two classes of 
inequalities. Thus the inequalities which are called into existence by rates 
of strain partake of the characteristics of the rates of strain. 

Local volumetric rates of strain, which cause the density to vary from 
point to point, institute what will here be called linear inequalities, while 
uniform distortional rates of strain institute what will here be called angular 
inequalities. 

The inequalities so instituted, owing to the activity of the relative- 
motion, are subjected to rates of redistribution proportional to their magni¬ 
tudes, and it is the determination of these rates in terms of the constants 
which define the condition of the medium that constitutes the purpose of 
this section and the next. 

These two rates of redistribution, like the volumetric and distortional 
strains, are analytically distinguishable as belonging to different classes 
of mean actions. 

The rates of angular redistribution have the characteristics of production 
at a point. Their integrals are not surface integrals, and they are included 
in the expression for angular redistribution in the fourth term, equation 
(117 A). 


Seotion XIII. 




The rates of linear redistribution, on tho other hand, have the character¬ 
istics of a flux. Their integrals are surface integrals, and they are included 
in the expressions for the linear rates of distribution in the second and 
third terms, equation (117 A). 

It thus appears that these rabes require separate treatment, and as 
the analysis for the linear rate depends, to some extent, on the angular rate, 
the angular rube is taken first as the subject for this section, and the linear 
for the subject of tho next, Section XII. 

128. Logarithmic rates of angular redistribution by conduction through 
the grains as well as by convection by the grains. 

Tho necessity of logarithmic rates of angular redistribution in tho mean 
angular inequalities in tlu: vis viva of relative-motion, and of inequalities 
in the symmetry of the mean arrangement of the grains, for the maintenance 
of approximately menu- and relative-motion 1ms already been proved in 
Section VII.; and 1,1m actions on which these rates depend have, undergone 
considerable tjuulilalive analysis (to use. a chemical expression) in the same 
section. What is necessary, therefore, in this section is tho application 
of the definite, or quantitative, analysis for blm definition of those rates. 

The first step in this direction is blm definite consideration, in tlm 
concrete, of the instantaneous olTeots of encounters between hard spherical 
grains of equal mass and dimensions. 

For this purpose use is hero made of the conceptions and the method 
given by lUnkine in his paper “On the Outlines of tlm Science of Energetics*,’’ 
a remarkable paper, which seems to have received but little notice. 

129. In a purely mechanical medium, since any variation of any com¬ 
ponent-velocity of a point in mass can only result from some action of 
exchange of density of energy with other points in mass, thorn are always 
masses engaged in such an exchange. Considering thesis to include all tho 
mass through which tlm exchange extends (as between seme particular 
portion of tho medium and all the rest) tho sum of the energies of tins 
components of motion, in any particular direction—that of a :—immediately 
he fore the exchange is the active accident, or the "effort,’’ of the component 
energy to vary itself, by conversion into some other mode, which, in a pnroly 
mechanical system, considered us a resultant system, cun only he energy of 
component motion in some directions y and z at right angles to x. 

Tlm energy so converted into directions y and z is called tho “passive 
accident.” And in the same way tlm sum of tins energies in the directions 
y and z, antecedent bo l.hu action, is 1.1m active accident or the effort of these 
energies to vary the energy in the direction a. 

* l'n )(\ of the l'liil. Sac. Qlatgou), Vol. m. No. 1; lUnkinc’u Scientific l’n-jiem, p. 209. 
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It is at once apparent that the result of such accident is, taking account 
of the dimensions of the grains, to produce three instantaneous effects, 
while, if the dimensions of the grains are neglected as being small (as has 
been the ease in the kinetic theory), only one of these effects is recognised 
as the result of the exchanges of energy on the instant. And although this 
one effect has been taken into account in the kinetic theory its position 
in that theory has not been generally defined, nor has it been made 
the subject of separate expression in the equations. 

The first, and hitherto the only, published mention it has received as 
a specific effect occurs in Arts. 20 and 21 of my paper “ On the Theory of 
Viscous Fluids where reference is made to the “ angular redistribution of 
relative-mean motion.” 

It was not however till some time afterwards that I was able to distin¬ 
guish, geometrically, the circumstances on which the existence of angular 
redistribution of relative motion depend, and obtain separate expressions 
for their effect. 

It is included in those terms in equations (47 A), Section III. of this 
research, which are not surface integrals, although not specifically expressed, 
being associated with the resilience-effects in these equations for a resultant 
system; the specific expressions for the separate effects for a resultant 
system are however effected in equations (47 a). 

The instantaneous action of which this angular redistribution is the effect 
turns out to be the only instantaneous action on the energy of the relative 
motions of the mass or densities of masses engaged other than the effects 
on resilience; so that, when the masses engaged are two equal hard spheres, 
angular dispersion of the energy of their relative velocities, that is, of their 
velocities relative to their mean position, is the only instantaneous effect 
on this relative energy. This theorem may be easily proved. 

130. When two hard spheres encounter, their relative-velocities arc in 
the same direction, and their momenta, relative to axes moving with their 
mean-velocity, arc equal and opposite. Suppose the axis of x to be the 
direction of relative motion. Then at encounter the grains exchange 
components of momenta in directions of the line of centres, and thus the 
relative component momentum of each sphere in the direction of the line of 
centres is reversed; so that if the line of centres does not coincide in 
direction with the lines of relative motion, the instantaneous effect (1) of 
conduction is exchange of energy of component motion from the direction x 
to those of y and z at right angles to x. This is angular redistribution 
of the energies of component motion, and is the only change of the energies 
of the relative motions, measured from the moving axes. For as the relative 

* Royal Soc. Phil. Trans., Vol. 186 (1895) A, pp. 146—7. 
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momenta in direction of the lino of centres of tho respective grains arc 
reversed at the instant thoro is no change in tho position of their energies; 
so that at the instant thoro is no linear displacement of tho energy of tho 
relative motions, Q. E. p. 

131. The other fundamental olTocts of tho action between tho grains— 
those which have been neglected in the kinetic theory—are (2) the dis¬ 
placement of momentum which results when two spheres encounter, having 
components of actual momentum (referred to lixed axes), in the direction of 
tho lino of centres, which differ in magnitude, causing the instant displace¬ 
ment of the difference of the component momenta, in the direel,ion of the lino 
of centres, through a distance a, or the sum of the radii of the spheres, And 
(3) the instantaneous exehaugo of actual component energies in the direction 
of the normal. 

This linear redistribution of momenta liy conduction and tho consequent 
linear displacement of their energy, relative to fixed axes, when there is mean 
motion, are the complement of the angular redistribution of energy, the 
three effects being the total instantaneous effect of Lhe encounter, which 
admit of analytical separation, as long an them is no resilience. 

132. The concrete effects of encounters between the grains must be 
considered as belonging to the resultant system in which there is no 
resilience. Kor when the effects come to bo analytically separated by inte¬ 
gration into effects on (be moan and relative, systoles respectively, if there 
are rates of strain in the mean system there will be, perforce, abstract 
complementary resilience-effee.ts in both systems. 

It therefore appears that, if the moan effects of encounters are to be 
considered us belonging to Ibe relative system, it is necessary to assume I,lint 
tho moan-motion is not undergoing strain, or that any rates of strain are 
indefinitely small, Then since the relative motions are the only motions, Urn 
following theorem requires no furl,her donumsbrabioti. 

133. If the directions, velocities and positions of the grains, constituting 
a granular medium, he considered, at any instant, as a eomplox ue.oidc.uh, at 
the instant an eucmmler occurs, between any pair of grains, the throe instan¬ 
taneous effects, already discussed, will constitute an instantaneous Unite 
variation in the. complex accident, which variation will continue the same 
finite change, from I,lie condition that would have, existed, had the pairs 
passed through each other without effect, no matter what other variations 
might have taken place. Also, the subsequent effects resulting from the 
first encounter will remain unchanged. And thus, Ibe integral effect of an 
encounter, at a time subsequent to the encounter, is its instantaneous effect 
added to nil effects which ensue as a, consequence of the encounter. In a 
granular medium, since each encounter involves two grains, the number of 
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changes would increase as the sum of the series in geometrical progression 
with the factor 2; so that in a time ten times as long as the average time 
between two encounters, by the same grains, the number of effects resulting 
from a single encounter would be on the average 8000. 

Thus taking account of the three analytically distinct instantaneous 
effects, in a time ten times as long as the average life of a path, the effects 
of an encounter would entail, on the average, 8000 changes in the directions 
of paths of grains, 8000 liuear shunts of component momenta through the 
distance a in different directions, and 8000 shunts of the difference of the 
vis viva of the normal velocities through a in the direction of the normals. 

Assuming, theu, that in these changes, or variations of the complex 
accident, each has its effect in removing a portion of any mean inequality, 
which portion is proportional to the mean inequality, some idea may be 
gathered of the predominance of the effect of these changes in bringing 
about and maintaining tbe moan condition of the medium to which the 
changes tend. 

134 . In order to form definite estimates, in terms of the quantities, or 
mean constants, which define the condition of the medium, of the rates of 
decrement of inequalities from the condition to which the variations tend, as 
well as to find expressions for the resulting condition of the medium, it 
seems, in the first place, necessary to define, somewhat precisely, what are 
the immediate after-effects which follow, severally, from the three instan¬ 
taneous effects which have been analytically distinguished. For such 
definition the following general theorems may be proved. 

Theorem. The only effect which follows the instantaneous effects of an 
encounter , until there occurs another in which one of the grains is engaged, 
is the linear change in position of mass, energy, and momentum, which results 
from the instantaneous change in the direction of vis viva. 

The proof of this theorem follows, at onco, from the analytical definition 
of the three effects and their continued existence. 

For the instantaneous effect of linear displacement of the component 
momenta by conduction through the distance a in the direction of the 
common normal remains unaltered and hence produces no further effect 
till the next encounter. 

And exactly in the same way the instantaneous exchange of the energy 
or vis viva of the components of the velocity of the grains, in the direction of 
the normal, remains unchanged until the next encounter. Therefore it follows 
that the instantaneous changes in the direction and velocity (which is obtained 
for each grain by superimposing on its actual velocity, before contact, the 
normal component of the relative velocity of the pair, measured in the direc¬ 
tion opposite to the normal component of the velocity of the grain before 
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contact) represent the actual changes in the directions and velocities of the 
respective grains, whence, as these effects arc to institute rates of linear 
displacement of mass, momentum and energy by convection, these are the 
only changes, and they are the afber-efleets of the instantaneous chango in 
the diveetion of vis viva. q. e. i>. 

135. From the theorem in Art. 134 it follows, as a corollary, that:— 

The instantaneous, and after-effects of an encounter (before the next 

encounter of cither of the, grains) are confined absolutely to normal displace¬ 
ments of mass, and of normal components of momentum and energy; so that 
they have no effect whatsoever on the positions of mass, momentum or energy 
as measured in directions at right; angles to the normal. 

Therefore) whatever may bo the directions and velocities of pairs of grains 
before encounters, if the normals at encounter are all parallel to ono axis, there 
is no late,ml redistribution as the result of tlm eneonliters, whatsoever may bo 
the extent of I,lie normal redistributions. 

136. From the principle stated in the, corollary, Art. 13n, that the. redis¬ 
tributions resulting from encounters are confined to the directions of the 
normals at encounter, tlm following theorem may be proved. 

Theorem. In a i/ranular medium, in Us ultimate statu, without any alar 
inequalities in the vis viva, <Cv;„ the rales of uni/ular redistribution of the 
vis viva will he equal in all directions, and equal to the rate of redistribution 
in the directions of the normals, if the directions of the normals are such that 
all the lines, drawn from, a point, parallel to the directions of the normals, 
meet the surface of a sphere, about the point, of unit radius, in points which 
are symmetrically distributed over the surface of the sphere. 

For in granular media, without angular imii|ualitios, if A ja is largo, ail 
directions are equally probable for the. normals of encounters, in which l,ho 
changes in normal vis viva are equal; ho that the probable rates of redistri¬ 
bution of inequalities are equal in all directions. 

And in media in which <r/\ is small, as has been shown (Section VII. 
Art. 3D), the directions of the normals will bo arranged about n axes sym¬ 
metrically placed; « = 4 being the smallest number of mean normals that 
admits of symmetrical arrangement; and n - 12 the largest number, and the 
number in the. ordinary piling. These mean normals being parallel to six 
axes, so that the probable arrangement in each group, of tho directions of the 
normals, at encounters, in which the changes of normal vis viva are equal, will 
he similar about tlm axes; mid it has to he shown that the rates of distribution 
will ho tho snmo in all directions. 

This proof follows from the principle of tlm resolution of stresses or 
component vis viva. 


8—2 
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If the angles between any line OA drawn through a point 0, and the lines 
drawn through the point 0, in the directions of the normals, are respectively 
8 U d 2 , &c., then the sum of the products of cos- cos- d 2 , &c. is the rate of 
redistribution in the direction OA, and is the same for all directions if the 
directions of the normals are symmetrical. Q. E. D. 

137. The theorem in Art. 136 includes the redistribution of the actual 
vis viva between the grains, as this results from the same exchanges in 
directions of the same normals as determine the directions of vis viva] and, 
further, includes the redistribution of the limited displacement of normal 
momentum by conduction. Q. E. D. 

138. When the mean condition is such that there arc more normals in 
any one direction than in those at right angles, the rates of redistribution will 
be greater in that direction in which there are most normals. But, as regards 
the vis viva, as long as the distribution of the normals is such that the normal 
redistribution is in no direction zero, there will be raters of redistribution which, 
though not equal in all directions, all tend to bring about an ccpial distribu¬ 
tion of vis viva in all directions, and also tend to bring about the normal 
distribution of the actual vis viva of the grains. 

As lung as the inequalities in the symmetry of the directions of the 
normals are small, the effect on the rates of redistribution will be very small, 
that is, on the rate of redistribution of vis viva, and on the actual distribution 
of velocities of the grains, whatever may bo the state of the medium as regards 
the ratio o-/X. 

Thus for the component vis viva and actual vis viva there is a continuous 
law of rate of redistribution and only one even when cr/X becomes indefinitely 
large, so that the directions of the normals approximate to steady axes which 
only change their position on account of mean strain in the medium. 

139. The redistribution of rates of limited conduction of momentum, or 
the limited displacement of normal momentum, is primarily dependent on the 
rates of redistribution of the directions of the normals. And the redistribution 
of the normals is primarily dependent on the redistribution of the positions 
of mass, which again has a primary dependence on diversion of the paths, as 
the after-effect of the instantaneous angular redistribution of vis viva, but this 
dependence on the divergence of the path is essentially limited by the value 
of cr/X. 

If this is small—that is if the freedoms are great—then, after an encounter, 
it is a matter of chance, like the length of the path of a grain, in what direction 
the normal at the next encounter will be, all angles being equally probable, 
and consequently the redistribution of the normals is determined by this 
probability. 
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But when the condition of the medium is such that a/X is large tho 
greatest possible distance a grain can travel before the next encounter may 
be much loss than cr, and this in any direction, in which case the possiblo 
direction ol tho normal is limited by a conical aurfaco, which may be of angle 
zero, in the limit. 

Thou the rate of redistribution of tho normals varies with the angle of this 
cone. Thus, as a/X approximates to oo, the directions of tho normals approxi¬ 
mate to fixed axes according to the arrangement of nho grains; in which case 
thero is a redistribution of tho rates of conduction of momentum or of tho 
conduction of energy. 

And here it may bo noticed, that before the grains become virtually close, 
a limit is reached at which change of neighbours, or diffusion of tho grains, 
ceases, and as soon as that limit; is reached the mean position of the grain is 
constant, except for mean strains, and then the normals group round mean 
axes which only move with the mean strains of tile medium. 

Thus tho displace numbs of normal momentum and energy depend on 
tho arrangement of the grains apart from the mean freedoms, and the 
redistribution of the nomination depends on tlu*. redistribution of inequali¬ 
ties in the symmetry of the arrangement of the grains, so that, although 
hath tho angular redistribution of the, vis viva and rearrangement of in¬ 
equalities in the symmetry of the mean arrangement of the grains, are 
included in the fourth term of equation (I 1 7 A), expressing angular redistri¬ 
bution, they have not been analytically separated, in tin; terms, as depending 
on angular dispersion of vis trim and rearrangement of the inequalities in tho 
symmetry of the mean arrangement of the grains. 

Tho analytical separation of the abstract notions on which the two effects 
of angular redistribution respectively depend, effected by the demonstration 
of the foregoing theorems, renders it possible lo deni with the two rates 
separately and so to obtain analytical definition of the respective rates in 
terms of tho constants which define the statu of the medium. 

140. The. analytical definition of the, raiett of onyular redistribution of 
inequalities in the directions of vis viva of relative Motion. 

As these actions do net appear to have been tho subjects of previous 
consideration it is necessary to demonstrate two preliminary propositions 
boibro considering the mean effects, 

141. The eneryy of component motion in an// direction cannot bp its own 
effort increase the onerpy of component motion in this direction. 

This proposition might he taken as self-evident; but if may bo definitely 
proved. Jn the case of spherical grains the proof is simplified, and particularly 
if tho relative-motion is such that tho only inequalities are in tho energies 
of motion in different directions—unequal angular dispersion. 
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Talking the axes of reference fixed, l, to, n and to', n', and l ", to", n" as the 
direction cosines of the normal at the point of contact and of two other direc¬ 
tions at right angles, also Uy , v lt w h v a , v 2 , w 2 for the antecedent velocities of the 
two grains, aud U lt 7), W lt U 2> V 2 , W 2 , for the subsequent velocities, it follows 
as a direct result of the exchange of the components of motion in the direction 
of the normal that at a single encounter, 


Uy + U, j 2 — Uy* — Wji 2 = 


— 2 (to 5 + n-) l 2 (u 2 — iq) 2 
+ 2P [nP(v 2 — Vi) 2 + n 3 (w 2 — z^) 2 } 

+ 4 Pmn (v 2 — Vy) (w 2 — w i) 

+ 2(2 1— 1) {lm (u 2 — Uy) (v 2 — Vy) 

+ nl (W 2 ~Wy) (U 2 -Uy)\ 


[&c.,&c. ...(177). 


Then, since for any two spheres with particular relative motion, u 2 -%, 
v 2 -Vy, w 2 -wy, the probability of their normal, at the point of contact, having 
a direction within any small area, sin 0d0d<j>, on a sphere of unit radius, 
having its centre at the centre of one of the spheres, assuming all angles 
of relative motion after encounter equally probable, is : 


sin 0d0d<j> cos ^ 

7T 


where % is the angle between two radii, one meeting the surface of the unit 
sphere in the direction of the point of contact, and the other in the direction 
of the relative motion, drawn so that ^ is an acute angle, so that ^ is 
always between zero and 7r/2. 


142 . The active and passive accidents. 

In considering the action resulting from conduction of momentum of two 
spheres at a single encounter, the problem is greatly simplified by taking the 
direction of one of the axes of reference to be that of the relative motion of 
the spheres ; while, as will be seen, it does not lose in generality. 

Taking % to be measured in the direction of the relative motion, v 3 — v u 
Wz — Wy are each zero, and putting 

■J- (Uy + -tt-a) 2 + ^ (« 2 - Uy)* for Uy* + u 2 2 , &c., &c. 
in equation (177) we have 

Uy* + U 2 —-k ( w i + «a) 5 - i (% - ihf = - 2 (m 2 + n 2 ) P (u 2 — Uy)- + 0 + 0 \ 

Vi 4- TV- \{vy + v 2 f - 0 = — 0 + 0 + 2to 2 P(uy — u 2 )- [...(178), 

W^+WZ-^Wy+w^- 0 =-0+ 2?r 2 ^('it 2 -M 1 ) 2 + 0 ) 

in which the ciphers represent the values of the terms having factors (v 2 - v } ) 
and (w 2 — Wy). 

Multiplying these equations by the factor of probable positions of the 
normal and integrating over the sphere of unit radius, since cos % is positive 
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and equal to ± cos 6=±l, the equations become on transposing the last terms 
in the left members 


Ui + - i (>h + «a)' J = ^ Wl - 2 a '^ - i (« a - m,) 3 + o + 0 j 

T 7 ? + Vj - 4 ( Wl + «,)* = o -0 + 0 + J («»- id) 3 . (179)i 

F 3 +F a 3 - -J (W! -I- w.j) 3 = 0 -0+4 (■«„ - Ml) 3 + ()) 

whore, since the square of the relative motion, (i< a — Mi) 2 , is double tbo sum of 

tho squares of difforcncos between the actual component motions and tbo 
mean component motions, 


Mi + uA 3 1 


; (u* - m ,) 3 


W + U.? - ~ (« a + m u ) 2 = l {(«. - “«- n 'F'-' 


^ + K s - (v t -1- Ma) 3 = {(m, - iiLT ." 3 j + (a, 

Wa_i Ws 1 /•„„ . „„Vi_ 1 If.,, Ml H- M.jV . f 


Ml + '" a V / M, + M.A 3 


.. ,(180). 


Fj 3 -I- F 2 - * (MA + wtf = J - « + !,3 )' J + ( Ml - "> H g 


Tin; left members of equations (17H) express, respectively, the effects, both 
active and passive, of the accidents on tho enorgies of the components of motion 
in the directions of a:, //, z respectively. 


Tho first terms in the right members, which are all iiayakive, or zero, express 
tho effects of the active accidents oa tho energies in these directions respec¬ 
tively, while the last two terms, which are positive, or zero, express tho effects 
of tho passive accidents in these directions. Q.E.I), 


143. The active accidents are work spent by the efforts produced by 
m 2 —■»!, v.j — v,, in. A —w u respectively, in other directions than those of w, y, z 
respectively. Tims the effort in the direction of the normal caused by — iq 
is 2/(»•, — «,) and tlm component of the relative velocity « a —iq in tho direction 
of the normal is ^(o a —vij); so that the total result of this effort is — 2Z 3 ((i a — m,) 2 , 
work spent by energy in direction of n\ Of this 2 // i (m ! 1 - a,) 2 is work roturnod 
to the energy in direction of so that tho portion of tho energy in tho 
direction x expended in (passive accidents) changing tho energy in directions 
of y and z is — 2(f 3 — l)/ a (H a - if,) 3 , and tlui passive accidents in tho directions 
of y and z arcs 2J a jn 2 (if 2 — u,) a , 2£V(« a —it,) 2 respectively. 


144. The avyular dispersion, of relative motion. 

The equations (I.H0) hIiow that considering the olmneo encounter between 
two grains, whatever their relative-motion before encounter, all directions of 
tho subsequent relative-motion aro equally probable. So that any angular 
inequality in thoir relative-motion is virtually extinguished after a single 
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encounter; although if the pair have any mean-motion, whatever it may 
be, the inequality in this remains as before encounter. Q. E. E. 


145. The mean angular inequalities. 

Before wo can pass from dispersion of the component relative-velocities of 
a pair of grains to that of the mean-inequalities of all the grains the demon¬ 
strations of several propositions become necessary. 

For reasons, which will appear, we have here to consider only such mean 
angular inequalities as are introduced in the relative motion of the medium 
while the mean system is undergoing mean rates of strain. 

These inequalities, as Maxwell has shown, for a medium consisting of 
equal hard spheres, are expressed by, taking N for the number of grains 
in unit volume, 




Ne 




dxdydz* .(1S1), 


a/3<y (w) 5 

where a 2 , /S 1 , f are double the mean of squares of the respective component 
velocities. 


Since the differences between a 3 , /3 2 , y s and the mean (a 2 4 -/ 3 2 4 - 7 2 )/3 are 
always small compared with their mean it becomes more convenient to alter 
the notation and, taking a? as expressing the mean of a? + /3 3 4 7 2 , to take 
a (1 4 - a), a (1 4 - b), a (1 4 - c) respectively for Maxwell’s a, /3, 7 ; a, b, 0 are then 
small fractions of unity such that their squares may be neglected and for the 
mean squares we have 

a 2 (1 4- 2a), a 2 (1 4 - 2b), a 2 (1 4 - 2c), 

and the inequalities are 2aa 2 , 26 a 2 , 2ca 2 ; 2a, 26, 2c being the coefficients of 
inequality from the mean of the mean squares of the respectivo components. 

It is to be noticed that in equation (136) the axes of reference are the 
principal axes of the space variations of the mean motions of the medium— 
the principal axes of distortional mean motions—and also of the inequalities. 


146. The angular inequalities in the mean relative motions of pairs of 
grains have the same coefficients of inequality as the mean actual motions. 
Integrating equation (181) with respect to y and z from — 00 to 4- 00 


fN = 


Ne 




dx 


.(182). 


a(l + a) f 7. 

Then, after Maxwell, taking a?, as a particular component of velocity in 
direction of 02 , the number of grains which have component velocities 
between x l and 4 - is 

N £d(i_ 2a ) 


a (1 4 a) fn 


dx. 


* Phil. Trans. Royal Soc., I860, p. G4. 
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And again taking ai 3 — x x + at' the number of grains between ce , + x' and 
&'i + x' + 8a/ is 

U'(l+'a)Vvr e ) d!S ' 

Then tho munber of pairs of grains which satisfy both these conditions is 
a 3 (l •l-2a)V‘Jr 

Then, since x x + —• may have any value from — oo to oo for any value 

of a/, integrating for a\ between these limits for any particular value of x, tho 
number of pairs which have component relative-velocities, in direction m, 
between x' and at' + Sx' is: 

iV 2 

\/2a(l. u)\/ir C ' 

In exactly the same way it is shown that the numbers of component 
relative-velocities between ;)/ arid // -I- hi/ and between z' and z' -1- Sz' are 
respectively 

... ^ 

f'la (1 -I- b) Vtt ' ‘ 

N ' 2 ,■ ajiO . , 

V2o(l+e )*/ir° 

Multiplying those expressions by ,r' a , ?/' a , z H respe.olively and integrating 
from — oo to -I- oo, and dividing by iV 2 , we. have, for the mean-squares of the 
respective components, in the directions at, ;>/, z 

2 A (1 -|- 2d.), 2a* (1 -|- 26), 2a 2 (1. + 2c), 

which have precisely tho same eoeflicient of angular inequalities as tho 
mean squares of tho components of the. actual velocities obtained from 
equations (I H I.) 

a 2 (I, -I- 2a), a 2 (l -I- 26), a“(L -1- 2c). Q. K, n. 


147. The mean squares of the components tf relative-motion of all pairs are 
double the mean squares of the components of actual 'motion. 

In tlui last paragraph of the last article it 1ms been shown that tho 
mean squares of the components of relative-motion of all pairs including 
tho inequalities are double the mean squares of the. components of the 
actual motion, so that no further do.mniistmtion is necessary. 


148. The rate of angular redistribution of the mean inequalities in the 
actual motion is tho same as the rate of redistribution of the angular 
inequalities in the relative motion of all -pairs. 

This follows at once from I,lie inequality of tho eoollioionta of inequalities 
which lias already been proved. 
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149. The rate of angular dispersion of the mean inequalities in vis viva. 

It has been shown, equations (180), that the angular inequality in the 
squares of the relative velocities of any pair of grains is virtually extinguished 
at a single encounter. From this it follows that the virtual inequality iu the 
motion of any grain exists only from the time of the institution of the 
inequality to the time of its next encounter. 

This time is expressed by 

Vf 

F] being the actual velocity of the grain, and A, the distance traversed before 
encounter. 


This distance Ai may be anything from 0 to oo. Bnt it is proved by 
Maxwell to be independent of V 1 and to have a probable mean value, 
neglecting <r as compared with A, of 


A = 


1 

ira^N 


.(183). 


Taking a into account, as will be shown, the probable value of A 
becomes 

.< 184 >- 


The probable path being A, the probable time of any grain with velocity 
F! is 

A 


F ' 


It thus appears that, although the mean relative distance traversed 
between encounters by pairs of grains having the same relativo velocities 
V, is independent of Fi, the mean time between encounters varies inversely 
as Fj. 

In order therefore to obtain the probable mean time of existence of 
inequalities in the angular distribution, of the vis viva, it is not sufficient to 

find the probable value of the mean time for all values of F„, since this 

r \ 

would only be the probable mean time between encounters during which the 
inequalities in the mean velocity are sustained. 


150. The mean time of mean inequalities of vis viva. 

The direction of motion of each grain is the direction of its path; so 
that if l, m, n are the direction-cosines of the motion, the probable times of 
the continuance of the components of motion iu directions ce, y, z are 
A l Am A n 
FjF Vim’ Fjw’ 







and since tlio chance of a collision in a unit of time is F,/\ the probability 
of continued oxistcuco is 

and tho probability of continuing for a timo 


Whence it follows that, taking account of all the pairs of grains at 
differont relative velocities, but moving nearly in the same directions, the 
timos for which their continuance is equally probable are 

,, ,, or\ 

— ir / i 4 = ~ir~T > .(lb.)), 


so that, multiplying ViH-, F„ ‘H'\ &<;. respectively by t u t. A , &ia., and adding, the 
sum will bo equal to 

S(« 1 XP(7 1 + V, \- &<;.)), V\l, 
and similarly for the ollior two conqiouentH. 

And putting Fund F 2 respectively for tho mean values of V and F a , the 
moan timo of equal probability for the con tinned existence of F 2 is obtained 
■ n Ai' J V 

by dividing tho product by F a : - F- , and for the other components 

?t,\wt 2 F «]A 11 ? V 
V^ni? ’ F u 'H a 

Theso mean times, it will hi: noticed, are independent of the directions 
of tho groups, being all expressed by 

X, F |V ’ i 

l ■-= F^ •, where tho probable continuance is o" ,l > = e *>' .,.,..(180). 

Differentiating tliis expression with respect to t, 

dn J „ F °. (187) 

(U xv .^ 


From equation (181) the mean values of a 2 , r a , iu a are found to be 

“* (1 + 2«), (1 + 26), ( I + 2c). 

In these a 2 is constant, and a + b + c — 0, and the inequalities arc 


" (l + 2«) — 2 = 2£t 2 ■ &c '’ &c ' 


( 188 ). 
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Then by equation (187) the probability of continued existence is ex¬ 
pressed by 

3a 


2® 2- 2 


2aA ) 

V*' 


Whence if n t = 0, 


odd(2a)_ „ a“ fir 
2 ~di “ bCtl 2 2dk 


&c., &c. 


or 


cl (2a) 
dt 


2a 


air' 
. 4A,, 


&C., &C. Q.E.F. 


(189), 


161. Translated into the notation adopted in this research for the ex¬ 
pression of the velocities of the component system of relative motion, we 
have for the mean inequalities referred to their principal axes, 


p" [(kV)" — J(itV + v'v' + w'w')"], &c., &c.(190), 


and for the rates of dispersion with reference to the same axes we have, 
putting 3 a /9 a < in place of djdt to distinguish these as rates of angular 
dispersion, 


^ [(mV)" — £ (u'u' + v'v' + w'w')"] = ^ ^ ap" | (u'u’) h 


3 J, 


(u'u + v'v' + w'w')" 
_ 

&c., &c.(191), 


where 2a.] fir is the time-mean of the velocities of a grain, and \ is the 
measure of tho scale of the system of relative motion. (N.B. These rates 
are independent of <r.) 


As already pointed out. Art. 140, the expressions in equations (189) and 
(190) for tho inequalities arc with reference to their principal axes only; so 
that in order to obtain expressions that shall apply for any axes it is 
necessary to effect the transformation from the principal axes, at a point, to 
fixed axes. 


162. Rates of angular dispersion referred to axes which are not necessarily 
principal axes of rates of distortion. 

Taking lgngi 1 , Ipnpi^, i a ?}q?i 8 to be respectively the direction cosines of the 
principal axes with reference to any rectangular system of fixed axes, 

a', h', c\ f, g', h' 

to be the mean values of w' 2 , v' 2 , to" 2 , v'w', w'u', u'v' (u , &c., as before, repre¬ 
senting the relative velocities referred to the principal axes 1, 2, 3), and let 
a, h, c, f, g, h, be their corresponding mean values when referred to the fixed 
axes of x, y, z. 
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Then 

/' = / = /i' = 0 

a = Ifa! + l./b' -I- lie' 
b = m^a' + m.{b’ + ?n.,V 

o = «„V -|- nib' + ?i„V V .(192). 

f = mtfiiti -I- nirfhj)' + nirfifi' 

g = nfa’ + -I- nil.fi' 

h — Ipnji + l a m.]b' + l s nifi' , 

Troin these, adding tho second, third, and fourth, 


a 4* b + o = of ■+■ b -|- o' 


.(193). 


Also since the principal axes do not olmngo tlnur position in consequence of 
tho dispersion of the inequalities 

1) t 

\. .(191). 

W)_. 0 . («')_,.. W ,.a, (o') 


djt 4/ d..t 


&c. 


d.,t 




(M 


-I- 




-I- ' 


fU 


, SiV,., &(!. 


Then suhatituting from equations (190) for d.ji /?)./, &«., in (194), and 
rameinhering that l,u '-|- If + lpo\ wlien referred to tho principal axes is tho 
same as m' referred to the fixed axes, wo lnivo by equation (193), for tho 
rates of dispersion, referred to any axes, 

p" [(«'«')" ~ h ( u ‘ u ' + v ' v ' + w'w')"} ' 

~—'r p" a [(«'«')"- («V -I- t>V + w'u>')"], Sic.., Sic. 

, , , -w 

p" gj [(*'«')"] ~ l P " Y a (</«')", &c. &a 
^•[(R/n')"] “ p" ^ a (wV)", &c., &o. 


163. analytical definition of the vales of angular redistribution of 

ihe/piaHties in rates of conduction through the grains. 

As already proved, Arts. 78 0 and 79, Section VII., and the theorem Art. 13(1 
in this seetion, the angular inequalities in the rates of conduction arc the 
result of unsymmotrical arrangement of tho grains. And as, according to 
the definitions of mean- and relative-mass, Art. 47, the mean-mass is inde¬ 
pendent of the arrangement, since the, umnbor of grains within the scale of 
relative-mass is not affected by the arrangement, the inequalities in tho 
rates of conduction are the result of unsyminefrir.al arrangement of tho 
relative-mass. 
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It has also been showD, Art. 77, Section VII., that angular inequalities in 
the mean conduction result from angular inequalities in the lengths of the 
mean paths of the grains, and it has been further pointed out that angular 
inequalities in the lengths of the mean paths are the result of the distortion 
rates of mean strain. And the number of paths traversed being inversely 
proportional to their lengths, there arc more mean paths traversed in direc¬ 
tions in which the relative paths are shortest. 

It thus appears that, although the rates of conduction are not of the 
same dimensions as the mean paths or the position of relative-mass, the 
rates of angular redistribution of the angular inequalities are the same. 

154. The rate of angular redistribution of mean inequalities in the 
position of the relative-mass in terms of the quantities which define the state 
of the medium. 

When, owing to the rates of distortional or rotational strain in the mean- 
motion of a granular medium, there are instantaneous inequalities in the 
symmetry of the arrangement of the grains, there will be inequalities 
in the lengths of the mean component paths; and, the number of com¬ 
ponent paths traversed being inversely proportional to their lengths, there 
will be more relative paths traversed in the directions in which they are 
shortest. 

Then, since after each encounter all directions of relative paths are 
equally probable, after each encounter any inequality which may be attri¬ 
buted to any pair of grains is virtually extinguished. And, as shown in 
Art. 150, the probability for the continued existence for a time 


= is e~ n < .(196). 

From this it follows, as in equation (185), 

ti = . t 2 = n 2 ^ , &c., &c.(197), 

' 1^1 V 2"2 


in which expressions the direction cosines l lt nq, n 1} &c. are nearly constant 
and «!, the index of probability, is constant. 

Therefore taking the products (tjF!-)- &c.) and dividing the mean product 
by V —the mean velocity—the mean time of existence of the inequality is 
found to be 

l = .(198), 

and the mean probability of continued existence is 

-n -£*• 

e n > = e x 


,( 199 ), 
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which when the inequalities are small becomes 


If, thou, we take a, f &c., the angular inequalities in the positions of 
relative mass, wo have for tlio relative rates of angular dispersion, 

<•>.(/). _**./ . (200 ). 

yV ^ 3 y (t) yV A/ v J 


It will bo observed that the logarithmic rate of decrement of inequalities 
in relative mass differs somewhat from that of the vis viva. This is a 
consequence of the difference in tho moan liino of probable existence of V 
and of V'h 


155. The limits to the dispersion of angular inequalities in mean muss. 

Tim numerical ooollioicnt is the only respect in which tho rate, of angular 
redistribution of mass differs from that of vis viva as long as \/a is largo. 
But as tho density becomes large, unlike the redistribution of vis viva, tho 
redistribution of relative imiHS depends on two circumstances, the inequalities 
being small in both cases. 

Inequalities in vis viva are not subject to any limits imposed by the 
neighbouring grains and consequently all directions of motion are equally 
probable, however close the grains may be, and whatever may be the arrange¬ 
ment of the grains. 

On the oilier hand the. possibility of angular rearrangement of the grains 
turns on the possibility of a grain passing through the triangular surface set 
out by flic centres of throe of its neighbouring grains; and this possibility 
is closed at somo density less than that of maximum density. The density 
at which this closure is effected is that at which diffusion ceases and the 
state of permanent distortionul elasticity commences, Bolero this density is 
reached the diffusion becomes slower and. slower us the density increases; 
so that in a granular medium of which the mean condition is uniform, but 
which is Hteadily contracting, the chance, of a grain finding a clear way 
between three of its neighbours diminishes, and each grain dwells longer 
and longer in the same moan position in tho medium, until all chance ceases 
and its mean position is definitely defined, notwithstanding that it haH still 
a certain range of freedom, lfor the general consideration of the rate of 
rearrangement of mass it iH necessary to take account of the probability of 
a grain returning after encounters to the formation before encounter, and 
this presents great difficulties. But it will be Hullicient to point out hero 
that owing to the instantaneous action nt encounter, no more than two 
grains arc ever in contact at the. hiiuio time, so that there is no cliunco of 
combination of the grains, and that tho moan position of two grains is not 
altered at encounter while tho relative motions are reversed. 
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In the nexb section it will appear that the linear dispersion of vis viva of 
grains is very slow as the angular dispersion is very great, so that any chance 
activity of a grain of an exceptional character is immediately dispersed 
amongst its neighbours and brought back to the mean. 

When therefore the density is such that X/a is very small and the density 
is nearly the maximum, i.e. when G is nearly 6 /a/ 27r, there is no rearrange¬ 
ment of the grains, and this will hold good as G increases provided that the 
extent of the medium for which the value of G is large is very small. 

Thus we have two states of the medium in which the rates of rearrange¬ 
ment are defined, and between these a gap in which the definition is 
difficult. 


Fortunately this difficulty is confined to a very small portion of the total 
range of density, being that between the density at which diffusion ceases 
and that at which diffusion becomes easy. 

This gap covers a region of which the higher limit of p is slightly less 
than 1 /y'2, when the distribution is uniform, and is equal to 1/3 at irregular 
points and surfaces ; X/a being small in both cases. 

For values of p above these limits there is no diffusion and consequently 
no redistribution in the arrangement of mass, while for values of p below 
these limits bhe change in rate of redistribution is very rapid at first, 
then gradually settling down to the same relative rate as that of redistribu¬ 
tion of vis viva. 


If then we take as before a = d 1 (a)/d 1 (t), &c. to represent the small 
angular inequalities instituted by the distortion in the mean system during 
the time 3 a ( t ); the rates of redistribution to which these are subjected will 
approximate to that to which the vis viva is subjected as p approximates 
to zero. Thus the law of redistribution has an asymptote 
3 g (a) _ 2 


d,{t) 


firX 


.( 201 ). 


Then if we take /((?) as expressing a coefficient by which the upper 
limit of p must be multiplied to bring it to unity 


y?) = __A_ „. f i -/(g)p 

d 2 (t) yV X 1 + e~“ 

W) _ _2 l-/(g)p 

3 a (t) firX •' 1 + e~ x 


(1 —f(G) p), &c., &c. 
{1 — f(G) p], &c., &c. 


.( 202 ) 


are expressions which give the rates of redistribution correctly except, 
perhaps, in the immediate region of the higher limit. 

156. The rates of probable redistribution of angular inequalities in the 
rates of conduction. 
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Any angular inequalities in the rates of conduction result, solely, from 
angular inequalities in the distribution of mass, but the coefficients of the 
rates of redistribution are not the same for rates of redistribution of mass as 
for the redistribution of conduction. 


The mean time of continued existence of the path of a grain 

< = ^.'. 

V 


(203), 


is not the moan time for the continued existence of the product of the moan 
path multiplied by the vis viva. If however the mean time for the mean path 
be multiplied by the factor 

V* 8 \ 


we have 


P'S 37T j 

V - ' F J 


.(204), 


which is the same coefficient as for the time of continued existence of 
vis viva. 


To obtain the expressions for the probable relative rates of angular 
redistribution of angular inequalities in the rates of conduction correspond¬ 
ing to the rates of angular redistribution of angular inequalities in the 
distribution of mass, wo have to multiply the relative rates of redistribution 
of mass by the factor 

37r 
8 ‘ 


Then 

dilution 


substituting the actual inequalities in the angular rates of coir 
(Pm> P )> Pi/x i Vzx i 1 < V.C., 


for a,, f, &e., the expressions for the rates of redistribution of these 
inequalities of conduction are. 



.. , a 1 -f(0) p , / 

■p )— x i 

(U 

. a \—f(G)p „ 

— — tvir - 


_ n / ® ^ ./ (P " 


&e., &o. 
&c., &cs. 
&c., &c, 


>• ...(20/5). 


I 


In those equations (204) for the rates of angular dispersion of the dia- 
bortional inequality, and the two rotational inequalities in conduction, as well 
as in the corresponding equations for the rates of angular dispersion of the 
corresponding inequalities in the vis viva of relative motion (185), the analysis 
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for each inequality has been effected separately in terms of the quantities 
which define the state of the medium. 


These six rates of dispersion for each of the components in directions 
w, y, and z added together constitute the rate of increase of the energy of the 
component of relative motion received from the other components of the same 
system. And thus it appears that the expressions for these six rates of 
redistribution are the analytical equivalent, in terms of the quantities which 
define the condition of the medium, of the fourth term in the equation (117 a); 
which may be expressed as 



SECTION XII. 


THE LINE Alt DISPERSION OP MASS AND OP THE MOMENTUM: 

AND ENERGY OE ]IELAT1VE-M.OTION, BY CONVECTION AND 

CONDUCTION. 

167. r l .’.uusio actions are expressed by the second, third and fifth terms in 
equations (12!1), or more concisely by tho second and third terms in (1.17 a), 

y + p, v 0'<| + &c.| , &c., &c. 

It has boon shown that tho notions of tho component mean and relative 
stresses on tho space,-variations of tho relative velocities (p du'/dx -\- Sia.)" arc 
confined to tho resilience and the angular dispersion of the energy of the 
components of relative-motion at the points where the inequalities of angular 
distrilmtienoxi.sk; and therefore do not account for any linear redistribution 
from point to point. 

Linear redistribution requires the conveyance or transmission of energy, &c. 
from one space to another, and the integrals of those actions must be surface 
integrals. 

Those notions of linear redistribution are again such that their effects 
can be studied only by considering tho causes which determine the ratos 
at which energy, &c., is carried and conducted across a plane from opposite 
sides. Tho relative-velocities at which, the grains arrive at a piano, or which 
conic in collision with a grain intersected by tho piano, arc not determined by 
any action at the plane, but by tho antecedent actions. 

As far as tlieso actions of redistribution depend on the convections, that is, 
neglecting the dimensions of the molecules, they have boon taken into account 
in tho kinetic theory of gases. 

Clausius was the first to obtain tho true explanation* on tho supposition 
that tin; mean distance between the molecules was so groat, compared with 
their dimensions, that the latter might be neglected. In this method ho takes 


I'h/;//. Ann. IHIiO. 
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account of the principle, that after a collision the mean velocity of the pair is 
the same as before, and of the consequence, that the molecules crossing a 
plane surface, perpendicular to the directions in which the inequality varies, 
from opposite sides, must have mean velocities such that their sum, in the 
direction of the downward slope of the inequality, is equal to V, the mean 
velocity of the encountering molecules, the same as if they arrived at the plane 
from uniform gas in motion with this mean velocity, b r 1 ; the uniform gas being 
discontinuous at the surface in respect of density and velocity, but continuous 
in respect of mean vis viva; the density and the mean relative-velocity on 
either side of the plane surface being that of the varying gas at a distance 
proportional to the mean path of a molecule. 

Maxwell by a law of force (which he had arrived at from his experiments 
on viscosity* as the fifth power of the distance) obtained a numerically 
different, but otherwise, essentially, the same law. 

In a communication—" On the dimensional properties of matter in the 
gaseous statef”—I have fully discussed this action, of the linear redistribution 
by the convections; confirming and extending Clausius’ explanation. 

In that paper, by making use of the arbitrary constant s for the mean- 
range, or distance from the plane at which the molecules crossing the plane 
receive their characteristics as those of a uniform gas in motion with the 
mean velocity, V, of the molecules which cross in unit of time, the assumption 
that this distance is proportional to the mean path is avoided, and this is 
important where the moan path (A) is of the same order as the dimensions, a, 
of the molecule or grain. 

In these analyses account has not been taken of any effects of conduction: 
so that, neither Clausius’ nor Maxwell’s, nor yet my own previous method is 
directly applicable for the determination of the rates of linear dispersion of 
lineai' inequalities in a medium in which a and A arc of the same order, or 
in which A ja is small. 

It thus appears that to render the analysis general these methods must 
be extended by taking account of the expressions (159), (162), (165), for the 
rates of flux by conduction of momentum, as well as of vis viva in terms of A 
and a ; so as to obtain expressions for the mean-ranges of mass, momentum, 
and vis viva, as determined by conduction as well as by convection. 

168. The analysis, to be general, must take account of all possible 
variations in the arrangement of the grains. 

But in the first instance it is obviously expedient to restrict the arrange¬ 
ment of the grains, to be considered, to those which have three axes, at right 
angles, of similar arrangement, as in the octahedral formation; in which cases, 

* “On. the Dynamical Theory of Gases,” Phil. Trans. Royal Sot'., p. 49, 180)6, 
t Phil. Trans. Royal Soc., 1879, Part it. 
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whatever may be the formation, equilibrium is secured when the internal 
arrangement of the medium is uniform along each of the three axes ; and the 
external actions on the medium over pianos which are perpendicular to the 
axes are also uniform. 


169. Mean-ranges. 

Having obtained expressions for the rates of flux of mass, momentum, and 
vis viva, respectively, lty conduction as well as by convection, for any group of 
grains in any direction, in a uniform medium, it remains to analyse those 
expressions so as to obtain the component moan-ranges of mass, momentum, 
and vis viva. 

It is to bo noticed that mass and vis viva uru scalar, while momentum or 
velocity is vector; and that this fact gives the moan-ranges of momentum and 
velocity a different significance from those of uuihh, and vis viva or energy. 

The moan-range of convection by grains in the direction of their actual 
motion, whatever they may convey, is X. And the mean-range of conduction, 
at encounters between paivs of grains in the direction of the normal, whatever 
is conducted, is a-. 


160. The component mean-ranges. 

The respective component mean-ranges of conduction and convection are 
obtained by multiplying the components of the rate of flux by convection, in 
the direction of the elementary group, by the component of X in that direction, 
and the component rate of (lux by conduction, in the direction of the elemen¬ 
tary group, by the component of o- in that direction, respectively, integrating 
for tho general group and dividing by the integral flux for the same group. 

The component mean-range of mass. 

As mass is not conductiblo the inean-rango of conduction is zero. Tho 
component inean-rango—that of convection—is then obtained from equation 
(175) as 

/: 




ifx. 


.( 20 ( 1 ). 


161. The component mean-range of momentum or component velocity. 

In equations (168) and (163) if tho factors for convection and conduction 
under the signs of integration arc multiplied respectively by X cos 0 and 
a- cos 0, and integrated with respect to 0 from 0 = 0 to 0 = 7r/2, c/j = 0 to 
<£ = 7 r /2 and divided by tho respective integrals of tho llux, between the 
same limits, tho component ranges of momentum in the direction of the 
momentum, by convection and conduction, respectively, arc found to bo 

fX and 
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Amd performing the same operation on equations (160) and (166), the 
component mean-ranges of momentum at right angles to the direction of 
the momentum, by convection and conduction, respectively, are 

|X and §cr. 

162. The metM-range of vis viva. 

Multiplying the convections and conductions, under the signs of integra¬ 
tion, in the three equations (172), (171), (174) respectively by Xcosd and 
o-cos0 and dividing by the respective integral rates of flux, the respective 
mean-ranges are found to be, for convection and conduction, 

For actual energy -§X and |o-, coefficient $. 

Direct displacement $X „ |<r, „ iff. 

Lateral „ f^X „ yfo-, „ $£• 

The mean-ranges of momentum and vis viva, inasmuch as they arc 
expressed in terms of X and a, are general when X has the value expressed 
in equation (146). 

It should be noticed that while the mean-range of the grains in an 
elementary group is X, the mean path from centre to centre, owing to con¬ 
duction, the mean-range of the velocities and the squares of the velocities are 
respectively extended to 

x + T'' / (i) , “ c ' x+ 3 / '© i 

that is to say the velocity of the grain is not determined by the mean 
condition at the centre of the grain at which it last undergoes encounter, 
but at a position further back; and this becomes of fundamental importance 
when X/o- is small. 


163. The mean characteristics of the state of the medium. 

The mean quantities which define the state of a (spherical) granular 
medium in uniform condition are 

(1) cr' 6 Jf2, the mass of a grain, 

(2) the constants in the expression -Ark 102, 

(3) u", v", w", the mean velocities of the medium, 

(4) N, the number of grains in unit volume, 

(5) a, where 3a 2 /\/2 = (F/F')''. 


Of these five mean chai'acteristics (1) and (2) stand in different position 
from the rest, (1) being constant in time and (2) depending on the ultimate 
arrangement of the grains, and the consideration of these may be deferred. 
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The mean characteristics (3), (4) and (5) all enter into the definition of 
the state ot a medium in uniform condition. 

164. Characteristic velocities, densities and mean-velocities of the grains. 

From equation (136) it appears that, referred to axes moving with the 
mean motion ot the medium (u", &c.), the number of grains having velocities 
between F/ and F/ + S F/ in directions which referred to the centre meet the 
surface of a sphere of unit radius in the small element rf(cos d)d(<j>), is 

i d CHs 6 d * = ( f)» («) e ^ ^ d ( v i) de - d <i> .( 207 > 

Dividing by N 

CiV dGim0d * = {lj* d i~) A6 - 1 ^ . (208) - 

If then in one. state of the medium a has the value c 1; and in another state 
has the value a a = c< I (l -|-da Jet,), the characteristic velocities, for which 


a, iv a . 

will he, F/ and F/ = F/(I + da,/ a,). 

The inequality between the characteristics is: 


In the same way for the characteristic densities if the numbers of grains 
in the two states are iV, and N a = N l ^1 + the characteristic numbers of 
the two states arc 

ih and ^1 + , 

3iV 

with the inequality vq 

And if nf and a"(I -|-r)«"/u") are mean component velocities in the two 
states the characteristics are 

// u ///■. . dih"\ 


nf and u.f = uf ^1 


165. (Jharaeteristic rates of jinx when the axes are fared. 

butting l — cos 0, 7/i= sin 0cosc£, n = sin 6 sin </> for the direction cosines 
of the normal at contact of a pair of grains referred to axes moving with the 
mean motion of the medium, in the directions of w, y, z, and remembering 
that the range of convection is A, while that of conduction is <r, that for 

momentum the rates of the fluxes /ire j ^ aiu 'l for vis viva 

and puffing d^Q)^, &e., and d( } iQ) xx for the respective rates of convection 
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and conduction of an elementary group in direction defined by — d (cos 6) d<j>, 
with respect to fixed axes; for the flux of mass we have by equation (175) 

3 (.ft)** = P («" + X [ / cos d) ^ d d<!>, &c., &e. .. .(211). 

And by the last Art. 

3 (oft) OT = a (oft).,* + (s («) f w + S (“"> ^ + S (#) 3 («ft)«. 

whence the inequality of flux is 

3 Oft)** - 3(oft)** = (s («) ^ + S OO ^ + 3 (i\0 3(„ft)**.. .(212). 

Equation (212) is general and Q may represent mass, momentum or 
vis viva. 

166. Rates of convection and conduction of momentum by an elementary 
fjvoup. 

Substituting the mean-rate of flux of momentum by convection, and 
noticing that the component mean-path is increased from X cos 0 to 
X (u" + F/ cos 6)/Vi while the conduction is not altered by the mean- 
motion—omitting the square of the mean-motion and dividing out the X, 
we have:— 

For direct action referred to fixed axes 

3 (.ft)*, + 3(pft)*, = p {(«' + Vi cos ey +^If g) IVcos’dj$rf(-cos 6) <ty| 

&c. &e. j 

&c. &c. ) 

.(213). 

For lateral action 

3 (oft),/® + 3 (pQi)m = P j(w" + V\ cos 6) (v" + F,' sin 6 cos </>) 

+ /(£) V > 003 6sin 6 C0K 0} 'fid(~ C0H 6 ) #.( 214 )' 

167. For the rate of displacement of vis viva by an elementary yroup 
referred to fixed axes. 

Taking, as before, X(it" + F/eos 9)/u' for X and omitting, for the sake of 
simplicity, all quantities of the second order, such as «" 3 /X and Xtr, wo liavo 
for the direct rate of displacement 

3 (ft)ea = P jft" + F' COS 0) (u" + F,' COS 9)" 

+ Vf (u "cos 0 + v "sin 6 cos cp + w "sin 9 sin r/>) cos 3 d 


...(215). 






term, becomes, omitting the terms of second order, 

Su" F/ 2 cos 2 0 -|- V/'-' cos” 0. 

Ono part of the first of these two terms expresses the rate of displace¬ 
ment of mean vis viva by a"; while the remainder of this term expresses the 
displacement of the inequality of vis viva, (2a" V,' cos 2 0) by F/. 

The second of the two terms, which changes sign with cos 0, expresses the 
displacement ( F/ 2 cos 2 0) by F,' cos 0. 

The second term within the brackets expresses the displacement resulting 
from conduction on tho mean normal velocity, and this dees not change sign 
with cos 0. 

Fur tho lateral action 

d {Qi)iix = P j("'" -I- \ r \ cos 0) (■«" -|- F,' sin 0 cos </>) 2 

-I- l / / a (K ,, c<>Hd-|-'«"Hindcost/)-|-'n/'sin0.sin^))cos0Hin 2 aeoH a (/) 

+ Vfl cos 0 sin 2 0 cosh,!} ^ d (~ cos 0) d$ 

.( 216 ). 

168. Tho inequalities in the mean rales afflux of mass, momentum, and 
vis viva resulting from sjxwe variations in tho mean characteristics in a medium 
of equal spherical grains. 

When the mean state of tho medium varies eoutinuoihsly from point to 
point, so that (X/JY) (diY/rfa;), 

j\+ v , 2<r,/‘^ /.‘l| £/ dir, j^X-I- a/2<t j (£)/'*) “j d\C\ds), 

and (X/a) dct/adl are of tho first order of Hinall quantities, the mean charac- 
toristies iY, a, &o., obtained by integrating over a unit of volume, taking 
account of the motion in all directions, are taken as tho mean eharaetoristics 
at tho centre F of the unit element, 

Then it follows that if FQ represents a distance r of tho order X + cr, 
having a direction defined by l, in, n, the characteristics at Q will, to tho 
first order of small quantities, be, putting I fur any ono of tho characteristics, 

+ + + .18X7). 

If, then, r is tho range of I, whether it is X, a/ 2o-/^y^U or a **» 
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as the ease may ho, and it bo assumed 1.1ml. the group of grains arriving at 
P, from the direction of Q, arrive as from a uniform, medium having charac¬ 
teristics which are bins moan characteristics at(J, Llm inequalities in the moan 
rates of (lux at p would bo obtained by substituting 

.i*w> 

for d (I) and integrating j'Jd (/) sin 0 dO dtj> for the partial groups. 

Then! is however nothing in the doliuition of the moan olmmolorisfies, 
ah a point, in a varying medium, as slated above, to warrant the assumption 
that the grains arriving from the direetion Q will arrive at P with the mean 
characteristics of the medium at Q. 

Tins moan eharaeteristies are the means of all the groups at Q, whereas 
the grains arriving at V from Q must, unless 1'Q is at right augdos to the. 
direction in which the medium varies, differ from this mean at Q taken in all 
directions; and therefore cannot have, the moan characteristics at Q. It is 
necessary therefore, to obtain further evidence before we. can determine what 
are the characteristics of the elementary groups in different directions, which 
evidence is found in the conditions of equilibrium of the varying medium. 

169. The conditions between, the variations in the mean characteristics, 
a, u', tic., N or p, in order that a medium , in which a and, the constants 

m/(0 are constant, may be in steady condition with, respect to all the 
characteristics. 

The condition of equilibrium of a medium in mean uniform condition 
requires that u", a and N should each bo constant for all positions and all 
directions; so that in a modimu in which anyone of these mean ohametor- 
istics varies, the rest being constant, the equilibrium would be disturbed. 
But it does not follow that equilibrium would bo impossible if two or more 
of the moan characteristics vary. 

For the case whore ajX is small these general conditions have, been 
already determined, in the study of the conduction of heat by IJlnnsius*, 
ancl more generally, in.the study of the dimensional properties of matter in 
tho gaseous statof. In the lattor instance, this was accomplished by the 
recognition that if tho moan characteristics, u", a, N, of flux by a mean 
group of moloculcH arriving at P wore tho moan oharacteristics of the 
medium at Q, PQ being the range of tho characteristics, the throe conditions 

* Poffff, Ann., Jnn. 1802 ; Phil. Muff., Juno 18(12. 
t Phil. Tninx. Royal Rue., 1897, Part ii. pp. 780 -HO!). 





of steady density, steady momentum and steady vis viva, could not be 
satisfied; whereas if the characteristics, a and N, of the flux arriving at F 
from Q were the characteristics at Q, while instead of the characteristics 
h", v", w" at Q arbitrary functions of w, y , z (U, V, W) are taken for the 
mean velocities of the arriving group, all the conditions could bo satisfied; 
and the values of U, V, W he determined in terms of a", v", w", a and N T . 

This method may he applied for the determination of the conditions 
between the mean characteristics, U, a, N and u", when is largo as when 

A, 

small, now that tins expressions for the moan rates of llux and moan ranges, 
resulting from conduction, have been determined, as well as those resulting 
from convention, in. a uniform medium. 


170. The equation for the mean flux. 


Substituting If for u”, &o. in the expressions for I,he. cliaraelerisfie rutoH 
of llux by an elementary group ( ), remembering that X. is the range, 

of convection and cr the range of conduction, that 


M 


x(/, 

da. — X 


da 




dN 

dN 

d.N\ 

q- 

llx 

m . 
dy 

+ H 'h)' 

da 

da 

i „ ^ 

dx 

ui. , 
dy 

+ n dz)> 

a 

d 


dx + 

in . 
ill) 

+ "«&]“■ 


For convection 


l .(2U)), 


For eoiuluotion 


in the expression fur the. inequality of the llux, and integrating from 0 — 0 
Lo 0 = tr and from <£ = () |,o t/> — 'iir, the equation for the moan llux is obtained 
Lo a lirsL approximation. 


For the flax of -mass. 

From equations (17(i), tlm equation for the llux of mass in direction of 
x is:— 

.<**»• 

liquation (220) has rol'cronco to fixed axes, for moving axos the equations 
become 

„ = l fa.(**x 

These equations del’me the values U, V, W in forms of the oharaol,eristics 
(•»", a, p or N), tin; mean characteristics at the point. 

Far the rales o /' flux of momentum to a first uqiproxiuialion. 

Krom thi! first of equations (210) the, rates of direct llux of momentum 
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become, to a first approximation, assuming X to be the same in all directions, 


,, V2 O' ../o' 

p (uu) +p «=J1 + 


„ a 2 4 X 

P o’ 4* « — 


ai-biU-W'^ + piU+n")^ 


&c., &c. 


f 2 T 3^M " /J 1 1 * 

For lateral flux. v ,. .(222). 

From the second of (213) the equations become 

pX«vy + P "„ - {i + v 3 2 \f (()} | ^ [«{a Ip" ( v -»")) 

Fo?- the rates of flax of vis viva to a first approximation. 

From equations (215) the equations for the rate of flux of direct vis viva 
become 

\p" (uV + p m ) it'}" = | jl + —Z (y)t (■U - u") p"cfi | 


For lateral flux. 
From equation (216) 


-th 


£/©} [“• 


Ip" (»v+ p„,) »T -1 ji + «") />«■ 


4f+fZ©}[4. + zj 

The values of U — u", &c., as defined in equations (221), are small 
quantities of the first order. Henoe as these quantities, and their space 
variations, enter into the rates of momentum as factors of the small distances 
X and a only, the terms into which they enter are all of the second order 
of small quantities, as compared with p, and may therefore be neglected as 
being within the limits of approximation. Omitting these terms from 
equations (222), the rates of flux of momentum to the first order of small 
quantities are by convection : 

C(“ ' 

p (•««)'= P 2 » &c., &e., 
p"(«V)" = 0, &c., &c., 

and by conduction, equation (159), L .(224). 

„ fl2a„/cr\ a 2 


|> &c -> &c -> 


p"xy = o, &c., &G. 
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Tho total rates of flux of momentum being 

V‘2 cr 


141 


.(225). 


(M + P (« "■) = |1 + £ '^./ (^J 
+ P" (wV)" = 0, &c., Ac. 

Substituting in equations (22.*}) tho values of U—u", &c., as obtained 
from equations (221), tho rates of llux of the iris viva of tho component 
motions become by transformation: 


(p"u'n'ur = U -r 


fla a 


dp _ 21 da a \ 
dir 2 p thi) 


/G cr 1_\ „ da* 

* \ X kJI} P dor, 

Q>uW)"-l(puW''l by equation (222) 

(pxv v ) ~~ i\ (Pxx u ) ' 

And for tho rate of flux of tho total vis viva 

h /„ .dp 21. da 9 ' 

l x ( 3a 'ir 2 


, &0..&0. .,.(22G). 


pu'u'u' + p xx u' 

-Vpuvv +iW« i “ <) yV | M/fe \ /(1(T_ I. \ da 9 [ 

+ P^’w + 2 J «w J | ~ *f [ x )\x~ ^ 1 ) adp lx VV P dtv ) 

&c„ &e.(227). 

r rhe equations (221) to (227) as they stand are perfectly general. 

So far however these equations satisfy the conditions of steady density 
and steady vis viva, only, on the supposition that the conditions of moan-mass 
are satisfied. And those conditions explicitly involve tho space variations 
of X\ as is at oneo scon from expiations (225). 

171. 77(0 conditions of equilibrium of mass referred to atm vioviny with 

the mean, motion of the medium. 

Differentiating equations (225) with respect to m, y, z, respectively, and 
transforming, the general conditions of the equilibrium of mass may bo 
expressed as 

/ \ AM i 

f2afQ~f2\a^e * [dx 


dp 

dm 


P 


l da 9 
X dm a 9 dtv 


li\+ f1<rf(? 

and from equation (140), differentiating and transforming 


, (fee., Ac, ...(228), 


dp 

ds' 


k 


,(22 A). 
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Adding the equations (228) and (229) the condition of equilibrium is 

o==/3 ^£" x 3 i&a,&c . : . (23 ° 


The rates of flux of vis viva when the medium is in equilibrium. 

Substituting in the first and second of equations (226), (227) respectively 
from equation (228) the respective rates of direct flux by convection and 
conduction are expressed as: 

a 3 A \ 

„, , , a „3 + V2« 2 i 2 e a Ida 2 „ s 

<>«•) -1ST. {-*( 4 --^),/^^ 

+ ( 1 -|2-V2)./g)}4£,fc,&o, 

the rospeetive rates of lateral convection and conduction being one-third of 
the corresponding direct rates. 

Adding the respective members of the equations (231) the expression for 
the total rate of direct flux of vis viva by convection and conduction is : 


[(p'W + p m ) u]" = - f5 ~ | ^6X 2 - 2 (4a - V2X)a/g)) 


cr\\ 3 + V2« 2 Z) 2 e “■ 


3X + V2<r/ 


. : < 292 >- 


■ Theu, since the rates of flux of lateral vis viva are each one-third of the 
normal rate, the total rate becomes 

i ( p ’:" + 5U “T_ . 


\+(p ,/ tc'w , +p xz )iu 


+(p"u'v + Pxy) v ■ = g-^. + 2 (4<r - V2 X) erf ) 


3X + */2 a f 


+ . (2SS) . 


The equations from (221) to (233) are perfectly general to a first 
approximation of the inequalities, the axes moving with the mean motion of 
the medium, the medium being in steady condition, and the arrangement 
such that a" and 6 2 are constant. 








173] LINEAR DISPERSION OF MASS, MOMENTUM AND ENERGY, ETC. 143 

172. The coefficients of the component rates of flux of (o- 3 . a 3 /2 */2) the 
mean component vis viva of the grain. 


By equation (129 b) Section VIII. 


P = 



Substituting this in equations (233), dividing by N and putting ( 0,? + D,?) 
for the product of the first two factors of the member on the right, these 
members take the form : 


W + D,?) 


a 3 d 
f2 dx 



as expressing the relative rates of flux of the vis viva of the grains across 
surfaces moving with the mean motion of the medium. 


These rates expressed by the space rates of variation of the vis viva 
of the grains multiplied by the coefficient (C^ + D-f) express the rate of 
flux under the condition of steady motion. 


But as long as the scales of the variation of or are sufficiently large, 
as compared with the squares of the scale of the relative mass and the 
mean paths, to come within the limits of approximation for the maintenance 
of mean and relative systems, the rates at each point will be approximately 
the same as under the conditions of equilibrium. 


Then if the inequalities of mean motion aro so small that the inequalities 
instituted in N, X, and a may be neglected as compared with jV, X, a, 
i.e. if the scales of mean motion are sufficiently large and the inequalities 
sufficiently small, the coefficients C' 5 ' J and IX 2 , which are respectively the 
coefficients for convection and conduction, may be taken as constants within 
the limit of approximation. 


173. The rate of dispersion of linear ineqtialities in the vis viva of the 
grains. 

Putting 

Jr tt Z “ + pu ' u ' ) u ' ~ ( px,/ + pu '^ v ' ~ ( pxz + pu ' w ^ w ’}' ‘ ‘( 234 A 


we have 


.(235). 


A 9 ' 3 ? --/pur nn— — (- 
N dj Z “ ” ( ■ + -) V2 dx 3 V 2 

\ _ini t r\i\ s!L A! (— 

Nd,t Ia "~ +A V 2 chf \2 

— ^2. 1 — — (G2 + D 2 ) — ( - 

Nd 3 t xz ~ (2 + 2) f2dz 3 [2 

Thus although not vectors the component rates of redistribution depend 
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severally on the component inequalities, and admit of separate expressions 
which when added together give the expression 

i) . W 


And multiplying by AT 

dj 

dd 


= (0 2 * + Dj) P .V* (£) 


174. The expressions for the coefficients G,? and D,/ involve the arbitrary 
constant b-, so that the general expression cannot be completely interpreted 
until ¥ is defined. But the terms which depend upon b are very small 
except for states of the medium in which X is greater than cr/10 or less than 
lOo-; so that outside these limits the coefficients are independent of ¥ 
within the limits of approximation. 

Then, outside these limits, the expressions for C 2 2 and D 2 2 , as appears from 
equation (233), when cr/X is small, are, within the limits of approximation, 


And when cr/X is large 


2 “Vtt [ 

D.*= 0 ) 

Oi = 0 

„ . 4 cr 2 a (G 


2 3yVM4/J 

And these values become infinite in the limit. 


175. Summary and conclusions as to the rates of redistribution by 
relative motion. 

The equations (202) express, in terms of the quantities which define 
the relative motion of the medium, the rates of angular rearrangement 
of the relative-mass, by institution of relative motion, corresponding to the 
last term in equations (119) Section VI. 

Equations (235) Section XII. express the linear redistribution of in¬ 
equalities in vis viva of relative motion by the actions of convection and 
conduction corresponding to the second and third terms of equations (117 A) 
Section VI. 

Equations (195) and (205) express the respective rates of angular redis¬ 
tribution of angular inequalities in the vis viva of relative motion, resulting 
from convections and conductions respectively, corresponding to the fourth 
term in equations (117 a). 

The second term in the equations (119) Section VI. is the only term 
in the equations of mass which does not become zero when p" is constant in 
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time and space. Thorcforc equations (202) express tho only redistributive 
actions on mass, equation (204), resulting from relative motion. These 
redistributions of relative-mass are essentially positive dispersions of un- 
symmetrieul arrangement, at rates which are proportional to the inequalities 
in the arrangement of the mass. But subject to tho same limit as the 
permanent diffusion, as \/<r becomes small. 

Thus the action of relative-motion on the mass is that of positive 
dispersion of all inequalities. 

The second, third and fourth terms in equations (117 A) are tho only 
terms in the equation which depend on relative motion only; that is, are 
the only terms in these equations that do not necessarily vanish when the 
mis' viva of moan motion is constant. 

Therefore tins equations (11)5) and (204), Section XI., express the only 
redistributive actions on the vis viva resulting from relative motion. 

From these equations it appears that all those actions arc essentially 
dispersive of inequalities, at rates proportional to the inequalities multiplied 
by coefficients depending on the characteristics of tho medium; the only 
limit being that imposed by the nearness of the grains, which is the same 
limit as that of permanent diffusion as expressed in equation (205), 

It thus appears that to a lirsk approximation the action of the relative 
motion on relative mass and relative mu viva is essentially that of positive 
dispersion of inequalities; in which tlm rates of linear dispersion, and of 
angular dispersion of via viva, by convection, arc. subject to no limit, while 
those of angular rearrangement of mass and of angular dispersion of vis viva 
by conduction are subject to a 1‘uiito limit as the grains become closer. 

The generalization of the dispersive actions. 

Tho numerical coefficients of tho several rates of redistribution expressed 
in tho equations (202), (11)5), (205) relate to a medium consisting of uniform 
spherical grains. But if, for these numerical coefficients, arbitrary constants 
arc substituted, these equations become general, that is to say, they include 
all discontinuous media in which the soparoLo members do not alter their 
shape or size. 

Whence tho conclusion follows, that discontinuous, purely niechanieal 
media satisfy the condition for the maintenance of tho state of relativo 
motion. 


n. 


10 




SECTION XIII. 


THE EXCHANGES BETWEEN THE MEAN- AND 
RELATIVE-SYSTEMS. 

176. It has been shown (Sections XI. and XII.) that the effect of the 
relative motion is to disperse all inequalities in the mean vis viva of 
relative motion and in the arrangement of the mean-mass; the rates and the 
limits of these actions having been expressed in terms of the quantities 
which define the relative motion. 

It remains therefore (1) to effect such analysis of the terms in the 
equations which express the effect of inequalities, in the mean-system, in 
instituting inequalities in the relative-system, as is necessary to define the 
actions they express, in terms similar to those in which the rates of redistri¬ 
bution are expressed; and (2), by combining the effects of the respective 
actions of institution and redistribution, to arrive at expressions for the 
resultant inequalities which may be maintained. 

The only terms, which remain to be considered in the members on the right, 
of the equations of component vis viva of mean- and relative-motion (123) 
after transferring the first term on the right, which is the convection term: 

\j t \ >/>(«7], &c„ 

to the left member, are those terms which are concisely expressed as the fifth 
and sixth terms in equations (117 a). 

Therefore these terms are the only terms which express exchanges of 
vis viva between the two systems taken as a whole. And since these terms 
do not become surface integrals they express the exchange, at points, of vis 
viva from the mean-system to the relative-system. And further, these terms 
are transformation terms solely; so that they each express, under the 
opposite sign, the exact rates of exchange as the corresponding terms in the 
equations (116 a). Thus the fifth term in equations (117 a) expresses the 
rate at which vis viva is received by the relative-system from the mean- 
system on account of the diminution of the abstract resilience in that 
system, while the sixth term in (117 a) expresses the rate of exchange of 
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kinetic energy necessary in order to satisfy the condition of no energy in the 
residual system, the expressions under opposite signs boing identical in the 
two systems. 

177. The initiation of inequalities in the state of the medium. 

Sinoo tire terms in (117 a) express the only actual rates of exchange of 
energy between the two systems, and the effects of the rointivo-system are 
purely dispersive, it at once appears that in a medium, in a state of general 
equilibrium, inequalities cun be initiated only by acceleration of mean- 
motion, and whatever the state of the medium may be, all initiation of 
inequalities springs from acceleration of mean-motion as the prime cause. 
This being so, any rate of change which may result by transformation from 
inequalities in the moan-motion will bo expressed as: 


according to whether or not the. rate of convection d 0 " ( )[db is or is nob 
included in the actum. 

In this way the joint actions of institution and re-distribution are ex¬ 
pressed as 

M ),d*( ) 

dyt (I.J 

178. As presenting by far flu* greatest dillic.nlty, and thus entailing the 
most discussion, the rates of institution of angular inequalities in the rates 
of conduction through tins grains demand first consideration. These rates, 
it would seem, have not hitherto been the subject of analytical treatment; 
and although the expressions for these rates of institution are dearly dis¬ 
tinguishable, now Unit the conductions are separated from the convections, 
the, interpretation of those terms presents dilliculties owing, partly, to the 
novelty of the conceptions involved. 

It appears that the analysis of those, conductions constitutes the kinetic 
theory of the abstract elastic properties in the mean-system of a granular 
medium, that is to say, properties of distortions,! elasticity. 

The terms which express the rates of increase, of abstract resilience in 
tho mean-system are included in the last Lena but one in the right members 
of equations (1.1(1 a). 

In a purely mechanical medium there is no resilience in the resultant 
system, so that these terms in the mean-system have their identical counter¬ 
part under the opposite sign in the corresponding equations of the relative- 
system. Hut that which 1ms rendered this subject obscure, is that tho 
counterpart is under different expressions. 

This is owing to the generality of the. equations, which are not confined 
to a puroly mechanical medium. However, mi changing the signs of tho 

10-2 
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terms in (116 A) we have the interpretation of the corresponding terms in 
(117 a). These terms, 


p" /du" dv" dw"\ , „ 
8 V dx + dy dz j ^ 


+ o iP 


/dv," 
V dy 


du" 
P ^~dx 
dv" 
dx 


+ p 


/du" rthiA)’ 
\ dz dx j) _ 


, &c., &c., 


represent the rate at which kinetic energy in directions x, &c. is being 
abstracted from the relative-motion to supply the abstract mean resilience, 
depending on conduction, to the mean-system of motion. This is obvious, as 
regards the first of the terms within the brackets, for the components in 
directions x, y and 5. But as these represent uniform expansion multiplied 
by uniform pressure, both the expansion and pressure being equal in all 
directions, it introduces no angular inequalities in the relative vis viva. It is 
however these terms, or more strictly, the three corresponding terms for the 
directions x, y and z taken together, that, owing to their simplicity, reveal 
the modus operandi by which the conduction through grains, of changeless 
shape or volume, oan affect the work done in contracting the space in which 
they exist. 


It is not the conductions that are the active agents. But these conduc¬ 
tions are a passive necessity of the space occupied by the grains; and thus 
measure the contraction of the freedom of the grains, owing to their volume. 
Whence, it is at once realized that the amount of increase of kinetic energy, 
which would result from a contraction of the entire space occupied, would 
not be the same as it would be if the grains, while conserving their mass, 
ceased to occupy volume. For in the latter caso, taking V the velocity of 
the grains and p for the density, and supposing the action were what is 
called “ isothermal,” the velocity V remaining constant, the rate of displace¬ 
ment of momentum would not be pF 3 /3, as it would be if the volumes of the 
grains were zero. 

Neither would this stress vary with p but with p{l + <£(p)} where $(p) 
represents virtual contraction of the space free to the motions of the centres 
of the grains. Thus the variation of tho kinetic energy caused by a mean 
volumetric strain in the medium is increased by the proportion of the volume 
occupied by the grains to the exclusion of other grains. It is thus seen that 
it is this excess of work in any mean strain, resulting from the virtual 
space from which the grains shut each other out, that is measured by the 
conductions. These effects have been fully expressed in equations (158) and 
(159), Section X., and are easily realized in the case of volumetric strain. 
But it is quite a different matter to realize how a purely distortional strain, 
which neither affects the volume of the space nor the volume of the grains, 
can produce a virtual alteration of freedom open to the grains or inequalities 
in rates of conduction; and hence the importance of the evidence derived 
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from the consideration of the volumetric strain in tho interpretation of tko 
results of distortional strains as expressed in the threo last terms within the 
brackets. From these it appears at om:o that the action which determines the 
character of any effect there may be is rate of distortion, which also determines 
tho rate of action, while the subject acted upon is the component of conduc¬ 
tion induced by tho distortional strain. In tho first of theso distortional 
terms, for instance, 

1 / n du" 

;i ( - p **~P } 7k ’ 

vvu sec that all actions on the mean rates of conduction, oxpressed by p", 
oqual in all directions, are expressly excluded. Tho recognition of this is 
important as it shows the independence of the actions, in so far that if tho 
distortional strain dees not indnee any change in the rate of conduction thero 
is no effect. This raises the question: what is it that determines whether 
or not theso distortional strains shall have, any effect? And tho answer to 
this is furnished from the experience derived from the volumetric strain. 
If tho mean distortional strain, by altering the relative positions of the 
grains from what they would have been without the distortional strains, so 
alters the mean extent of freedom in 1,1m directions of the principal axes 
of tho rates of strain, there will be effects, otherwise not. "Limiting tho 
freedoms” is only an expression for altering the probable mean paths, and 
as a distortional strain consists essentially of strains in directions at right 
angles, such that one of these strains is of opposite sign and equal to tho 
sum of the others, the notion of a distortional strain is not to alter tho mean 
density, nor if cr/A. is small the mean paths of the grains, taken in all 
directions, but to institute inequalities, increasing the mean paths in tho 
directions in which the strain is positive, and decreasing them in those 
directions in which it is negative. 

It be.cunioH plain, therefore, (1) that no matter what the mass or muuhor 
of grains may ho, if the volumes are such that the space they occupy is 
negligiblu compared with the space through which they are. dispersed, tho 
effect of distortional strains on the conductions must also bo nogligiblo. 

And (2) that any elfect the distortional strains may produce on account 
of the sine of the. grains depends on the change in the angular arrangement 
of tho grains, as measured by the angular inequalities in tho mean paths, 
that may ho instituted. 

And from these two conclusions it appears definitely that tho abstract 
exchanges of vis viva, from tho mean system to the relative, system, in con¬ 
sequence of distortional Htrain in the former, and the space occupied by tho 
grains in the latter, depend solely on tho angular arrangements, as they aro 
here called, of the grains. 

This general and definite conclusion brings into viow, for tho first time, 
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the fundamental place which the conditions to be satisfied by the relative 
mass, as set forth in Section V., as resulting from first principles, occupy in 
the exchanges between the two systems. 

It also calls our attention to the fact, pointed out in the preamble to 
Section IX., that the tacit assumption in the kinetic theory of gases, that 
the redistribution of vis viva entailed the redistribution of mass, has limited 
the application of this theory to circumstances in which the conductions are 
negligibly small, and reveals the necessity, for the general theory, of a study 
of the law of redistribution of mass resulting from the dispersion of mass 
as a subsequent effect of encounters, and as boing in somo respects inde¬ 
pendent of, and of equal importance with, Maxwell’s law of redistribution 
of vis viva. 

Although in such studies of the kinetic theory as I have seen I have not 
found any reference to the existence of such a Law or the necessity of its 
study, in a recent reference to the celebrated paper by Sir George G. Stokes, 
“ On the Equilibrium of Elastic Solids,” I was much relieved to find that, in 
his discussion of Poisson’s theory of elasticity, he expresses the opinion that it 
is important to take into account the possible effects of new relative positions 
which the molecules may take up, in which 1 recognise a reference to what 
I have called the angular distribution of the grains. 

179. The 'probable rates of institution of inequalities in the mean angular 
distribution of mass. 

When the condition of the granular medium is such that the probable 
mean path of a grain is the same in all directions—that is, when the mean 
of the paths of all the grains moving approximately in one direction is the 
same, whatever direction this may be—there are no angular inequalities in 
the arrangement of the grains. And when the means of the paths of grains 
moving approximately in the same directions are different for different 
directions, these differences serve to measure the inequalities in the angular 
arrangement of the grains. 

And in exactly the same way the angular inequalities in the number of 
encounters between pairs of grains having relative-mean paths approximately 
in the same direction serve (and are rather more convenient) to moasure the 
angular inequalities in the mass. 

Such relative angular inequalities arc instituted solely by distortional 
motion in the mean system. And the rate of distortion is one of the factors 
of the product which represents the rate of institution of the relative 
inequality; the other factor being the ratio of the average normal conduction 
of momentum at an average encounter of a pair of grains, divided by twice 
the average convection by a grain in the direction of its path. 
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By equation (147) the normal conduction at a mean collision is 


§vwr«/((), 

and by equations (155) and (15G), there arc two mean paths travorsod for 
each collision, and the mean displacement of momentum, by the convection 
of a grain between encounters, is XB'. 


Therefore the ratio of the corresponding normal conductions and normal 
convections is 


2 ( V')" a . / cr\ _ fit cr „ /<r\ 

3 2 3 x f [x) 


..(239). 


And the ratos of institution of relative angular inequalities in tho arrange¬ 
ment of tho mass are represented by 


d t a' _ *J2 a ,,/cr\ 2 /da" dv" dw"' 

9j t ~ 3 X J \X/ ( (to 3 \ dm dy ^ dz , 


&c„ &«*... (240). 


This is, only, when u", v", w" are referred to tlm principal axes of tho 
rates of distortion. And da'/dt, db'/dt, ddjdt, represent the relative rates of 
increase of the menu paths of pahs of grains having relative motion in the 
directions of x, y, and z respectively. Tho rates of relative increase of pairs 
of grains, having directions of motion other than the directions of tho 
principal axes, are obtained from those in tho directions of the principal axes 
as in the ellipsoid of strain. 


Besides expressing the inequalities in tho angular distribution of mass 
and in tho moan relative paths, da', &c., express the rates of increase of tho 
inequalities in tho numbers of cncountors between pairs of grains having 
rolativo velocities in the directions of tho principal axes. But they do not, 
without further resolution, proporly represent tho rates of increase of the 
inequalities in the rates of conduction in tho directions of the principal axes ; 
since the directions of encounter, that is, the normals at ouoountor, may 
depart by anything short of a right angle from tho direction of tho relative 
motion of a pair. 

Before proceeding to consider tho relative-inequalities in the rates of 
conduction, however, it seems desirable, to call attention to tho distinction 
between rules of strain and strains. 

It will bo noticed, after what lias already been said ns to tiro difforonoo 
between the effects of volumetric stmius and disturtional strains, that in 
what follows, tho expressions da'/dt, &o. are used to express the rates of 
incrcaso of relative-inequalities resulting from rates of distortion, while 


* N.B. Tho a', b', c', in this nrliolo imvo no rotation to (a, b, c) an uhoiI in oijuiilionH 
(181) &o. lor inoijualUioH of vie viva. 
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these expressions are equally applicable to the rates of volumetric strain. 
Thus the expressions, 

V2 a „ /cr\ /du dv dw\ 

3 X-' w \dx + dy dz ) ’ 


and 


V2tr,/£r\ ^du 2 tdu dv dw\~ 

3 A 1 ' \k) _ dx 3 \dx dy dz )J ’ 


express, respectively, the rate of relative increase of X, the mean path, 
in all directions, and the rate of increase of the inequality in the mean value 
of the mean paths of the pairs of grains having motion in the direction of 
x only. This at first may appear paradoxical; but the explanation becomes 
clear when it is remembered that a rate of strain does not represent a strain, 
however small. 


For a finite rate of strain to cause a strain it must exist for a finite time. 
And to convert the expression for a rate of strain into the expression for a 
strain it must be multiplied by the expression for a time; recognising this, 
the difference between the effects of volumetric strains and distortional 
strains is at once seen. In the uniform volumetric strain the effects on the 
path of every pair of grains, whatever the direction of the paths, are the 
same; whereas in the distortional strain, if the strain in direction of one 
of the principal axes is positive, the sum of the strains in the other two axe^ 
is equal and negative, and thus they neutralise each other except for such 
effects as result from rearrangement of the grains. 

Noticing this, it is seen that the rates of strain in the directions of the 
principal axes on the pairs of grains with relative motion only, in one or 
other of these axes, are perfectly independent. And, assuming that there 
are no initial inequalities, these independent rates express the initial rates of 
increase of the initial inequalities in the mean relative paths, with relativo- 
motion in the directions of the principal axes of rates of distortion. And, 
as long as the relative inequalities are very small, this independence will 
be approximately maintained. 

Taking St as an indefinitely small increment of time and multiplying both 
members of equations (146) by this time we have, putting a' — da'St/dt, as a 
first approximation to the effects of the rates of institution, 


f2 a 

: ‘T A 



9 dfL 

dx 


2 / du" dv" dw" 
Hi dy ^ dz 


St, &c., &c. ...(241), 


or since X is not affected by the distortional strains we may put for the actual 
rates 


X (1 -pa) — X 



V2 tr ,/tr\ J du" 2 ,du" dv” dio" 
3 X*' \Xy {" dx 3 V dx dy dz 



, &c., &c. 
...(242), 


which express the increase in the mean paths of pairs of grains having 
relative velocities in the directions of the principal axes. 
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Thoii sineo blus numbers of encounters between such pairs arc inversely as 
tlio increase of the paths, we have, equating the reciprocals of both members, 


V2 cr ,/a' 

"3 V U. 


2 fda" dv" dw" 

3 \ dx, dy dz 


St ...(243). 


From which we huve for the rate of relative increase of encounters the 
numbers of pairs with relative motion in the directions x, y, z, 

, f'la ,;a\ {.-.dit!' 2 /da" dv" dw"\) 


J'2 a / cr\ 

:f v 7 tv 


2 nlu" dv" 

3 \dx ' dy 1 


Having thus obtained to a first approximation expressions for the effect 
of rates of institution of inequalities in the pairs of grains having relative 
motion in the directions of the principal axes, we, may proceed as in Art. Ill) 
to find, to a like approximation, the effect of these inequalities in the numbers 
of encounters on the normal conductions in the directions of the principal 
axes of distortion. 


180. The initiation of any alar inequalities in the didrihutim of the 
probable rates of mud action resultiuy from unt/nlur rcdistrilndim of the mass. 

Taking ,v\ f, s as measured in the directions of the principal axes of 
the distortional. strains, and — a', — //, — o' respectively for the relative in¬ 
equalities in numbers of encounters between pairs of grains having relative 
velocities in the. directions of x, f, z' respectively, where »,'+// -I- o' = 0, wo 
have for the probable relative inequality in the number of encounters of pairs 
of grains having relative motion in the directions defined by l', mf, n' referred 
to the principal axes, 

— (/' a «' 4- vT i b' 4- a'V), since /' — if — hf ~ 0. 

Then, faking •«/,, w, ns the direction cosines of the principal axis 
measured in direction id, with respect to any arbitrary system of axes 
measured in directions of ,r, y, z\ 4, /»„, ■»„ and 4, m a , v„ being the direction 
cosines of tlm principal axes of f and T respectively referred to the arbitrary 
system, tlm inequalities in encounters between pairs in directions ui, y, z 
respectively are expressed by 

— (4 J, 4 T Ifb' 4- &c, &o.(24o) 

respectively. Then using — a u — b u — c, to express these inequalities, wo may 
also take, in the usual way, f //, h, the probable tangential inequalities, 

+ .<*** 

— (w,n,u' 4- 'UtiiiJ/ 4- mtfivG), &e., &e, 

Then to fincl the inequality in the number of encounters having normals 
in the directions of the axes of x, y, z , respectively, resulting from encounters 
between pairs of grains in all directions, we must express the probable 
number of pairs having relative velocities in a direction defined by l, m,n 
referred to the directions of tv, y, z ; snob an oxprossiou is 
cq «■ Ihi, 4 - ndb + ide + 2 mnf 4- 2 nig 4- 2 Imh 


,(247). 
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Then the angular distances of the direction of from this line to the axes 
of x, y, z respectively are defined by l, m, n respectively ; and the probability 
of the normal at encounter being in the direction of x is la u in the direction 
of y is ma u and in the direction of z is na x . These are the inequalities in 
the numbers of encounters of which the directions of the normals are in 
the directions x, y, z, respectively, resulting from encounters between pairs 
having relative motion defined by l, m, n. Then integrating — ad, —ajn, 
— a,n over hemispheres having axes in the directions of x, y, z, respectively, 
we obtain, respectively, on dividing by n r the mean inequalities in the proba¬ 
bility of encounters having normals in the directions of the axes x , y , z. 
Thus putting l = cos 9, m = sin 6 sin cj>, n = sin 9 cos (f> , 


27r 


■a c 
Jo l 


d cos 4 


> 1 /, 
a + 2^{ 


1 Id cos 2 9 Id cos 4 1 


+ - 


(6 + e)} 

a , 1 ,, . 

= 2 + I (t + c) 


.(248). 


181. The mean relative inequalities in normal conduction are obtained 
after the manner in which equation (148) is obtained, by resolving the com¬ 
ponents of mean normal conduction in the directions .of' x , y, z respectively, 
and multiplying them by the expressions for n, b, c, &c. equations (247). 


Then, since a+Z> + c = 0, we have for the probable inequalities respec¬ 
tively af 4, Z>/4, c/4. 

Our object however is not to obtain the inequalities in the probable 
number of encounters, but the inequalities in the mean normal conduction in 
the directions of the principal axes. 


The mean relative inequality of normal conduction is obtained by the 
same method as in Art. 104. This requires that for the direction of x, la y 

must be multiplied by *J2 and then integrated. Thus 


reduce to 


3 

2 id cos’ i 


5tt 


1 1 id cos 3 9 d cos’ 9' 

a + ¥^{—3~ + ~~5 


—(b + c)j , &c., &c. 

.(249), 


'/(!) (i« + n (’+«>)—i n V2y ' 

- V2F, T/g) (! t + ~ (c + «)) - - | -t V2U .(250). 

'At) (I c+ is (“+«)'--! A ^ 


These are the inequalities in the probable normal conductions in the 
directions of the axes of x, y, z respectively, and it remains to find the 
inequalities in the probable conductions in the directions of the principal axes. 
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Tlu! probable inequalities in the conductions resulting from an encounter, 
having the normals in the direction of x, are obtained by substituting the 
expressions for a, b, o in the preceding equations, then resolving the 
normal components of K, and cr, in the membors on the right of these 
equations, in the directions of x , y\ z respectively, integrating over a 
sphere of unit radius and dividing by 1.7r. Thus sinoo a' + b 1 + o' = 0, 


2 ?r fl o' Vif 


i? {iy -i- ifi> + tfd) 

vir 


~ - hi 3 ' /217 V 't (i) (ii + hi O' + “')} 1 ■ fc " .» 

It Avill bo observed that these expressions are for inequalities of the 
probable component of conduction in the directions of the principal axes, 
taking into account tin 1 , relative inequalities in probable normal conduction 
in all directions; and that they do not express rates of conduction corre¬ 
sponding to the expressions in equations (158)and (loll),but il'multiplied by 
<r' J .jf'2 the mass of a. grain, they express inequalities of conduction corre¬ 
sponding to the conductions expressed in equation (MS), 

To obtain the expressions for the inequalities in the rates of the relative 
component conductions in the directions of the. principal axes of distortion, 
the expressions for the. corresponding component conductions must be multi¬ 
plied severally by the number of encounters each grain undergoes in unit 
time, and by the. number of grains in unit space, ns expressed by tiro integral 
of equation (157). 

Comparing the expressions thus obtained with the rates of conduction, 
equation (158), it is at once soon that the inequalities in the probable rate of 
component conduction in the directions of the principal axes of distortion 
arc, remembering that a expresses ?i (a 1 ) dit/bit, &e., 

°' :!2 f l PS (0 2 b[t (u/) 3it 12 b &0 .( 2fi2 > 

Then although tlm significance of the and a, &c., used to express 
relative inequalities in mean paths have no relation to the. and a, &c,, used 
to express inequalities in the vin niiHi, in equations (I {>2—-11)4) they are of 
similar significance and admit of similar transformation, whence it follows 
that by a. process strictly corresponding to that followed in Art. 152, those 
rates of conduction transformed to any system of rectangular (ixed axes tv, y, z, 




(>,(«'), (W) 

mpq dil +m,«, J, ;r - 


S,/„ &e. 
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then dividing by St and substituting the values of 


di(oQ 

dit 


(146) 


&c. from equations 


9i (a) _ V2 <t j. (<r\ L dvf 2 /duf dv" dw"' 
d x t 3 a/ \A/ { dx 3 \dx + dy + dz , 


9 i (/) _ _ V2 a 

Sji 3 A 


' dv" dw"' 
, dz " r dy , 


&c., &c. 



,(254). 


To convert these into rates of institution of inequalities in the probable 
rates of conduction they must be multiplied by the constant coefficient of 
the d 1 (a’)jdit in equations (252) which by equations (159) may be expressed 
as: 0'32p"; tho coefficients of the right members of equations (254) may 
also be expressed by 2p"/pa 2 . Therefore 


0'32p' ; 


P i) 


2 - ? ( A *l + W + 1 * ( V ‘ 

dx &\dx dy dz 1) dd ^ 


&c., &c.\ 


Q'32p ,/ ’- ! (dv” dw '' 
a a 1 dz ^ dy 
p 2 J 


Ik 


(p"yi), &C., &C. 


.(255) 


express the initial rates of increase of probable angular inequalities in 
the rates of conduction, resulting from distortional rates of strain in the 
mean-system, which are expressed in the last term but one of equations 
(117 A). 

The rates of increase of conduction resulting from rates of change of 
density. 

By equations (239) the relative rates of increase of p" are the products 
of the relative rates of change of density multiplied by the ratio of the rate 
of conduction to the rate of convection; the last factor is 


= £- 

3 A' \X) a*’ 

p 2 

Thus for the relative rate of increase of p" 

1 dfp") p” / du" dv" | d«A \ 
p" dj a -2 \ dx dy dz J 

P 2 

the actual rate of increase being * 

di(p")_ p”* /du" dv” dw"\ 

3 a 2 \ dx dy ^ dz ) 
p 2 


.(256). 
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182. The transformation of vis viva or kinetic stress. 

This as expressed in the last term of equations (117 a) and multiplied by 2 
so as to express the rate of increase of vis viva (not energy), is 

2p"|(aVy , ^ + (,V)"^ + W^} )& e„ &c. 

If the axes aro principal axes of rates of distortion and the medium is in 
uniform condition the last two terms within the brackets arc zero. Then 
faking a', b\ o' for the. rolativo inequalities, which arc initially zero, we have 
for the rates of increase 


a? djii' „, , („ dv," 2 /du!' , dv" dw" 

'Hit’' ( “” ) + 


, &c., &c. ...(257). 


Putting hniiiiu 4w.j« 2. for the direction cosines of the principal 

axes referral to any system of rectangular axes and faking a, h, c, /, (j, h 
as expressing the inequalities when referred to other fixod axes, by the 
well-known theorem 

a = l/a -|- l/b' +1*o' 
b => in? a' -1- m£b' + m 3 V 
c = nPa' -I- nPb' + nPc' 

' , (258). 

/ = +m 2 n.jb + m a ?i 3 c 

&o. &e. 

whore a -I- b + o = a' -I- b' + o' 

.... 9. tt ,„da' , n db' ,„dc’ 

lh "“ ;u +l ’ di +l - <u . (2li0) ’ 

and substituting for tins valuoR of du'/dt, &c., from (257) 

a* d,a „ „ ( du" 1 (du" , dn" , rZiu"\) . „ 


a? r)j a 

p '2 • fa : 


da" _ 1 /du" ^ dn" ^ dw' 
dx 8 V dx ' r dy dz 


, &o., &c.(2(10), 


a ,J (/’) o o? (dn" dw"\ „ . . 

.< 2,,l > 



3a a /du" dv" dm/" 
2 V dx dy dz , 
1 /du" dv" dw"\ 
'd\dx dy dz j 


ip" (vw 1 )"]: 


1 , dv" , dw" \ 0 0 


.( 202 ), 

, &c., &c,| 

(2G3). 


These equations express the initial rates of increase of angular inequalities 
in the rates of convection resulting from distortional rates of strain in tho 
mean system, which aro oxprossed in tho last terms of equations (117 A). 
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183. The iMtitulion of linear inctjiniliticx in the rates of jinx of nix viva 
of relative motion by connection ami earn! notion. 

Thus far the analysis for the nii.es of institution of inequalities in l,ho 
vix vim and rates of conduction 1ms lieeu enuliiied In the effects of unilhrm 
rates of strain in the menu-motion extending; throughout the medium, whether 
disbortioinil, rotational, or volnmetrie. When however the rales of mean 
volumetric, strain are other than uniform, as long ns the parameters of such 
motion arc large as compared with the parameters which define the spaces 
over which the means of the. relative muss and idative momentum arc 
approximately zero, the analysis of tin 1 effects resulting from small variations 
in the rates of strain in the mean-motions, in instituting linear dispersive 
inequalities in the mean vix viva, of relative motion, follows as a 

second approximation on that which has preceded. 

In Heel,ion V, equation (!)•')), it, is shown (hill provided the relative motion 
and relative mass are subjected to such redistribution as to maintain the 
scales, over which they must he integrated, small compared with the corre¬ 
sponding scales of the mean-motion, the conditions for mean- and relative- 
systems will he approximately satisfied. 


The expressions for the rates of institution of linear dispersive inequalities 
by convection mid by conduction are given by equations (2til) and the last of 
equations (2. f >ti) 


a, 



■l\t 


(f) - 


2 a t du" iin" 

it ^ 2 V dx * ily 
2 £/</«" <//■" 
a a V f/.r dy 


d"<"\\ 

ih ) 

«'--v I 




2 


184. The institution of inequalities in the mean motion. 

In the case of a space within which there are no inequalities, in 
either system, the institution of inequalities in the mean system within the 
space must he the result of some mean inequalities in the mean state of Urn 
medium outside the space---of some action across Urn boundaries; since in 
an infinite medium, including all the mass, all actions must, he between one 
portion of the medium and another. 

Fur the sake of analysis however it, is legitimate to consider the. mean 
actions on the boundaries of any space, as determined by the scale of mean- 
motions, as arbitrary. And it is important to notice that such mean actions 
on the moan motion are the only actions I,hut it is legitimate to treat as 
arbitrary; since, as has been shown in the last article, the institution of 
inequalities in bho rolutive motion results solely from the notion of the mean 
motion. 
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Arbitrary accelerations may bo finite or infinito and by assuming the 
accelerations infinito wc avo enabled to institute finite inequalities in the 
mean motion in an indefinitely short time, and this without instituting any 
inequalities in tho relative motion, ns the instantaneous result o! tho 
institution of tho inequalities in the mean motion; whence, it, appears, that 
wc may, for tho purpose of analysis, start with a medium without any 
inequalities in the mean mass, relative mass, or relative motion, but with 
arbitrary inequalities in tho mean-motion. With such an initial start we 
have, from equations (120) Hoction VI,, 

*f\ <1/^ 

p = 0, &c., &(!.(205). 

185. Tho redistribution of inequalities in the mean-motion, 

Tho effect of the instantaneous institution el' inequalities in the mean 
motion is an instantaneous finite acceleration to tins institution of inequalities 
in tho relative motion as expressed in equations (255) to (2(18) as the result 
of transformation; the notion including both the convections and conductions. 
This acceleration of the inequalities, in vis viva of relative motion, including 
conduction, is also an acceleration to tho institution of the space-rates of 
variation of those inequalities, and those space-rates of variation of tho 
inequalities of relative motion are transformed bade as accelerations of the 
mean motion. 

Thus, although dpa'/dd-- 0, the institution of (lu"/die, say, has instituted 
an acceleration to tho institution of inequalities, the space variations of which 
react as accelerations on the mean-motion. That these reactions are dis¬ 
persive, of inequalities in the moan motion, follows definitely from tho 
sequence of the raf.es of action already defined. 

To proves this wo may consider the acceleration of any one of the 
inequalities, instituted by the mean motion, as to its rate of reaction, on 
the inequalities of position of the mean-momentum, by itself---independently 
of other inequalities. Considering the effect of acceleration of the inequality 

p" + P'%i 

on the* acceleration of tho rah* of increase of moan-momentum, it appears, 
at once, from tho. equations (120) that the* reaction resulting from this 
inequality affects both u” and v". Those effects may be. considered separately. 
But from equations (255) to (2(i;l) it appears that the rate of institution of 
the inequality p” (u'v')'' -i- depends on the. moan inequalities 

(/«" dv" _ 
d)j " r die ’ 

so that if du"/dt y is zero there will still bo reaction unless dv"jd(ii is also 
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From equations (255) to (263) the rate of institution of the inequality is 

— (o" (v'n'Y' + W 1- ( , 0'64 i,„\ ldu" dv'‘ 

dit (p (uv) +p K „)--[p --+— r ^p 

llien changing the sign and differentiating with respect to y we have for 
the rate of increase of reaction from this inequality, 


df + dx )-»• 


.ft 

s,t 2 


OO = 


3 0-64 , 

' + W^ P ‘ 


/d a u'‘ 

\dy a 


dV'\ 

dydxj 


.(267). 


Differentiating this last equation with respect to y the acceleration of the 
rate of increase of the inequality in the mean motion is 


.(268). 


p"<kl(—\ = (o" “ 2 4 - °J®1 n »*\ d2 (*'■" , dv"\ 

P \dy ) [P 2 + 2 , 0 " a 2 P )df{dy + fa) 

This equation expresses the partial effect of the inequality p"(uv')" +p" X y 
on dv!'jdy. And proceeding in a similar manner we have for the other 
partial effect on du"/dx 




— + 0 64 „// a \ Sli- (^!l , dv" 

2 2 p"a? p ) dx-\dy + dx 


Then adding, the total effect becomes 


.(269). 


• 3i 2 /du' dv" 
3j f? \dy + dx 


, a 2 , 0-64 

2 + V 


4 „\/d a d 2 \ (du" dv'’\ 

a aP ) [dx* + dy 2 ) \dy + dx ^ 


It is at once seen that this equation represents a positive acceleration to 
dispersion of the inequality in the mean motion, du"jdy + dv"jdx, as the 
result of the rate of institution of the inequality p"(iiv')" -Pp" xy . 

In a similar manner it may be shown that the effects of the five 
distortional inequalities, in the rates of convection and conduction, are 
accelerations to the dispersion of the five remaining inequalities in’ the 
rates of increase of mean motion. These, together with rates of dispersion 
of the volumetric inequalities, admit of expression in a general form. 


186. Hie inequalities in the component of mean motion. 







du" 

dv" 

' du" 
[ dx 

1 / du" 
3 \ for 

, dv" 
+ ¥ 

. dw 

+ W, 

)}■ 

dy 

+ for 
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'du" 

cku"\ 






, dz 

dx ) 

1 

(du” 

dv" 

dw"\ 

, &c., &c., 


2 

3 1 

\ dx 

dy 



admit of expression after the manner of expression of component stresses by 
simply substituting 7"^, for p" xx , &c., &c., and we may further simplify the 
expressions by putting for (/"«, +7" w + 7"„)/3. 
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In the same way we may take I xx for \p" (u'u')" +£>"**}• In this way wo 
have for the three typical expressions of accelerations to rates of increase in 
inequalities of mean motion 


9r 


P dit , (I"™ I\) - if" tf* 


0'64 


9r 

9r- 

p d,t 3 


(!"„) = I p 


„ a 2 0’64 . 

P o' P 


2 2 p" (£- 

a 2 4 

3 + 3pV 


(I" ax - /"„) ' 

.(271). 


Each of these types, it will he observed, expresses acceleration to the 
dispersion of the inequality of the mean motion. 

Whence it appears that the instantaneous institution of inequalities in 
mean-motion is also an instantaneous institution of accelerations to the 
dispersion of the inequalities in the mean motion. Q. E. D. 


It will be observed that since by definition the mean relative components 
taken over the scale of relative motion are all zero, there can be no change 
in the mean momenta as the result of exchanges between the two sj'stems. 
And hence tho action of dispersion can be, only, changes of the position of 
the momentum from one place to another. 


187. In the consideration of the equations for momentum the question 
of dissipation of energy of mean-motion to that of relative-motion does not 
arise. But, as an acceleration to dispersion of inequalities of the mean- 
motion is an acceleration to decrease the component momentum where it is 
greater and increase it where it is less, so that there is no change in the 
integral momentum of mean motion, it follows, as a necessary consequence, 
the acceleration to dispersion of momentum entails an acceleration to dis¬ 
sipation of energy of mean-motion to that of relative-motion. Tho expression 
for these initial accelerations to dissipation of energy may be obtained in 
various ways, one of which is involved in the proof of the following theorem : 

The initial rates of institution of inequalities as expressed in equations 
(255) to (2G3), for convections and conductions, a,re essentially accelerations to 
mean rates of increase of the vis viva of relative-motion as well as to the 
redistribution of inequalities in the mean system. 

The terms which express exchanges of energy by transformation from the 
mean system to the relative system, which are the only exchanges between 
the systems, are the last of the terms in each of the equations (IIGa). Then 
putting p"3j (u'u')jd, (t), &e., &c., as the initial effects of the instantaneous 

11 


n. 
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institutions of inequalities in the mean motion on the relative motion, 
we have 

’ + w'w' , ~\" (tIn" . do" . chu" 


(1 T „ a 1 a' + v'v' - 

' 3- 


p'i 


+ p 


\-V 

uvJ + v'v' + w'w' 


S 


dx (by ^ dz 
du" 
dx 


/du" 


-1 -p. 

dv"\ 
dx ) 


'<GX 'P 


+§{[p"^'+^r( rfy 

r ,, . , fdii" dw"\) 

+[?«>« -/>«] (* + *,-)} 


[ ...(272), 


and two corresponding expressions for the other components. 

By equation (265) S pd'/dd, &c., &c. as well as all inequalities of relative 
motion are initially zero; so that, initially, both members are zero. Then 
performing the operation djdd on both members and observing that by 
equation (265) this operation has no effect on the mean inequalities, 

\i d ±\ p "*+„A( du :' + dv \ dw ” 

I 3 0jf \f 2 _| Vrhr + dy dz 

3j V , ar\ ~]" du" 

P \ uu “o' 


3, „9i 

dd p a,i 


(u'u')" = - 


3,t 


+ d ~ t [p"v'u' +P, IX Y 
9i 


1-Pxx-p 
dv" 


dx 


dx] 

dw"\ 

+ 1U]]) 


.(273), 


/du" 

.dy 

and two corresponding equations for the other components. 

These three equations taken together express in terms of the differential 
coefficients the rates of institution of inequalities of the relative motion, 
expressions for which in terms of the mean motion are given in equations 
(255) to (263): and substituting these expressions for the differential 
coefficients in each of the three equations, and adding the corresponding 
members, we have for the total initial rate of acceleration of the rate of 
increase of relative energy 
„ 3i 2 (3 ( „ „ 0 - 64 „,\ (/ du"\- /dv"' 

P d]p[2 a j' 


p a? + -77 , P 
r p a- s 


+ 


dw n \- 

dz 


2 (V dy 


fdw" du" 
"* V dx dz 


.(274). 


dx J + (. dy , 
dv"x 2 /dv" dw"' 
dx ) \ dz + dy 

The member on the right is essentially positive while tho left member 
expresses the acceleration of the mean rate of the vis viva. Q. E. D. 

188. The first term on the right, equation (274), expresses the accelera¬ 
tion of the rate of mean-energy of relative motion resulting from the 
inequalities of the direct space variations of the moan motion, including 
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both volumetric and distortional effects, while the second term expresses 
the acceleration of the rale of mean-energy in consequence of the tangential 
space variations of mean-motion. 

These accelerations are all positive, tending to produce a dispersive con¬ 
dition of relative-motion. 


The tendency, thus proved, of the effect of transformation from energy 
cf mean-velocity to energy of relative-velocity, at each point, so to direct 
the signs of inequalities in relative vis viva as to cause dispersion of both 
energy of mean and energy of relative-velocity, and to render the effect 
of transformation, of mean-motion to energy of relative-motion, positive, 
is quite independent of all other actions or effects ; and, although not 
hitherto analytically separated in the theory of mechanics, is now seen to 
be one of the most general kinematical principles—the primo principle 
which underlies those effects which have long been recognised from ex¬ 
perience and generalised as the law of universal dissipation of energy. 

The analytical separation of this -principle does not immediately explain 
universal dissipation. It accounts for the initial acceleration to the dispersive 
condition, hut it dues not, (done, account for irreversibility of the dissipation. 

The proof of this at once follows from equations (27 L), the general 
solution of which is 

J " =/ (+ JP P '' 2 ) (* - y) .( 275 )> 

which expresses two reciprocal inequalities of mean motion proceeding in 
opposite directions uniformly at velocities 


, 0-64 „ 

' + V 
p se¬ 


lf then u" he everywhere reversed, the direction and the rate of propaga¬ 
tion of the reversed inequality remaining the same, will bring the state of 
the relative motion hack to the initial condition. And this applies to all 
inequalities, so that if there were no other action than that of transformation 
including its effects on the mean and relative inequalities, these effects would 
be perfectly reversible. 


189. The conseivation of the dispersive condition depends on the rates of 
redistribution of the relative motion. 

By equations (271) and (274) it appears that as long as the inequalities 
of relative-motion are zero while the inequalities in the mean motion are 
finite the signs of the acceleration to the dispersive condition are always 
positive. Therefore if those inequalities remain small as compared with the 
energy of relative motion, while the signs of the inequalities of the mean- 
motion are not changed, a dispersive condition is secured. From which it 

11—2 
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follows that any cause which maintains these inequalities small, compared 
with the relative energy, will render the dispersion irreversible by reversing 
the mean motion, no matter bow great the acceleration to the dispersive 
condition arising from the prime tendency to the dispersive condition. 

Such actions exist in the angular and the linear dispersions, of the 
angular and linear inequalities of vis viva of relative motion, and rates of 
conduction through the grains, equations (195) and (205), Section XI., and 
(23 G), Section XIL 

From equation (266) it appears that the instantaneous reversal of the 
mean motion has no effect (instantaneous) on the relative motion; so that 
this is not simultaneously reversed. And thus it is not the resultant motion 
that is subject to reversal, but only the abstract mean motion, while the 
abstract relative motion continues as before to redistribute the reversed 
mean motion. 

This explanation of irreversibility of the mean motion and the irreversible 
dissipation of energy could not have been obtained until the analytical 
separation of the abstract mean motion from tho relative motion had been 
accomplished. And this fact fully explains the obscurity which has hitherto 
surrounded dissipation of energy. 

The general reasoning in this article, although sufficient to afford a 
general explanation, is, of necessity, supplemented by the definite analysis 
by which the inequalities in the vis viva of relative motion are determined in 
the next article. 

190. The determination, in terms of the quantities which define the con¬ 
dition of the medium , of the inequalities maintained in the vis viva of relative 
motion, and in the rates of conduction, hy the combined actions of institution by 
truoisformation, and redistribution by relative relative-motion. 

In entering upon this undertaking it is in the first place necessary, in 
order to render tho course of procedure intelligible, to point out that as far 
as mechanical analysis has as yet been developed, including the present 
research, it has not included such analysis as is necessary to express the 
means of the instantaneous transmission of accelerations, and thus we are 
unable to deal definitely with continuous initiation from rest of continuous 
inequalities. This inability, which is generally recognised, was discussed 
in a paper read before Section A of the British Association at Southport, 
though nob further published. In this paper it was suggested that such 
inability was evidence of some property in the constitution of tho medium 
necessary for the instantaneous transmission of acceleration, and showed that 
if the medium consisted of rigid particles as in Maxwell’s Kinetic Theory 
(I860), then since any acceleration at a poiub would, necessarily, extend 
through the thickness of the grain, it would therefore afford instantaneous 
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linear transmission of acceleration, and so render the necessary analysis for 
dealing with initiation possible. As we are here dealing with a granular 
medium, this analysis, if fully developed, would remove the disability. But, 
having assurance of this, wo may avoid the development of the analysis by 
following the method of id tokos—considering only such inequalities as are 
steady or periodic when referred to moving axes. Under such conditions the 
determination of the inequalities maintained is practicable, and indicates 
the general form of the aquations for the general inequalities. 

Tho incompleteness of the analysis for the expression of the linear 
instantaneous transmission of accelerations is net the only reason for con¬ 
fining tho application of the analysis to steady or periodic inequalities. 

Putting aside uniform continuous strains and relations in tlm ease of 
a granular medium, of whieli the moan condition is uniform and iiulnliiiitely 
eotiLimioiis, it is the properties of sueli a medium, of transmitting undulations, 
that first elaiui our attention. And as such undulations are the only 
motions, in such a medium, that can extend to infinity throughout an infinite 
space, they must bo considered as llm principal form of mean motion. 

However, before proceeding to consider the undulations, it may ho well 
to point out the several classes of mean motion which may he recognised at, 
this stage of tlu; analysis. 

Other than undulations, the. only possible mean motions, including mean 
strains, are such as involve some local disarrangement of the medium, 
together with displacement of portions of the medium from their provious 
neighbourhood—as in the vortex ring—which may have a temporary 
existence when cr/X is small; or, of far greater interest, local disarrangement 
of the grains when so close together that diffusion is impossible, (except at 
inclosed spaces or surfaces of disarrangement, depending, us already ex¬ 
plained, on the value of Q being greater than (i/V2. vr. Under which con¬ 
dition it is possible that, about the local centres, there may ho singular 
surfaces of freedom, which admit of their motion in any direction through 
the medium by propagation, combined with convection, together with strains 
throughout the medium which result from the. local disarrangement, without 
any change in the mean arrangement of the grains about the local centres ; 
the grains moving so as to preserve tho mean arrangement. 

191. Nleadi/ continuous uniform drains or undulations exlendiruj Ihrough- 
oat the medium, otherwise in normal condition-. 

We have : 

(1) Equations for the angular inequalities maintained in the vis uiva of 
relative motion. 
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(2) Equations for the angular inequalities maintained in the rates of 
conduction. 

(3) Equations for the component linear inequalities maintained in the 
mean vis viva. 

(4) Equations for the linear inequalities maintained in the rates of 
conduction. 

(5) Equations for the rates of increase of mean vis viva —a-/2—resulting 
from angular dispersion by convection. 

(6) Equations for the rates of increase of mean vis viva resulting from 
angular dispersion by conduction. 

(7) Equations for the rates of increase of mean vis viva by linear dis¬ 
placement resulting from inequalities in the mean vis viva. 

(8) Equations for the rates of increase of mean vis viva, by linear dis¬ 
placements resulting from inequalities in the mean pressures. 

192. Theorem. To a first approximation the first four of these eight 
equations all have the same general form as long as the space and time 
variations of the mean motion are constant, simple harmonic, or logarithmic 
functions of time and space, in which case the constants of frequency and the 
hyperbolic variations are such, as may be neglected as compared with a/X 
and 1/A.. And the same for the last four equations. 

It is to be noticed that the condition' in tho theorem as to smallness 
of the constants is necessary when treating tho variations of the mean 
motion as arbitrary, since the condition is, as shown in Soction V., a necessity 
for the maintenance of the mean and relative systems. 

To prove the first part of the theorem : 

The equations for any one of the six partial angular inequalities in vis viva 
of relative motion. 

Putting 

I for the inequality in vis viva of relative motion. 

I" „ „ „ ' „ „ in mean motion. 

Af for the coefficient by which 7" is multiplied to represent the rate of 
institution. 

Af for the coefficient by which 7 must be multiplied to express re¬ 
distribution. 
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-, -j , -, to represent distances in directions x, y, z , which arc the 

parameters of the component harmonic inequalities in the mean motion ; the 
equation for the maintenance of I becomes: 


dj BJ 
3 i'i d,,t 


= - Ayl" - All 


d ‘- + A.~I=:2A 1 *r 

3 t t 


.(27(1). 


In this case whore and / are component inequalities in the menu- 
, motion, and in the vis vim of relative-motion, the coefficients Aid, aL./, 
are respectively, as in equation (203) Section XIII. and (195) Section 
XL: 

A* —Set . <OT) - 


Then if I" is as before, and J. is taken for the inequality in conduction 
corresponding to the inequality in convection in the same direction, the 
equation will become the equation for the inequality in conduction. If 
11: are put for the coefficients of conduction corresponding - to Aid 
and Al a 3 , 


() - 32p ,,a 
a a ’ 
<’ 2 


11 


_ : Wtt I —/O') P 

4 1 -|- o l 


,(27 H), 


as in equation (205) Section XI. 

Also, if /" is taken to express the, linear inequality in moan-motion in 
any direction, say that of x, in the rate of volumetric strain in the mean- 
motion, and ? is taken to express the linear inequality in the mean vis viva 
of relative-motion, since d~I/<lx\ &e, take the forms — utfax, — — o-/, 2) 

where X/a, 1 jb, 1/c are components of some constant parameter, the equation 
will become the equation for the linear inequality maintained in direction a: 
in the mean vis viva when \/<r is large. 


Putting G'd and (dGT to correspond to Aid and aL./ in (277), 


3(t a A.a 

•Jit ’ 



,(279). 


And I" being the linear inequality in the Hamo direction in the rate of 
volumetric strain of mean-motion; if I is taken to express the linear 
inequality in the rate of mean-conductivity (p"), equal in all directions, 
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the equation becomes the equation for the inequality in the mean-conduction 
if Df, a?Df correspond to Af and A.? in equation (277), 

na ^ P" 2 a n 2 2 4 <r a G 

A = 3 “ ' a A = a a X IV* 4.( 28 °), 

P o 


3 A, v'w 4 


d 3 


since, as in equation (279), « 2 7 = (/), 


Thus ns long as the inequalities in the mean-motion can be expressed 
as simple finite harmonic or logarithmic functions of time ancl displacement, 
the equations for the dispersive inequalities have the common form as iu 
equation (276). 

The second part of the theorem follows as a consequence of the first 
for, sinco the equations for the dispersive inequalities have the same form, 
the general solution of this form of equation will apply to all the in¬ 
equalities. 

Then if such solution can bo found for the dispersive inequalities, 
since the rate of increase of tho mean vis viva at a point, at any instant, 
is the result of the action of tho inequality on the space rate of variation 
of the moan .strain which institutes the inequality, the rates of increase 
of the mean vis viva (a 3 /2) arc the products of the inequalities (7) by the 
corresponding inequalities (/") in the mean-motion. And these are ex¬ 
pressed in a general form. 


193. The approximate solution of the general differential equation for 
the inequalities in mean vis viva of relative-motion and rate of conduction 
resulting from steady or periodic inequalities in the mean-motion. 

In all probability the equation (276) does admit of complete solution. 
But the analysis is greatly simplified by recognising that any secondary 
effects, resulting from the existence of inequalities, to vary the mean vis 
viva of relative-motion (<x 3 /2) by transformation from mean-motion, and thus 
to vary the coefficients Af and A./, are proportional to a 3 /". And con¬ 
sequently, since by definition a 3 is finite, by taking 7" sufficiently small the 
secondary effects of 7" and a" may bo rendered as small as we please, and 
the integral effects indefinitely small as compared with the finite value of a 3 . 

In this way the coefficients A? and Af may be taken as constant, and 
there is no loss of generality in tho solution ; while the expression for the 
rate of increaso of a 3 , as determined by the approximate solution of the equa¬ 
tion of transformation, may be subsequently introduced as a small quantity. 


Solution to a first afproxmiation , I" small. 

Since according to tho theorem the space and time variations of 7" are 
constant or periodic, we may transform the equation (276) by putting 
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q xx , &c. for the maximum values of I" xx , &c., which arc constant). And 
/",> is flic maximum value of u". Houce 

1"ax — <Jxx win (mi — am), 
whore q xx in constant in time and space. 

Wo. tihon have for I,ho, angular inequalitics and linear inequalities re¬ 
spectively : 

fa (l) H- A.fl = A L -q xx sin (mt — am), &o. ) 


fa (h -I- aALfl = (\%x sin (mt - ax), fees, j 

The. introduction of the two forms is only a matter of convenience in 
keeping I,ho. partial constimts distinct. 

Then if wo. put / • •- (id' 1 and eliminate by differentiation with respect to 
time, A i", A being o.onstiant, it can be shown that for steady or periodic motion 


..Ar Ami" - (I") 

(/Ia) 1 I vr dt 


or 7 = / 1 a?(!.r~ l (/") 

and that this is the only solution if d,' J , A a a , &e. are constant. The 
analysis is somewhat long. But if wo recognise that all the tonus in the 
equation (281) must have the same, frequency m, the same result is obtained 
by differentiating both members of (281) and substituting the result from 

A./I — (/) =- A j/l./ sin (mt — am) - m cos (nit — a.r)j . ..(28B), 

whono.ee, since d 2 JJdl u -- — iiaI is of the same form as equation (282), 

V 1 

/ =■- ^ 4 | ^ a A ,“</.« (d,/ sin (mt — am) — m cos (-mi — rar)) ...(284), 

which will be the general form on substituting B,-, .11/ for (!*, u?(l?, and 
./), 3 , a- 1)./ for d/ J , A.?. Q. E. I). 

The equation for the rate of increase of the mean vis viva, (ot a /2). 

Multiplying the expression for /, equation (284), by the corresponding 
expression lbr /", if at once appears that ./ consists of two parts, the once 
being continuously positive, and (he other periodic. 


w. a + A ■/ 


AfqA./ sin (mt — am) 


'id' 1 < 1(, N(/n£ — am) 


,(285), 
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from which it appears that the. dispersive inequality in equation (2S4) is 
oxjirussod by 

* A Ail A.? sin (mf — ir.n ); 
m 3 + vl.p 

the remaining part of I, 

A *' /M t,m{Vd " 

representing that part of l.hu inequality I,ho. ell'ccl, of which is purely 
periodic, or lion-dispersive. Therefore the equation for I,lie rate of increase 
of flic mean vis viva is 

11 ". . d At/A./ sin (nit — itji) .(2S(i), 

■ill- -|- A A 

which is a general form for all rates of dispersion of mean vis oina. 

q. K. li. 


194. Having, in Art, l!)d, obtained the general expression for I,ol.nl 
inequalities maintained by relative-motion as the result of institution by 
transformation and redistribution, as well as I,he general expressions for 
the dispersive, and periodic components of the inequalities, it appears that 
the analytical distinction between the. corresponding inequalities in vis oim, 
and rates of conduction, may be expressed by substitution for A 3 and 
A. 3 , &c,, the values of these constants as expressed - 


for angular inequalities in 


’convection, 

conduction, 


equation (277), 
„ (27b), 


for linear inequalities in 


(convection, 

(conduction, 


(27!)), 
(2,SO). 


They are, for angular inequalities in convection : 
pet 3 (.'I \Jir 


a. v ^ y' 1 

* + U X V 


14 X 


ct sin (mi ™ tnti) m t'os (mi — r/.r)r * • .(SW7); 


for angular iuoquuliljioH in couducLioii: 


L= 


m' J -|- 



:J Vtt ip v j 
:4 X “l + e -«U-./•(»)rlf 


<1 


2 *jTr 
4 X 


a 


I -/((/) p 
+ a • / > u 


sill {ml, — tun) 


■■ in cos {lid — (I.c) ...(2SS) ; 





1,051 'fine EXCHANGES BETWEEN TltlO MEAN- AND UEEATIVIO-SYSTEMS. 171 


for linear inequalities in a 3 /2 in convection: 


o 

S p 2 f (M\a . , , , .1 , 

“ /tmXaY 1 Jtt HUl (m< “ ^ " m C0H •' -( 289 )‘> 


/tmxay 

”* + U*) 


lor 1 incur inequalities in oPj1 iu conduction: 



The equal,ions Cor angular inequalities are. general lor all stal.eH of the 
medium. .Hut I,lie expressions for the linear inequalities are those to which 
linear inequalities approximate according us X/cr is less than the limit at 
which diffusion ceases, or is greater than that at which diffusion is general, 
[Hue Art. I 'M) and Art. 155, Section XI.] 


In considering periodic, inequalities in a medium of unlimited extent, 
which is, except for the inequalities, uniform and isotropic, it will simplify 
the analysis to recognise, that such inequalities as can he propagated through 
the medium, must have directions of propagation which arc norm/d to con¬ 
tinuous surfaces which are either spherical closed surfaces, or of such extent 
that their boundaries are at distances large compared with the periodic 
parameters. 


This in the lii’Ht instance confines onr.attention to directions of propaga¬ 
tion everywhere normal to an iulinito plane. We notice that the cIoshch of 
inequalities in the mean motion are reduced to two: those in which (he. 
mean motion is in the direction of propagation, and these in which the mean 
motion is normal to this direction. 


We also notice that these two resultant inequalities are to a first 
approximation independent, although they may have, the same direction 
of propagation, and therefore may be dealt with separately. 


195. /'impressions for the resultant institutions of inequalities of mean 
motion when the motion is in the direction of propagation. 

Putting ,T) and a," as the directum of propagation and motion for institu¬ 
tion of angular inequalities we have, since 

M£+f + *f) 

\ die dp dz J 
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is an invariant, for the inequalities of mean molion for the inequalities 
(mV, v'v', w'w'), &c. 


dii,," 1. fdii" civ” dw”\ 1 clu 1 du” 

dx i 3 V dx t dy, dz t 1 ’ 3 oh/, ’ 3 dz v 


Then, taking x u y u z, as principal axes, l,, m lt /q as the direction cosines of 
y lt z 1 referred to any rectangular system x, y, z, the components are, 
since 

1 du” _ dn” dv” ! dw” 

3 dx, dx i diji chi 


3 dn” 1 fd.u” dv” dw”' 
1 cL%\ 3 V dxi dip dz, , 


liiiii 


dii} 

chi\ 


&e. &o. 


- udi 


diii‘ 

dx x 


, &c., &e .(290 a). 


For the linear inequality of mean motion, taking the principal axes the 
same as for tho angular inequality, we have 

clu” civ i" clw”\ 

dx, di/i dz, J ’ 

where 

dv, _ dWi _ . 
cly, ~ dzf ~' ' 

And transforming to tho axes x, y, z, we have for the components in directions 
x, y, z, 


/expressions fur the resultant institutions of inequalities of mean motion 
when the direction of ‘propagation is perpendicular to the direction of motion. 

if 'hi. U in are measured in the directions of propagation and mean motion 
respectively, the resultant rate of shear strain is expressed by 

_ dvf 
dee. 


du” dv" dto''\ 0 „ 

,-• + -b , &c., &C. 
dx dy dz 


Then taking y u z, for the principal axes, l,, m y , n, for the direction- 
cosines of the principal axes referred to y 0 . z «> we have, resolving for the 
principal strains, 

du,” , dv a dv!' , dv, dw , . 

- • = • = Lvl 2 = ft 

C ct(0 q CvIXj] C CbCcb) 
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And since 


ii i = «-j = n -1 = 0, l,- = L- = -in,- = m.r = = — Lm., = + •£, 

difidxy = - dvildaii = ± £ dv a /dx v , 

and referring to any rectangular axes x, y, z, the partial inequalities are 

( du" /du," dv" dw"\) 1 ,dv" du"\ 

( dx {dx "* dy ^ ~dz Jj 2 l, (fa? dy) 

1 /dm" du"\ „ „ . 

-ifa, + *)• .< 290B) - 

196. The equations of motion of the mean system in terms of the quantities 
defining the state of the medium. 

Having obtained the four general expressions for: 

The total angular inequality in convection :—equation (237) 

„ „ linear „ „ „ „ (289) 

„ „ angular „ „ conduction „ (288) 

„ „ linear „ „ „ „ (290) 

Adding the two (irst together we have the total inequality in vis viva. 

And in the same way adding the last two together wo have the total 
inequality in conduction. 

Then again adding wo have the total inequality. 

Thun reverting to the forms yl, 3 , Jfi 2 , &e., for the respective constants, 
and introducing the actual expressions for the general expressions I", or the 
harmonic expressions p (u.V), &e., for the inequalities, wo have, Ibr angular 
and lineal' inequalities in vis viva, 


p (uu') = — 


i 3 ~ A t 0~ [du" 1/du" dv" 
• yl./ ' a dt {dx 3 V dx dy 


m? -|- {it(J.f 




. (293) - 


dx dz 






174 


ON THIS SUB-MECHANICS OF THE UNIVERSE. 


[196 


And for angular and linear inequalities in conductions 
„ in. [ t+ ‘% 31 f dv!' 1 iclu" 

pdt ~ m v +J5dP 9«li^ 3 V dec 

£>i ( „ n , 3) fciw" , Cl 


„„ 3 1 idle 1 iclu" dv" dw" 

a dt\ | cLx 3 \dx + dy dz 


B? ( , „. 3) f du" dv" dw") „ „ 

1“' A “ 3S) { dx + dy + arj * &a ’ &C ' 


' ST7U {* -!«} i {£ + f} ■ te ' <295) - 

PW {w-sfiitf+’sW **•••<**»• 


and two corresponding equations in directions y and z for convections and 
conductions. 


N.B. The linear inequalities which form the second member of equations 
(291) and (294), and the corresponding terms of the equations for directions 
i/ and z, do not include such linear inequalities in the vis viva and con¬ 
ductions as are instituted by dispersion of angular inequalities, since these, 
being secondary effects of the mean inequalities which are themselves small, 
arc altogether negligible. Aud thus equations (291) to (296) are the 
equations for the inequalities in vis viva of relative motion to a first 
approximation. Q. E. F. 

As to these inequalities it may he well at this stage to point out: 

(1) That if m 2 and a 2 , Z> 2 , c 2 , which express the frequencies in time and 
space are zero, the angular inequalities in the mean motion arc severally 
constant, while the linear inequalities are zero. 

(2) If the direction of propagation is in the direction of motion, or is 
normal to a shearing motion, all the inequalities in mean motion are zero 
except that one, whether it be 


du du 
dx' dy ’ 


y (t , &c., &c., &c. 
dz 


But otherwise the inequalities of mean motion as expressed in equation (291) 
are partial. 


(3) The coefficients of these partial equations must bo such as will, 
within the limits of approximation, resolve into the resultant equations for 
the resultant inequalities. 


(4) The coefficients in the partial equations which express component 
angular inequalities satisfy the condition of resolution stated in (3) as a 
matter of form. 


(5) The coefficients in the partial equations which express component 
linear inequalities do not obviously, as a matter of form, satisfy the condition 
of resolution to a first approximation unless ci-C^/m s is small. But treating 
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this quantity as small, it can be shown that they do satisfy the condition 
even to a second approximation. Thus omitting the square of a?Cf/m- as 
a first approximation, and putting (a 3 + + c-yCf/ivir, the mean value of 

a*C£, in the second approximation, the terms expressing component linear 
inequalities take the form 

Od(.,n, 3\r»/\ (a* + &* + *) a CA 


d\ T „ ( _ (a* + fc 2 + <?)> C.< 
dt) \ 4m 2 


, &c., &c....(297), 


and these obviously satisfy the conditions of resolution for inequalities in 
both ws viva and conduction : 

CV J / „ 3 \ (du" civ" dw"\ (h (a 2 + b- + c 3 )- CV'l „ „ 

-. “ -si br + ~7u. + -. 7 “ 1 - - • i —f • &o., &o....(298), 


, &c„ &c....(299), 


GV 


/ du!' 

dv" 

did" 

m 2 

K eC ‘--dt) 

\dfif 

+ dy 

+ dz . 

Dp 

/on., 3 \ 

/du" 

dv" 

dw" 


(ft-D»- - - 3 -J 

\dx 

*" dy 

dz 


(ft 2 + b~ 4- c J ) J D.f\ 


which satisfy the conditions of resolution, and the second approximation may 
be neglected. 

(G) The proof that these—(dOp/m 2 —are small, is not possible as long as 
m" and a 3 are considered as arbitrary, and subject only to the conditions of 
being small as compared with <r/\ and 1/X, since the proof depends on 
dynamical analysis which is effected in a subsequent article, in which it 
is shown that for any disturbance propagated through the medium these 
constants are extremely small. 

(7) Although small the second approximation is finite as long as the 
first approximation to the inequalities is finite. Beyond reminding us of 
this fact there is no object in retaining this second approximation. 

197. The equations of motion to a first approximation. 

Substituting in the equation of mean-motion (1.19) from equations (291) 
to (29G) for the inequalities in the relative vis viva and rate of conduction, 
these take the form: 

du"_{ A, 2 [ 4s 31 , Bp |-„ 2 S']] 

p dt (m* + Ad \ A * dt to 2 + dt j 


-(- &c. &c. 

, ( Of 


+ jw 2 +(abb) 4 L a ‘ 1 


1 d 

/ du" 

, dv" 

dw"' 

a dx 

\ dx 

+ dy 

* dz , 

31 1 

r du" 

dv" 

clw"' 

' dt 1 

ldx 

+ dy 

dz 




.(300), 


with two similar partial equations for the rates of increase of dv"jdt and 
dw"/dt, and the conditions 

dw , dv , „ n 
+ — + &c. = 0. 
dy dz 
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Ah explained in (7) in the last article the last factor in the second 
term on the right, which aclcls the second approximation, may be omitted 
within limits of a first approximation. 

Substituting for the coefficients A-c, A. 2 -, &c. their values in terms of 
the quantities which define tho state of the medium, as given in equations 
(277) to (280) and (287) to (290), we have, to a first approximation, the 
equations of motion in the mean system in terms of the quantities, referred 
to axes moving with the mean-motion of the medium, the general ex¬ 
pressions for which arc stated in equations (119). Q. E. F. 

From these partial equations (300), we get the partial equations for 
the component vis viva of mean-motion, in terms of the quantities which 
define the state of the medium, by multiplying the partial equations of 
motion by u", v", w" respectively, as in equation (122), and these added 
together resolve into the several equations of vis viva in terms of the 
quantities the general expression for which is given in equations (125). 


198. The equations of the components of energy of the relative system 
in steady or periodic motion. 


It lias already been shown, equation (285), that the rate at which the 
component of energy of relative motion is increasing, at a point moving 
with the mean-motion of the medium, is the product of the total partial 
component of the inequality in relative motion multiplied by the inequality 
of mean-motion in the general form: 


, 1 

dt \2 / + m'- + («A 2 ) 4 


(^ct-A, 



Therefore, proceeding as in the last article to take account of all the 
inequalities angular and linear, since the constants are the same, and the 
linear inequalities a, h, o are the parameters of the variations, the equations 
for the partial rates of increaso of the energy of relative motion by trans¬ 
formation from the mean-motion become 


1 d /(A 
2 P 3n2 


_Af 
a 2 + A 


du 

dx 

C? 


.‘h-i 

1 /du 


3 

2 dt 


-B, 


m 2 + 


- 1 
B./ |_ 2 2 3ijj 


dv dw 
3 \dx dy + 


dz 


'■ 1 /dv du 

4 \dx dy 


'■ 1 /dw dii 

4 \dx + dz 


to 2 + (aOz) 

D_ 

?n 2 + (ail 


2 SI 


du” 

Jx + ^~ + 


dv " 

dy 


dw 

dz 




with two corresponding equations for the directions y and z. 


.( 301 ), 
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Then substituting for the coefficients from equations (287) to (290) we 
have, to <i first approximation, the partial equations for the vis viva of 
relative motion in torms of tho quantities which define the state of the 
medium, terms lor which the general expressions arc given in equations 
( 12 : 1 ). 

Then considering the partial equations (298) wc havo for the resultant 
equation of relative vis viva, the. general expression for which is given by 
equation (12(5), 





dv^ dw" 
*" dtj "* dss 


.(. 102 ). 


And putting Ibr tho right-hand momher its equivalent 

l ^ ip" + ** + w' 1 )] - l S IP" («'“ + * + w ")]> 

we have, the expression which wonld constitute tho first member of 
equation (L2(1). 

Therefore we have-, in the second member of equation (.‘102), the ex¬ 
pression, to a first approximation, for tile rate o! variation of tho energy 
of the relative system in terms of the quantities which define tho state 
of the medium. 

Thus equations (300), (301.) anil (302) are, to a first approximation, 
respectively the purlial equation of momentum of mean-motion, tho partial 
equation of energy of relative motion, and tho resultant equation ol energy 
of tho relative system. 

And it may ho noticed that the equation ol energy of moan-motion 
corresponding to expiation (125) (Section VI. is at onco obtained by multi¬ 
plying equations (300) by n”, v", w" respectively. 

And thus the dynamical thoory of a purely mechanical medium is 
established and defined for periodic inequalities to a first approximation. 

y. E. D. 
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It is to be noticed here that the three equations (300) of momentum 
in the mean system, to a first approximation, when multiplied by the 
respective components of mean motion, become the component equations 
of energy of mean motion, and on being reduced and added together form 
the resultant equation of mean energy. 


And since, in a conservative system, such as that under consideration, 
the only exchanges between the two systems are between the energy of 
mean motion and the energy of relative motion, we should have as the sum 


13 
2 dt 


1 * 


+ i~K ,2 + u"-- ! + ty" 2 ) = 0 , 


if the approximation is complete; and this is the case. 

That is to say, the approximate expressions for energy of mean motion 
obtained from equation (128) become, on changing the sign, the equations 
for energy of relative motion. 

It thus appears that there is only one equation of energy although 
there may be two systems of partial equations for the energy of the 
components of mean and relative motion. 

There arc, however, two systems of equations for momentum, oue for 
momentum of mean motion, and the other for the mean momentum of 
relative motion, the second of which is expressed b_y 
(u')" = 0, (v 1 )" = 0, (w')" = 0, 

while the first is the system expressed by equations (300). 

This affords a check on the method of approximation which only 
becomes apparent at this stage. 


199. The equations of motion to a second approximation. 

In proceeding to a second approximation, it is to be noticed that the 
rates of increase of a or a 2 , Af B,-, and Df the coefficients in the first 
approximation, are the result of the irreversible dissipation from vis viva 
of mean motion in consequence of the inequalities in mean motion, as 
considered in the first approximation, tending to increase the value of a, 
and to institute linear inequalities in the value of a or « 2 ; such secondary 
inequalities are instituted both by angular and linear inequalities in the 
first approximation. 

But it is not in taking account of these secondary inequalities that the 
second approximation consists, foi', as will appear as we proceed, such 
secondary inequalities are of no account as compared with the first. 

The second approximation consists in taking account of the rate of 
irreversible dissipation of energy resulting from each of the several actions, 
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ns expressed iu the first approximation, ns cause logarithmic rates of 
diminution in the linear inequalities of mean motion. 

In this portion of the analysis, since the general expression for the 
equations to a first approximation has been effected, attention may bo 
confined to the two primary undulations, approximately simple harmonic, 
referred to axes in the direction of mean strain; taking the axis of x for 
that of propagation and the axis of y for that of shear, so that the 
inequalities (I") in mean motion arc expressed by 

daf' . dv" 

, and , . 

(i!V dfc 

Tin 1 equations for the undulations are obtained to a first approximation 
by taking all the rates of variation of the moan motion zero, except those 
which enter into the two expressions respectively in the equations (300), 
(301) and (302). 

200. The determination of the mean approximate raten of logarithmic 
decrement. 

To do this it is necessary to know two quantities:— 

(!) Thu ratio which the mean of tho total undnlatory energy bears 
to the mean of the. energy of mean motion, including resilience, per 
unit volume. 

(2) Tho rate of irreversible dissipation per unit volume in terms of 
the energy of mean motion to which it is proportional. 

Let It be the ratio of the total energy of undulation to the total, 
including resilience, per unit volume; 

T llm cocHicient by which mean energy of mean motion must be 
multiplied to express the rate of dissipation. 

Then, the bar indicating the mean, 

. d (u"* + v"' J + v(i" 5 \ __ / h"' j + t/" 3 -I- 'to'" 

p dt V [- .- 2 . 

Tho logarithmic rate of decrement is 

~T 

fu"' 1 + = e a/i 

Tho values of T are all to be obtained from equation (302) omitting 
the djdt. 

The values of It are a little moro complex. But as in the first 
* No connoction with r (liiu)--Hiu rate of propagation of li({lifc. 



12—2 




This last case, whatever other interest it may have, is of great interest 
in affording a check on the correctness of the approximation, since Stokes 
has obtained a complete solution of this case for a gas as well as any viscous 
fluid, and as <r/\ is small in this case it enables us to compare this approxi¬ 
mation, and, as will appear, to show that the results are identical. In 
this case total mean energy is the same as the energy of mean motion. 

The only values of R which are not included in the list above are the 
values of R for transverse waves for the region between the state of no 
diffusion and that at which diffusion becomes easy, and in this case the 
valuo of R varies, very rapidly at first, hut at a diminishing rate, from 
2 to 1. 


201. The rates of decrement in a normal wave. 

Taking x for the direction of propagation and motion, the motion 
harmonic and u,"- for the maximum value of v!'°\ the mean value is iq" 2 /2, 
and the mean energy 

The two rates of irreversible dissipation of energy by angular inequalities 
and linear inequalities are obtained by omitting the d/dt in the coefficients of 
both the terms of equation (302) and dividing by p. 

For convenience putting A for the sum of the coefficients for the angular 
inequalities, and L for the sum of the coefficients for the linear inequalities, 
resolving in direction x, we have for the respective rates of dissipation 

■r, 9 /u"*\ , ,, /cZu"\ 2 ,, 


= -(M + £) 


And we have for the mean square of the inequality, mean energy of 
motion, and total energy, 

<f/% cf)2a 2 , and cf/a- respectively. 

Thus R = 2 and || = (|A + L) a?, 


\ (3 A + 2) a2 ' 


And the equation for the normal wave is 




sin (mt — ax) .(30(i). 
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lu a similar manner lor the transverse wave 


4 (£)--*(£)•• 


Iho mean values o( — ( dv"jdci)f i {v ")' i , and total energy are, whon o-/X is 
large, and sinee there is no linear inequality, 

f lW2> tfnxfeu?, and 
T = ~Aa\ It — 2, 

and the equation lor the transverse wave heeumes 

ft..,. 'I, 


If c/X is small, It is I and 


sin (mt — am) . 

.(30H> 

sin (mi — am) . 

.(309). 


When <r/X is large the e([iiatiou for umlulatiuns in the direction of the 
propagation is 

II - {1 * a „a.|. 1 n JiL ,l ?1 9 \ 

•«" = f 7 ’ e '« » « * vS T m «/ 1 CO s (mi - «®).( 310 ), 

and the oqnation for transverse undulations 

v" = c" (ii vVl n3 ) 4 cos (mi - a®).(311). 

In the same way if cr/X is small the equation for the normal un¬ 
dulations is 

<7i „f. (} P* Att’to 9 \ 3 j 

a"= h e ~p \'u yir n ‘M p y n -uiv' 1 cos (mi — am) .(312), 

and for transverse undulations 

v" — e~(» Vt “*) / cos (mt — am) .(313). 

I'Tom equation (310) the coefficients A, B, L, are 

A -Wi- ) 


and for small 
K 


and for - large 
A, 


r _ 1 5 XoPu? 

v nr 2 \Ztt 1 

r = fi iL 4 <r9a 

3 m 3 a a 3 3 X \Ztt'I 


We have thus obtained the complete equations for iudclinitely small 
steady continuous undulations, including rates of decrement for normal and 
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transverse waves, iu terms oi thet]uivuOitiitis cc* X., <r wliu’h dohne the condition 
at' the medium. 

These equations are tliuw available for obtaining t-hf ml.es of propagation 
and the rates of decrement lor minimi as well as transverse undulations for 
any specified values of «, X, cr. 

Also if the rates of propagation together with the rates of decrement lor 
both the. normal and transverse waves are known, the values of a, X, rr may 
be found from the equations. 

At this stage of the analysis, however, we have not before us all the dala 
necessary to make a complete determination of file values of «, X, rr, so that 
the equations would he llie equations of light, as this would require a know¬ 
ledge of actual rates of decrement as to which we have im certain knowledge, 
and further, these equations have been obtained by neglecting all secondary 
actions (see note, Art. Il)(i). And thus these equations ull'ord no evidence us 
to the limits of the possible magnitudes of the undulations. 

The conditions which limit the possible magnitudes of the undulafory 
strains have been generally discussed in Art, HI. Section Vll. I'’mm which 
discussion it appears that, when the medium in normal piling has relative 
motion, however small X/<x may he, the medium yields in proportion to the 
stress when subject, to indefinitely small variations of stress; so that, such 
stress is equal to the strain multiplied by a coellicient, which is constant if 
the terms involving the. square and higher powers of the strain are neglected 
as small compared with the first, term; and in this case the medium has the 
properties of an elastic solid within the limits of such strain. It has no 
finite stability and only such dilatation as would correspond to the elastic, 
solid as long as the terms involving the square, and higher powers of the 
strain are small. 

On account of both these the further consideration of tin; undulations is 
continued in the section noxt but one to this -after the consideration of 
tho possible strains, other than the undulafory strains, which all'ord further 
ovideucc. 







SECTION XIV. 


TIr 10 CONKEK VATIC) N OE M10AN INEQUALITIES, AND THEIR 

MOTIONS A ROUT LOCAL CENTRES, IN THE MEAN MASS, 

202. .In the last section wo obtained tho equations for continuous steady 
undulations, including tho niton of decrement, for normal and transverse 
waves in terms of a", X" and cr, the only quantify undetermined being the 
superior limit to tho amplitude; while from flm same section it is evident' 
that undulatory strains have characteristics which differentiate them from 
strains other than undulatory, and that they are essentially elastic strains 
maintained only by the. inequalities of the menu motion, and independent of 
motion by propagation. It remains to elfoct such analysis of tho strains 
other than undulatory, the possibility of which has been pointed out in 
Art. 11)0, Suction XIII. These are: 

(i) Some local disarrangement of tho medium together with some dis¬ 
placement of portions of the medium from their previous neighbourhood, 
such fus vortex rings, which may have a temporary existence if A"/<x is large. 

(ii) .Local abnormal arrangements of the grains whon so close that 
diffusion is impossible except in spaces or at closed surfaces of disarrange¬ 
ment, depending, ns already explained, on this valuo of G being greater than 
(I/v^tt, under which conditions it is possible that, about the local centres, 
there may be singular surfaces of freedom, which admit of their motion in 
any direction through the medium by propagation, combined with strains 
throughout the medium, which strains result from the local disarrange¬ 
ment without change, in the mean arrangement of the grains about the 
local centres—tho grains moving so as to preserve tho similarity of the 
arrangement. 

203. Tho character of tlmso two general classes of strain must depend 
primarily on tho state of the medium, where uniform, as indicated by the 
valuo of crjX". 

When <r/X" is small there is no dilatation, and there is diffusion, hence 
there are, no singular surfaces except such temporary surfaces as result from 
vortex motion. Therefore this class of strain may ho considered as belonging 
to the undulatory class which docs not concern us in this section. 
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The second of these classes of local disturbance, in which c/A, is large, so 
that there is no diffusion except about centres of disturbance, includes all 
local disarrangement of the normal piling that can under any circumstances 
be permanent. 

(i) Such permanence belongs to all local disarrangements of the grains 
from the normal piling, which result from the absence of any particular 
number of grains at some one or more places in the medium which would 
otherwise be in normal piling. The centres of such local disturbance may be 
called centres of negative disturbance, or centres of negative inequalities in 
the mean density. 

(ii) We can also conceive disarrangement resulting from excess of grains 
in the otherwise uniform medium—a definite number of grains over and 
above the number which constitute the uniform piling, and such, whether or 
not capable of independent existence, will be called a positive disturbance. 

These positive and negative centres are the principal centres of distur¬ 
bance, as well as the simple centres of disturbance. 

There are other classes of disturbance which, although more or less com¬ 
plex, are to some extent permanent. 

(iii) If by any action on the medium in normal piling a number (n) 
grains were displaced from their previous neighbourhood when in normal 
piling, to some other neighbourhood previously in normal piling, the distur¬ 
bance would be reciprocal, and, if there were no further displacement, would 
be permanent if there were no further action. 

It should be noticed that such displacement might correspond exactly 
with that of a negative disturbance resulting from the absence of ( n ) grains, 
and a positive disturbance from introduction of (n) grains in positions corre¬ 
sponding to those from and to which the ( n) grains were displaced. 

It should be noticed however that, assuming the possibility of the 
displacement and that of the simultaneous existence of equal negative 
disturbances, this in no way proves the possibility of the existence of a 
solitary positive disturbance. 

(iv) Another class of possible local disarrangement of the normal piling 
in an otherwise uniform medium is that class which does not depend on the 
absence, presence, or linear displacement of grains, but does depend on the 
rotational displacement of the grains about some axis. 

If we conceive a finite spherical surface in the medium, and further 
conceive that for 30° on either side of a diametral piano the medium im¬ 
mediately external to this surface is, owing to rotational disarrangement, 
resisting positive rotation of the surface, while the medium immediately 
internal to the surface, that which extends from each of the poles to within 
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-10 of tilic difunotml plane, is resisting negative rotation, then it will appear, 
since owing to the relative motion the medium is to some degree elastic, 
there will he positive rotational strains extending outwards in the external 
medium within SO of the equator, and negative rotational strains extending 
outwards over both the surfaces from the poles to within 30° of the diametral 
plane, 

.1 hose represent a state of polarisation in the strains of the medium, 
inside and outside, and il we had two such polarising surfaces with similar 
polos in contact the. strains would superimpose, while if the opposite poles 
were in contact the strains would cancel. 

204. With regard to the conservation of similarity in the arrangement 
ol the grains within and without singular surfaces, we may prove the follow¬ 
ing theorem. 

Theorem I. When the condition of the 'medium. in suck that there is no 
diffusion except at a singular surface, where G is greater than G/\/2 7 r «s 
a result of the absence of n [/rains, the replacement of which would restore the 
iiiiiforintlj/ of the medium to that of unstrained ■normal piling, there will result 
inward strains extending from an infinite distance to some sphericul surface 
within the singular surface; then whatsoever mai/ he the inward strains in 
the normal piling and the disarrangement of the grains, with the surface at 
which the strained nomad /riling ceased and abnormal piling commenced., lho 
number of grains absent would he the same ( n ) and the strains in normal 
piling would bo lho same. 

To prove this we have only to ooimidor that, owing to the pressure from 
the outside and the mobility of the grains duo to the relative motion, a", 
however small, would secure that in the first instance the armugoinent 
of the grains was such as to cause tho minimum dilatation, and hence 
would secure the maximum normal inward strain and then would be in 
equilibrium. Then since there would he no outside disturbance, if there arc 
to he any exchanges of neighbourhood owing to relative motion, theso ex¬ 
changes must ho such as do not entail any increase in the moan dilatation. 
Whence it follows either that all the grains within the singular surface must 
maintain their neighbourhood, in which case tho centre of disturbance 
would remain unchanged, following whatever uniform motion the medium 
might have, or the arrangement of the. grains immediately inside and 
outside tho singular surface must he such that the dilatation caused by any 
influx of grains into the singular surface from one side would bo simul¬ 
taneously compensated by the contraction caused by the efflux of tho same 
number of grains from the opposite side, in which, case the centre of dis¬ 
turbance, together with its attendant strains extending from infinity to the 
abnormal piling, would be free to move in any direction and maintain the 
Hftmc minimum dilatation, q. K j>. 
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Its is to be noticed that the second alternative recpiires conditions ns to 
the possibility of which nothing has been affirmed in the proof of the theorem, 
while the first is general. 

Then again we have as a corollary to the last theorem: If two negative 
centres of disturbance exist within any finite distance of each other, the 
numbers of the grains absent in each of the centres would remain the same. 
But it do&s not follow, as a necessity, that the strains in the normal piling in 
the respective centres should be the same as if the other centre of disturbance 
was absent. 

Then again wc have a theorem with respect to a more complex dis¬ 
turbance : 

Theorem 2. When the disturbance is such us would result from the 
removal of n grains from one place in a uniform medium and their introduc¬ 
tion to another qrtace at any finite distance, which is the same thing as two 
equal centres of disturbance at a finite distance, one negative as the result of 
n grains being absent, and one positive as the residt of n grains in excess. 
Then whatever may be the residting strain or motion in and about the 
two centres, the number of grains absent in the negative disturbance must 
always be the same as the number of grains in excess in the positive dis¬ 
turbance however this number may be changed by exchanges between the 
centres. 

This theorem being self-evident needs no demonstration. 

205. The dilatations which result from strains in the normal piling in 
the otherwise uniform continuous granular medium have been subjected to 
somewhat full discussion in Arts. 86 to 92, Section VII. This discussion 
includes the ideal case (a" = 0), in which there is no relative-motion, as well 
as that (a" finite) in which there is relative relative-motion. 

It is with the second of these cases that we are directly concerned, but 
it appears that the only process of effecting the analysis necessary for 
determining the coefficients for the dilatations in the medium with relative 
motion is, in the first instance, to determine the coefficients of dilatation, 
when a" = 0, for small strains in the directions of the axes of distortion. 
Then by examining the effects of relative motion on these to ai’rive at the 
general coefficients of dilatation for small strains in all directions in the 
medium with relative motion. 

206. In Art. 90, Section VII. it appears that in the uniform kinemabical 
medium (X = 0) there are six axes symmetrically placed, which are axes of 
no contraction, and bisect the middle points of the edges of the cube of 
reference, and all pass through the centre. Between these axes and at angles 
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of 4t r )" Lo thorn, that is iu directions parallel to the axes of reference, or the 
edges of the cube, there arc three axes of possible symmetrical distortion; 
honor this medium under any moan stress p", equal in all directions, has 
stability and crystalline properties. If however the stability resulting from 
uniform stress is overcome, say by uniform superimposed stress in the 
direction of one of the axes of reference, tho dilatation resulting from the 
initial small strain is positive, and can bo shown to be equal to the normal 
contraction, i.c. the result of llm normal contraction and lateral extensions 
is Lo increase the volume by a quantity equal to the small normal strain 
multiplied by the initial volume, lienee the coefficient is unity. 

As the strain increases the coefficient diminishes according bo a definite 
law (which will be expressed) slowly at first, then more rapidly until maxi¬ 
mum dilatation is reached, when tho coefficient is zero, and f.r = (i/vr. Tho 
medium is then unstable, and under the mean pressure equal in nil directions 
would revert to some second state of normal piling. 

207. To 
last article n 
dilatations re 
the direction 
Latioii in a kii 

Del 0/1, < 
ho the prinoi] 

Let A 11, i 
the conical hi 
traction. 

but 

0 ~UM 1 , <j> 

Then 


V - ^ . it . I>. o = -.j-. a . sin 0 sin <f> . ( 317 ), 

,. a , =5 — 14 . cot 3 & + cot® $ .(318). 

— da V 

Thou, since dVjV is the dilatation and - da/a the strain, the coefficient 
of dilatation is by equation (1118) 

• a t • ^!r = “ 1 + (;u ^ ^ '/> .(did). 

- da V 


prove tbe statements m the 
,s to the eoollieieutH of the. 
salting from small strain in 
of one of the axes of dila- 
lomabioul medium : 

111, ()(!=a u h u o,, respectively 
ini axes of h train, 

10, &o, 1.1m. generating lines of 
irfaeo be the linos of. no oon- 


0/1 0, L„ = All, L r = Ail. 



L„ cos t) = L,, oiis (I). |. 

L„ Hill & =s (1 = J>„ sin <p) 


(lit r • /) (id' r • . 
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Whence it appears, since 8 = </> and cot 0 diminishes as 8 increases, we have 
for the maximum coefficient 

cot 2 8 + eot 2 <£ — 1 = 1, 

and this is when the axes of no contraction are inclined to the axes of dis¬ 
tortion at 45°. 

Further, it appears that as 0 increases from 45°, cot 2 8 diminishes until 
dilatation is zero, when the condition of the medium is unstable. 

This may be demonstrated graphically. In Figs. 3 and 4 A A, BB and GO 
are the three axes of symmetrical distortion, and the full-line circles represent 
the spherical grains in contact. (See also Fig. 1, page 83.) 




Fig. 3 shows a loss 2 A A' in height. Fig. 4 shows a gain 4 A A' in plan. 
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.1 hcso losses and gains arc taken on the three axes at right angles of 
which tins dimensions are A.A, BB, GG. 

The normal strain is 2AA'jAA. 

The volume is A A , BB. GO or (J..!) 11 . 

The increase of volume (/U) 2 . ^AA'-(AAf. 2AA' = (,/l.d) 2 .2 A A'. 
Whence we. have the dilatation 

rtF = (AA)\ 2 A A' 

V "jAAf ~ • 

And dividing by the strain — 2AA'jAA and changing the sign, we have for 
tho ooonioiont of dilatation 

AA. (yl/l.) 2 . 2AA' _ 
lAA" ~(A~Af 


207 A. Thou as regards tho inequalities of pressure p r = 2p t = § p", 
resulting iroin snoh symmetrical distortional strains in tho principal axes of 
strain, since thorn is no work done on the grains it follows directly, putting 
p" for tho mean pressure, p,. for tho normal in tho direction of the strain, 
and pi for either one of the tangential sinco theso are principal stresses 


j), + 2p« = .y'.(320), 

and since tho.ro is no work done on tho grains, 

Pr ~%Pt .(821), 

whence by (320) 

lh = iP" .(822). 


208. ft is to bo, noticed that, contraction strains, snoh as that discussed 
in the last article, the strain being in the direction of one of the axes of 
distortion, are tho only symmetrical strains when a= 0, and it does not follow 
that tho ooollicinnt of dilatation for small unsynimetrical strains is unity. 
Hut it does follow from virtual velocities that if p" is the moan pressure in a 
kinomalical medium without limit, that the normal pressure resulting from 
a local disturbance cannot bo greater than 2p" and must be greater than zero 
if p" is finite. 

From this wo lmve the proof of the important theorem: 

That whatever the coefficient of dilatation may be, a disturbance such as 
might be caused by the removal of any number of grains from a space in an 
otherwise uniform medium, without relative motion, would be attended with 
inward radial displacement of the grains from infinity throughout the entire 
medium. 

For, sis has just been shown, p r must be greater than zero; so that there 
can be. no cavity greater than the space from which the grains can exclude 
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other grains, and there can be no dilatation without the displacement of 
grains, so that as the ideal excavations proceeded the grains would follow 
inwards, and as there is no elasticity and the grains are all under pressure, 
each grain as it disappears must cause inward movement from infinity; for 
as the coefficient of dilatation cannot be infinite, the grains being smooth 
spheres without friction (so that any binding or jamming would be impos¬ 
sible) every grain would be under pressure. Q. E. D. 

Thus the relation between the tangential and normal pressures would 
depend upon nothing but the coefficients of dilatation, and if these were 
constant the normal and tangential pressures would be constant. But such 
constancy would depend on there being angular similarity in the arrange¬ 
ment of the grains about every axis through the centre of disturbance, 
which similarity docs nob exist in the normal piling. It is therefore certain 
that the inward strains, although having six axes of similar arrangement 
symmetrically placed, would be influenced by the crystalline formation of the 
uniform piling; particularly at great distances from the centre of disturb¬ 
ance. For when the distances from the centre are large the strains would 
be so small that the crystalline characteristics of the uniform medium would 
have undergone very slight modification, whereas near the centre where the 
displacements aro greatly larger the unsymmetrical characteristics would be 
greatly modified. 

On these grounds it appears certain that the coefficients of dilatation 
would be greatest at an infinite distance from the centre and would gradually 
diminish; in which case the tangential pressure would fall and the normal 
pressure rise gradually as they neared the centre, satisfying the conditions of 
virtual velocities and the condition for equilibrium, which latter requires 
that at any distance r from the centre p r + 2p t = p". What the mean of 
such coefficients might be is doubtful, but it seems probable that they would 
not differ greatly from the coefficient unity, which is the smallest coefficient 
for symmetrical distortion. 

"Whatever these coefficients may be it follows from the paragraph last 
but one, that the dilatation resulting from the inward strain must occupy 
the space from which the grains were absent, so that the sum of the normal 
and tangential stresses would be equal to the mean pressure of the medium, 
or p r + 2 p t = 3p". 

209. From the conditions of geometrical similarity in the case of uniform 
continuous media it appears: 

(i) The size of the uniform grains has no effect on the dilatation or 
mean pressures resulting from continuous uniform distortions. Therefore 
similar and equal continuous finite distortional strains will produce similar 
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and equal dilatations whether the grains are indefinitely small or of any 
finite size. 

(ii) The size of the uniform grains in a continuous medium does affect 
the dilatations resulting from strains other than continuous uniform distor- 
timal strains. 

To prove those theorems. 

If wo consider two finite media of which tho parts are exactly similar in 
shape, number, and relative position, but in one of which the scale is A 
and the other B, those media will bo geometrically similar except as to scale. 

Thus whatever strains in proportion, to tho constant parameters, A and 
B respectively, thoso media may undergo, the proportional similarity will 
hold, and this extends to the dilatations, tho coefficients of which will bo 
equal. Q. K. l). 

If however instead of considering thoso similar actions within spaces 
proportional to the, scales A. and B, wo consider these proportional actions 
within equal spaces, tho principle of similarity disappears unless the positions 
and strains arc. such that there is perfect uniformity throughout tho medium. 
This proves tho first theorem. I’erfoct uniformity exists in tho case of grains 
in uniform piling subject to equal distortioual strains whatever the values of 
A ami Vi, provided the spaces an; such that there is no sensible effect from 
the boundaries, Q. K i>. 

It is thus proved that for other than equal uniform strain there cannot be 
similarity in the effects in equal spaces in media of which the scales of 
similarity A. and Ii differ. 

Tims if the strains in the medium in which the scale is A. are subject to 
variation on that scale, while those on the scale B are subject to similar 
strains on that of Ii, then the effects of these variations taken over equal 
spaces will of necessity differ, y. JO. ,1). 

Then since tho dilatations resulting from parallel continuous strains are 
in no way dependent on tins size of tho grains, even if these are infinitely 
small or have any Unite size, the question arises as to wlmt would be the 
difference in tho dilatatious resulting from finite similar local disturbances 
about negative centres in two media in one of which the grains are infinitely 
small and in the other finite. 

In the first place it appears that as far as regards the dilatations resulting 
from uniform parallel distortioual strain those would be independent of the 
size <r. 

And it can bo shown that these arc the only dilatations if a- is indefinitely 
small as compared with the reciprocal of the curvature. 
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For since cr is indefinitely small when the scale of disturbance is finite, 
if we conceive all dimensions including a to be exaggerated so that a 
becomes finite, and the distances between the grains exaggerated on the 
same scale, then, since the mean strains before exaggeration vary continuously 
without crossing, so that in the strains the finite paths of two grains which 
were neighbours before the strain would still be neighbours after the finite 
strain although separated by any distance which is less than the finite 
distance cr, their two paths would still be parallel lines of infinite length 
and at any finite distance apart. 

It is thus shown that if the grains are indefinitely small as compared 
with the dimensions of the disturbance, the only dilatations would be those 
resulting from uniform parallel distortional strains. Q. E. D. 

Again in the case of the medium in which the grains are finite it has 
been shown, Art. 207, that when the grains are finite, however small as 
compared with the dimensions of the finite volume from which grains are 
absent, that the effects must differ from those resulting from uniform parallel 
distortion. 

And by the last theorem, putting 4wt 0 3 /3 for the volume the absent 
grains would occupy in normal piling, it appears, since cr/r 0 is indefinitely 
small, that the dilatations result solely from uniform parallel distortional 
strains. And hence whatever finite curvature may result from finite strains, 
this curvature does not, as curvature, produce any effect on the dilatation; so 
that there are no curvature effects. 

Then since it is shown that when a is finite, however small compared 
with the reciprocal of the curvature in the strained normal piling, the 
dilatation resulting from curvature depends solely on the existence of a 
finite value of the product of a multiplied by the curvature, the dilatation 
will equal cr multiplied by the curvature. 

Further, it follows that for any given strain, this dilatation resulting 
from curvature will be in excess of the dilatations resulting from uniform 
parallel strains. 

210, The analytical separation of the dilatation resulting from uniform 
strain and that resulting from the curvature would be perfectly general if cr 
might have any value as compared with the curvature. But, in that case, 
any analytical separation of the dilatation resulting from distortions from 
that resulting from the size of the grains would be different on account of 
the reaction of the dilatation resulting from the size of the grains on that 
resulting from distortion. But we are only concerned with cases in which 
cr is such that cr multiplied by the curvature is so small that to a first 
approximation any reaction from the dilatation resulting from the curvature 
may be neglected. 
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Whence iI. appears that, to a lirab approximation the only curvature is 
that instituted hy a uniform distortional strain—as if a multiplied by the 
curvature', worn indefinitely small—-Liu; dilataliou resulting from small inward 
radial displacements about a centre being of necessity equal to the curvature 
at each point. J.t follows as a necessity tlmt, faking A as the dilatation 
resulting from the uniform distortions,! strains, the dilatation resulting 
from curvature owing to the. finite wise of the grains at the same point is 
expressed by Atr/2r lt where n is the radius of the singular surface, whonco 
we have for the total dilatation 


211. (Irauular media with relative motion have this fundamental 
(lilferenee. from media without relative motion, that when in normal piling 
the medium with relative motion is within certain limits perfectly elastic 
without crystal line properties, that without relative motion is perfectly rigid 
and crystal I ini'. 

When I,he. media, are both under strain this difference is not so apparent, 
as the medium without relative motion is then also without rigidity. But 
the (lilferenee is still Imulaumiifn.l, and the luudamontality of the difference 
in no way depends upon the degree of relative motion. Bor in the one the 
medium Hatislies the oniulition of virtual velocities, while in the ether state, 
owing to its elasticity, this condition cannot lie absolutely satisfied however 
near the. approximation may he. 

The orueial (lilferenee. between the two slid ,oh is virtually reduced to the 
existence of a state of absolute rigidity in the one, however limited, when 
the piling is normal, and tlm absence of such rigidity in blm other however 
small may he the relative motion. 

Bor as has been shown in Art. 207 tlm medium without rulativo motion 
while, satisfying the condition of virtual velocities when strained from the 
normal piling, will also satisfy the condition of equilibrium • that tlm sum 
of the normal and tangential pressures equals three times tho mean pressure, 
or that 

p, + 2p< » dp".(323). 

Another medium will also satisfy the conditions that the pressure botwoon 
the grains cannot be negative, and that every grain iH in contact with at 
least four grains, whence if follows (since, flic last three of the four preceding 
conditions are satisfied in the strained medium without relative motion they 
are of necessity satisfied hy the strained or unstrained medium with rotative 
motion) that if, as lias been shown, the condition of virtual, velocities can he 
satisfied to any degree of approximation in tho medium with relative motion, 
such medium has to any degree of approximation ull the properties of the 
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medium without relative motion, except those depending on the limited 
stability on which tho crystalline properties depend. 


It is thus shown that the necessary distinction between the two states is 
that of finito rigidity when there is no relative motion. 

In regard to this statement it is perhaps necessary to call attention to 
the fact already demonstrated, that in the case of a medium with relative 
motion, the relative motion as expressed by a in a steady state of strain 
must be constant, since any inequalities in a aro subject to redistribution, 
so that the mean energy of every grain remains constant. Therefore tho 
energy of the medium after the grain has been removed and the inward 
strain established would be constant, and there would be no change in tho 

mean relative kinetic energy of the grains ^ ^ • iU1( ^ if is stale after 

the grains have been removed with which we are alono concerned. 


This although, for tho purpose of analysis, an ideal action—that of 
removing grains from a medium in otherwise uniform normal piling—such 
action has no existence. This appeal's from Theorem 1 in this section, from 
which it follows that whatever may be the volume occupied by the absent 
grains when in normal piling such accident is permanent. 


It has thus been shown that the inward strains resulting from the 
absence of grains which would occupy the volume 47r?v'/3 in normal piling 
about any centre in the infinite, elastic medium, must cause dilatations 
extending-from an infinite distance to the singular surface about the centre 
of disturbance, which dilatations occupy a volume equal to 47r?v'/3, the 
volume from which tho grains arc absent; and they are such as satisfy tho 
conditions of equilibrium under the same mean pressures normal and tan¬ 
gential expressed by 

lb + = 3p".(324), 

p" being the mean pressure equal in all directions. 


212. It also follows from Art. 210 that these dilatations, notwithstanding 
the relative motion of the medium, admit of analytical separation into tho 
two classes: 


(i) Dilatation resulting from uniform dislorbional strains such as would 
result if cr were indefinitely small. 

(ii) Dilatation which results from the finite value of a and the curvature 
induced by the uniform distortionai strains. 


The relations of these dilatations arc those expressed in Art. 210 by 


a(i + 


jr \ _ (the total dilatation per unit) 
2 rj | of volume at the point j 


.(325), 
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for the only difference resulting from the relative motion is the absence of 
any limited stability. 

213. From the conclusions arrived at in Art. 211 it follows, if p" is 
constant, that the total dilatation resulting from the inward strains does not 
depend in any degree upon tho coefficients of dilatation, nor upon the relative 
motion a, as long as arjX is within the limits of no diffusion, whatever may he 
the value of a. 

It does not however follow from this that the distribution of the strains 
is independent of the variations in the coefficients of dilatation, since it has 
been shown (Art. 207) that if there is no relative motion the coefficients of 
dilatation must increase with the distance from the centre of disturbance. 

But in the absence of any limited stability as in the case of a being finite, 
since we need consider those cases only in which the coefficients of dilatation 
from small strains are unity, the circumstances may be so chosen that the 
strains follow some regular law. 

However, before discussing these circumstances, we may with advantage 
consider what further conclusions as to the relation between the strains and 
dilatations, as well as the relation between the normal and tangential 
pressures, arc afforded by the adoption of unity as the general coefficient 
of dilatation in the medium with relative motion. 

Since the coefficients are constant and equal to unity, the mean strains 
resulting from the absence of a volume of grains expressed both in magnitude 
and shape by the sphere 4nrr 0 i /3, will be radial and symmetrical. Then by 
the theorem of Art. 212, if a is small compared with r b) since the strains 
must be everywhere very small, the relations between the inward straiu and 
the dilatation will be such (if at any point we take a* for the principal 
strain in the direction of any radius and ,/3 and 7 for the principal strains 
tangential to the surface of tho sphere, since the strains are inwards /3 and 7 
are negative and equal) as are expressed by 

/3 + 7 = - *«, or = - 1 .(326). 

Then adding (/3 + 7 ) tho negative or contraction strains to a the positive or 
expansion strain, we have the dilatation 

-<' 5+ -> = l |. TO . 

a- — 2 (ft + 7 )J 

Then we have from these equations the general relation that the dilatation 
resulting from tangential contraction — (/3 + 7 ) is equal to half, and can only 
be half, the normal elongation resulting from the tangential contraction, 
together with the dilatation caused by the contraction strain. 

* a, ji, 7 aro hero used to express principal strains. 


13—2 
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The dilatation expressed by either member of' equation (327) is the total 
dilatation resulting from the uniform distortional strains, us well as that 
resulting from the curvature on account of the finite size of the grains. And 
to complete the analysis of the relations between tho dilatations anil the 
strains it is necessary to effect the analytical separation of these two 
dilatations. 

The separation of the dilatations follows at once from equation (324). 

By equation (327) wo have for the total dilatation per unit of volume at 
a point 

- (0 + ?)• 

And from equation (325) the total dilatation is 

Therefore A = — ^ 

1 + Y~ 

2 n 

A jl — ~ (ft + y) z 

2 n 

The first and second of equations (328) arc respectively for the dilatations 
resulting from uniform strains and from the size of the grains. 

These involve the squares of aj 2?’,; neglecting this term wo have as 
approximations : 

For the dilatations resulting from uniform strains 
- 03 + 7) “ 2 ^) • 

And for the dilatations resulting from the size of the grains 

Adding these two last expressions we have 

-08 + 7 ).(329), 

which expresses the total dilatation per unit of volume at a point in the 
medium. 



Then integrating the partial dilatations from 00 to i\ over the medium, 
since the total integral dilatation is 47 rr 0 3 /3 we have for the integral dilatation 
resulting from uniform distortion 



.(330). 
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And lor the dilatation resulting from bho size of the grains 

I ~ (/? -I- 7 ) £~ r,tlr = (■> “ ^ ) o' -y 1 V> .(381). 

iho relationsbetween tho strains and tin 1 1 '(',suiting dilatations, as expressed 
in equations (.‘12() to 3:11), are I,ho complete. l'olation.s to a first approximation 
as long as thorn is no othor disturbance in tho normal piling than tho 
spherical disturbance which gives rise, to tho radial inward strains. And they 
liavo boon obtained by taking Iho noollio.ionts of dilatation as unity. 

Tho relations botwoon tho principal stresses are such as satisfy tho 
equation of equilibrium 

pS+W^np'' .(332), 

and are also such as satisfy tin 1 condition of virtual velocities approximately, 
which on the assumption that tho coellicionts of dilatation arc. unity, since 
the contraction strains arc tangential, requires 1,1ml. 

Ih" -W .(333). 

I'll ore, fore, from (332) and (333) we have 

•pi'-fp" and .(834). 

.liquations (332) and (333) express completely, to a first approximation, the 
relations between I,he oonslnnl, moan pressure, equal in all directions, and the 
constant mead tangential and norma,I principal stresses resulting from a 
negative spherical disturbance about an only centre on the supposition that 
the cocllieieiits of dilatation arc unity, 

214. Having in the Iasi, article effected the analysis of the relations 
between the dilatations and strains, as well as between the mean tangential 
and normal principal stresses mid the mean pressures, equal in all directions, 
about mi only negative coni,re, on the. supposition that tho coefficients of 
dilatation are unity, it remains to consider that choice poiulod out (Art. 213) 
of tho. o.ircumstane.eH under which this condition can bo realised. 

The definition of a negative local disturbance. (Theorem (i), Art. 203) in¬ 
volves the absence of a certain niunhor of grains, which if present in normal 
piling would render the piling in tho medium normal, reverse the. strains, 
and ho obliterate all truce of disturbance a,bout the centre;. 

There iH nothing in the dcliuitiou of such local cold,res that defines the 
moan distance from tho local centre, at which the grains may bo absent, nor 
is there any obligation that the, Hpnco from which the grains are absent shall 
be coni,imums, as long as there is some symmetry about tho centre. 

It !h therefore open for us to consider such arrangement of the position 
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about the centre from which the grains are absent as will result in the least 
analytical complexity. 

It would seem at first sight that the greatest simplicity would be secured 
by assuming that the grains were removed from a spherical space. But in 
that case it at once appears that the inward radial displacement would 
extend to the centre of the sphere. And it also appears (Art. 207) that 
the contraction strains as the centre was approached would be such that 
instability would come in, and the arrangement near the centre would revert 
to some more nearly normal piling, forming a nucleus of grains in normal 
piling without dilatation. In this case the dilatation would commence in the 
grains outside the spherical nucleus, there being a spherical shell of grains in 
abnormal piling constituting a broken joint between the nucleus and the 
medium outside, which, although strained inwards, would still be such that 
the grains had not changed their neighbourhood. Thus it appears that the 
abstraction of grains from a spherical space would not entail that this 
strained normal piling would reach the centre. 

The arrangement instituted as a result of this abstraction from a 
spherical space seems most natural and, with a little modification, such 
arrangement presents the least analytical difficulty. 


If we adopt the nucleus in an exaggerated form and the spherical shell 
of grains in abnormal piling, no matter how thin, also take ?■, for the radius of 
the singular surface which is somewhere within the spherical shell of grains 
in abnormal piling, since the volume of grains absent is 47n'„ : '/3 which volume 
as a spherical shell of radius would have a thickness approximating bo 
9’o 8 /3?'i 2 , wc have as an expression for the inward radial displacement of the 
graius in strained normal piling which are adjacent to the singular surface 


r l_ = W 1 


(335). 


Then since this is the greatest possible radial displacement, and being 
adjacent to the singular surface is independent of dilatation, the contraction 
strain, owing to the displacement, would be the largest contraction strain 
possible. Whence, if this is small, all the contraction strains will be very 
small, and as the dilatations aro equal to the contraction strains, though 
of opposite sign, the dilatation would be very small, and by Art. 207 the 
coefficients of dilatation would approximate to unity. 


In order to show that the contraction strains at the singular surface 
resulting from radial displacement 



would be very small; let the outer circle (Fig. 4 a) represent a section 
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through the centre. of disturbance befbro the volume 47 tv^/S is removed, 
and t<b(i inner circle represent the section through the centre after the 



Fitf. 4 a. 

volume is removed. Thou if the inner circle is taken to represent the 
section of the singular surface through I,be centre of disturbance, since tiro 
radial displacement |« = — 2 (/3 -|- <y)} of the grains at that surface has been 
shown l.o be (equation .‘bl5) the contraction at the singular surface is 



Then Hinoe 7 ',,/r, is small, according lo powers of r„/r,, we got a rapidly 
converging series, the lirsl. term ol whieh is 

.(» 37 ). 

Then hyei|uatioH (.127) we have as a lirsl; approximation to the dilatation 
resulting from Ihe eunl,ruction at the singular surface nV'^V 1 . And as this is, 
approximately, the greatest possible dilatation, it follows that under the 
conditions ns Htated above the radial displacement and inward strains arc 
such that the coellicioiil.s of dilatation would to a first approximation bo 
unity. 

1 1 , is thus shown that the conditions assumed in the present article arc 
not only possible but are also the most probable, 

216. In order to complete.! the analysis for an only negative centre it 
iviiuiiiis to obtain the expressions for the contraction strains and dilatations 
at any distance from tlm singular surface corresponding to those found in 
the last article Ibr the contraction strains and dilatations at the singular 
Hiirface. 

This problem differs essentially from that of determining the strains at 
the singular surface; this difference appears at once when we realise, as 
already pointed out, that the rudiu! displacement which the grains at the 
singular surface Imve undergone is definitely expressed by iv'/.b'd, since 
it is subject Lo no displacement from dilatation, whereas the radial displace¬ 
ment which 1 , 1 m grains at an arbitrary distance r from the centre have 
undergone depends on the dilatation between v and i j. 
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There arc however two definite conditions that the radial displacements 
must satisfy to a first approximation. 

(1) The condition (Art. 207) that whatever* the radial displacement may 
be it must be such that the integral of the dilatations taken from r, to oo 
shall be equal to the volume from which the grains are absent. 

(2) That the radial displacement must be such that at any distance 
greater than the resulting tangential contractions will cause dilatation 
which, integrated over the volume of the spherical shell 47 t(ty i — j* 0 a )/3, will 
express when divided by ?y’ radial displacements corresponding to those 
assumed. 


If instead of talcing — rffir 3 or — , i\r^jZr l r a we take 



for the radial displacement, we have for the contraction strains, since they are 
negative and only half the total elongation, 



From which to a first approximation we have for Lhe contraction strain 

1 TV’q 8 

3 i* ' 


Then changing the sign, multiplying by 7r and integrating from r, to r 

47r?v‘ 4*7 t ?*,?V 

~3 3 r '. 


47 rr 1 r 


• rjL, 


a cfo* = 


.(338). 


The result arrived at in equation (338) admits of more general proof, 
from which it appears that this result is the only result possible. 

Putting X for the radial displacement; since the dilatation is expressed 
by Xjr we have to obtain the expression for X satisfying the condition 

k|"^ = jr°'.(339), 

whence it appears that 

X = ...(340). 

Also dividing the last term in equation (338) by r" we have for the radial 
displacement at a distance r 

— ? h r o 8 
3r l 1 

which is the same expression for the radial displacement as that assumed. 
So that both conditions are completely satisfied. 
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216. In this section it is assumed that there is no diffusion. Having in 
the previous articles in this section effected the analysis of the inward strains 
and the consequent dilatations for only negative spherical disturbances 
resulting from the absence of grains, before proceeding to consider the corre¬ 
sponding analysis for the other inequalities in the density of mean matter, 
it seems convenient to proceed with the analysis necessary to determine the 
effects such negative disturbances may have on each other when existing 
within finite distances of each other. 

Any such action must depend on the interference of the strains outside 
the respective singular surfaces, and any attraction of the centres resulting 
from such interference must be a function of the distance between the 
centres. 

From Arts. 209 and 212 we have perfect similarity in the strain 
resulting from uniform distortions, from which it follows that such strains 
from different negative, centres superimpose without affecting their respective 
dilatations, and hence can in no way interfere or attract one another. 

In the case of the strains resulting from finite values of a owing to the 
curvature resulting from distortions, the strains from different negative centres 
at any finite distance must interfere. 

This appears in Arts. 209 and 212, in which it is shown that for other 
than equal uniform strains there cannot he geometrical similarity in the 
effects in equal spaces, in media of which the scales are different. 

For, applying this to the case in hand, since the diameter of the grains, 
cr, say, is common to all the grains, while the number of grains absent as well 
as the radii of the singular surfaces may differ in almost any degree, the 
dissimilarity at once appears. 

For the sake of clearness we may consider in the first place two cases in 
both of which the a has the value a u and the singular surfaces both of radii ?•,, 

4?7T 

but* in one of which the volume of fche grains absent is - ■ r a 3 , and iu the 
other ^ iv'. 

Then by equation (331) we have for the dilatation at a distance r for 
the centre a 



and for the centre b 
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and neglecting a-,/2)', for flm present, as sinnll, multiplying liy r' J dr and 
integrating from ?•, to r= oo wo Imvo fur the dilatation, taking m to express it, 


ft) 


(i * ' 


d'7r?' (t a o-,' 

a V, 


'l. 7 rr,; 




,‘l 


,r i 


.(••141). 


From tlie. expressions in tin 1 preceding paragraph for the total dilatation 
resulting respectively from the two centres considered as if each were the 
only centre within an infinite distance, if appears in the lirsf place that the 
dilatation resulting from the product cr info the curvature is directly propor¬ 
tional to the volume occupied in normal piling by the grains absent. And 
in the. second place from the form of flu* expressions obtained, that the total 
dilatation is inversely as the radius of the singular surface. 

If is this fact, that whatever may he the volume occupied by the absent 
grains in normal piling, the dilatation will lie inversely as llm radius of the. 
singular surface, which proves the effect of dissimilarity between the constant 
value of cr and the. different values of r lt namely that for any particular 
volume of grains absent the dilatation resulting from the small centre will be 
greater than that resulting from the large centre in the inverse ratio of the 
radii of the centres, 

Ho far we have only considered the. effect of dissimilarity in <rj)\ on the 
supposition that each ecnlro is the only centre within Unite distance. 

We may now proceed In prove that negative centres at liuitc distances 
attract each other. 


'faking m to express the total dilatation from r, to r ./i resulting from a 

single negative, centre, then as has just been shown 


w, 


47 rr„ :i cr 

••1 r , 


(1142). 


'Plum the number of such singular .surfaces which would occupy an 
empty spherical shell ol radius v„ when arranged in closest order would he 
approximately 




0*7/5?', 


,(.‘i4:i). 


And by equation (.‘141) the total dilatation of each of flm N‘ surfaces outside 
the surface 47rr 0 ,J is 

47T?V' <7 


F1I4). 
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Multiplying w, and a>„ by N' we have for the respective total dilatations 


APm, = N' -- . 

3 r. 

.(345) 

and 


n^n'* 7 :!' . 

3 r„ 

.(340). 

Subtracting these, equations as they stand we have 


. 

.(347). 


Thou from equation (347) it follows Mint the dilatation resulting from 
any number of negative similar disturbances (if tlu; singular surfaces are at 
an infinite dial,anno, from each other) will be 

y, 4770',(' (T 

3 r,’ 

while if these surfaces are arranged in closest order the dilatation will be 

' pr, 47rr 0 :1 <r 

"~3 

Whence since r„ is greater than r, it is shown that, no matter how 
accomplished, l.ho dilatation resulting from negative centres diminishes in 
1 ,1 1 e ratio 

A 

r„' 

as the eenI,res of the singular surfaces approach until they arc. arranged in 
tdosesl, order, 

Thm proves the diminution of the dilatation owing to the diminution of 

the variations of si,rain as the centres approach.or the diminution of the. 

dilatation owing to l,lie diminution of the curvature, of the normal piling in 
the medium due. to dissimilarity, q, K. n. 

Kvom the proof of l,lie foregoing theorem it also appears how it is that 
the dilatations resulting from distortion do not interfere however much they 
sujHirhniio.se, for since the dilatations resulting from distortion in no way 
depend on the curvature in the medium, as curvature, they dejiend only on 
the strain, whereas the diminution is in the variations of the strain. 

In order to jirove the attraction of the negative centres it is necessary to 
consider the effects of the pressures in the medium. These have already 
been discussed in Art. 213, equations (332) to (334), in which it is shown 
that the dilatations resulting from curvature are subject, to the mean 
pressure p" and satisfy the condition of virtual velocities. In dealing with 
attraction it might seem necessary first to prove or assume that the singular 
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surfaces are also surfaces of freedom which can be propagated in any 
direction through the medium, for as the medium is elastic in consequence 
of the finite relative motion, if we can find the variation of the work done 
by the external media on the singular surfaces owing to variation of their 
distances, it becomes possible to separate the active effort, from the. passive 
resistance. 

Multiplying the member on the right of equation (1147) by p" we have 
1 3 Vn rj 

as the expression for the difference of the energies in the media when the 
N' singular surfaces of radius arc at an infinite distance from each other, 
and when the N' singular surfaces of radius ?\ are arranged in closest order 
within the surface r H . 

This difference in the energy proves tire existence of attractions what¬ 
ever may he the passive resistance owing to want of mobility of the singular 
surfaces. 

These attractions as obtained bj' neglecting a- are the only attractions 
between negative centres of disturbance which arc small compared with their 
distances apart, as follows from the fact already proved that the aggregate 
dilatation resulting from distortional strains depends only on the volume of 
the absent grains. 

217. The law of the attraction of negative centres appears at once from 
the analysis. 

If instead of taking the total dilatation from r n to r — oo, as in equation 
(346), wc take the dilatation from r K to r, where r is greater than r B , the 
dilatation from the N' singular surfaces in closest order is 

3 \r H rJ 

Then if there is another siugular surface of radius r, in which the volume 
of grains absent is 47r? - „ 3 /3 at the distance r the variations of the strains of 
the outside singular surfaces intei’fere with those from the centre r u ; and 
multiplying the dilatation outside r n less the dilatation outside r by minus 
the volume of the grains absent in the outside centre, we have the expression 

(¥)’£-[)■ 

and differentiating this expression with respect to r we have 

, ( 47rr 0 s \ or 
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whence multiplying by p", since aj\ is huge so that tho density within the 
singular surfaces is unity, we luive i'm* the acceleration 


■p“N' 


‘I'TTty'Y" (l 
3 ) dr 


'cr a' 
J'n i'< 


=---p"N‘ 


47r/v'Y o' 

rn ) 


(!US). 


This expresses the upticG rate ol variation, in the work, or energy in the 
system, with the. distance, that is tins effort to bring the centres together 
whatever may he. the passive! resistance. 

It is thus shown that tho law of attraction, that is the effort to bring the 
surfaces together, whatever may be the passive resistance, is the product of 
the masses ol the grains absent multiplied by a and again by minus the 
reciprocal of the square of the distance. 

This law ol attraction, which .satisfies all the conditions of gravitation, is 
now shown by definite analysis to result from negative local inequalities in 
an otherwise uniform granular medium under a mean pressure equal in all 
directions, as a consequence, of the property of dilataney in such media 
when the grains are so close that them is no diffusion and infinite relative 
motion ; and further it is shown to be the only attraction which satisfies tho 
conditions of gravitation in a purely mechanical system. 

Thti mechanical actions on which this attraction depends arc completely 
exposed in the foregoing analysis, and oiler a complete explanation of the 
cause of gravitation. 


In this explanation of the cause of gravitation there are sunm thingH 
which arc at variance with previous conceptions, besides the fundamental 
facts, (i) that llm attraction of the singular surface which corresponds to 
that of gravitation is not the effect of masses present but of masses absent, 
which has already been revealed in the previous analysis, and (ii) that tho 
volume enclosed within the singular surfaces, which is tho volume from 
which tlie singular surfaces shut each other out, has no proportional relation 
to the number of grains absent, lmt, as will at a later si,age appear, depends 
on tho. possibility of some one dnliuite arrangement of Urn grains absent, out 
of a finite number of possible dillerout arrangements. 


218. In tho analyses of Newton, Laplace, Poisson, and (freon, for doiiniug 
the consequence which would result if distant masses attracted each other 
according to the product of the masses divided by tho squares of the distances, 
tliu attraction is taken as inherent in tlui maHscH, 'Phis assumption assumed 
that there woh something that was not force, lmt which varied with the 
distance from a solitary mass, and this something after various names is now 
generally culled the potential. That any of the philosophers namod believed 
in force at a distance, is more than doubtful, as Hooke and Newton and 
.lfaraday repudiated any such idea. Maxwell went a sLage further and 


E 
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showed tha.1' siud\ attractions might he 11 result ol a eertuiu huv o! wuyiug 
HtrwscH in a medium as to this lie writes, " It must lie carefully home in 
mind wo have made only cum step in the theory of the medium. We have 
supposed it to he in a state of stress, hut we have not in any way amounted 

for the stress or explained how it eoiihl he maintained. I have not heen 

able to make tlm next step, namely to iieommf hy meehaiiieul eousideratious 
for the. stresses in the, dielectric.*. 


Maxwell is here writing of electrieity, whieh is not (he same tiling as 
gravitation, as will presontly appear. 

This second stop, namely that of accounting hy meelmuieal considerations 
Ini' the stresses in the medium, has now linen overcome; as we have the 

mechanical interpretatii.. the polenlial as (lie produet of the uniform 

pressure. />" multiplied by the. integral of tlm dilatation over the medium 
/■„ to r,, or 

r-yw '). emu. 

1 d Vi, r. 1 


or, omitting the eoiisluuts, 




.(.•ir.o). 


'I'his is entirely mtioiiul and when multiplied hy I'Tr/v'/d ami differ- 
outiated gives ns tlm attractimi hitherto ex[iressed hy li.f. 

And it thus appears that tlm tiling to whieh the name potential has been 
applied is the product of//" multiplied hy the total dilatation between the 
surface of radius /•„ and the surface, of riuliii.s /• (greater than 

lb in to he noticed that in so far as we are emiccrnoil with the ell'ort of 
attractimi and not with acceleration, it is only the volume of the Hpuro from 
which the graiim are absent, and nut the mass within the spaee, that we 
have to take into account, 

And it is for this reason that in tlm foregoing analysis, in this soefiuii, 
p has not heen introduced. Hut since, in Hful.es of tlm medium under 
consideration, in our present notation p is, to a lirsl, approximation, equal to 
unity, it would have, made no differeiiee. If we had taken it into aoemml. 
(when we have to consider tlm displacement of niiiss mviug to the. effort, tlm 
fact that p" is unity is of primary importance), since whatever tlm effort, to 
acceleration, the acceleration is inversely proportional to tlm density—and 
this will appear at a later stage. 

In order to render the expression for attraction intelligible it, should here 
be noticed that strains, and consequent dilatations in the medium, which have 

* I'Uct'.tricihj :u:d M’ltiiiii'limii, Vnl. r. ArU, 1t(l ami 111. 
t This li liim mi ucmmanUm Willi tlui li uniat in ArU, U00 unit iidl. 
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no dimension, mu I which arc the only act,ions, arc outside the singular 
surlhccK; so lliat, we are. nol. dealing with two or mure independent masses, 
bub with l.lie variations in the. diH[ilaccnH'nts in the entire medium, all the 
moc.hanism, so to speak, being in clastic commotion controlled by the pressures, 
as conditioned by the positions of negative, inequalities in the moan iiuihs 
represented hy -lir 

'I’hcre is no complete. freedom of iucipialitios as long as there arc other 
inequalities within a Unite distance, 

'I'lms it appears that the. singular siuTaccs arc virtually the handles of 
the mechanical train. 

219. Having eUccted the analysis for the. attractions and the potential, 
we limy nmv return to the. inequalities in mass as mentioned in the schedule,, 
Art. 

'Phc second inequality in the. mean mass in that schedule is that which 
may bo conceived to result from an excess of grains, instituting a positive 
coni.ro. 

The analysis Ibr the ellects of such positive centres is precisely similar 
to that already effected for the negative centre, except that in the ease of 
the positive centre the curvature would he reversed, the curvature being 
invey from instead of towards the centre. 

'Plus oiled, of this appears to he. to cause, positive centres to repel instead 
of at trad, each other. Such repulsions would as in the ease of negative 
centres depend on the produet <r multiplied by the curvature, which is of 
opposite sign to that for positive centres, and 1.1ms the effort of repulsion 
between two positive ecu!res would hn expressed by 



'Phi' eoolUciont of dilatation is the same --unity. There is thus no 
necessity to repeal, the analysis. 'Phis concludes the approximate analysis of 
the actions between centres having similar signs. 

It may however lie remarked that there are reasons why it is probable 
that positive centres should exist, as will appear at a later stage. 

220. 'Pile llrsl, of the class of complex local inequalities ((iii), Art. 2011) is 
I,lull, which would be insfil.ufe.il if by action on the. medium in normal piling 
a number of grains (n) were displaced from their previous neighbourhood 
when in normal piling to some, other neighbourhood previously in normal 
piling. 

.Such complex inequalities arc only second in importance to groups of 
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negative inequalities at finite distances, such as have already been discussed. 
In the case of complex inequalities there is no difficulty in conceiving that 
owing to the mean pressure there would be an effort to reverse the displace¬ 
ment, as nothing would seem more natural if we have an absence of grains in 
one place and an excess in another, under pressure, than that there should 
be strains from the place of excess to the place in which the grains are absent, 
and vice verm. 


It also appears at once as pointed out in Art. 203 that the case is identi¬ 
cal with that which would result from the existence at finite distance of equal 
positive and negative centres, having the same number of grains absent and 
present respectively. 


This identity indicates the direction of the analysis necessary in order to 
obtain the expressions for the effort to reverse the displacement. 


We have already obtained the expressions for the dilatations per unit of 
volume at any point distant r from a negative centre resulting both from 
the distortional strain and from the curvature owing to the finite size of the 
grain 


47T?',, 3 

3~ r ‘ 


and 


47n' 0 :) cr 

IT r*’ 


And it has also been shown that there is no diminution in the dilatations in 
the former as the centres approach. 


It has also been shown, Art. 217, that multiplying the dilatations at a 
point resulting from a negative centre by y/Vdr and integrating from 
to r, we have the equation 


V 


47rr 0 :1 f *' cr 

3 J,.,r 4 


r*dr = p‘ 


4 irr 0 3 (a cr\ 

T" 


(351), 


the second member of which expresses the potential of attraction between 
the two equal negative centres. This multiplied by a second negative 
inequality and differentiated with respect to the distance between the centres 
expresses the effort of attraction of the centres as 


R = -p' 


/47n' 0 ®Y a 
\~3 ) ? 


.(352). 


And again, although not previously noticed, it appears at once from equation 
(351) that, if instead of the limits of integration being from ?•] to r, they are 
taken from r to r— co , we have 


47rn" cr . 47T7V 1 cr 

* -rl, ?•*+-* t -r 


(353). 


This integral must have some significance as a potential. And it appears 
on multiplying equation (353) by 47r?' 0 3 /3, which is an expression for a positive 
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inequality equal to the negative inequality, and differentiating with respect 
to the il is tan oo between the centres, wlieti tho equation becomes: 


l „ /‘l'7rr 0 

»■ * ( rr 


IttivV £ 
3 ) r 2 


The second mcinber expresses an attraction between the positive and 
negative centres. 

221. The significance of the two integrals. 

In Art. 2l(i from equation (34(i) it is shown that negative centres 
attract, thoreihro if there, were a choice of two general integrals of the dilata¬ 
tion from a negative centre, from one of which in the ease of negative centres 
there would result a repulsion, while the other would result in attraction, it 
is certain that the integration which would result in the attraction is the 
only one between negative centres whatever might be the significance of the 
other integral.ion. And this is what actually occurs, 

If instead of the limits from r, to r as in equation (Mol) the limits are 
taken from r to » us in equation (ho.')), then talcing account of a second 
negative singular surface we should have for the complete potential: 

~ v { .‘1 Jr* 

which differentiated with respect to r is: 

’’ » ),-■ 


which expresses a repulsion, lienee this cannot he the integral for the 
attraction of one negative centre for another. 

As already remarked this Ibrtu of integral of the dilatation from a 
negative centre must have a significance, and significance appears when we 
substitute a positive inequality •t7rr„“/i) in place of the negative inequality 
— 4<7 tvJ'/'.I in the last expression for the attraction, which becomes 


, /'Wr o"\ cr 

V 3 Jr 2 ' 


Thus we. have the expression for the attraction of equal positive and 
negative centres resulting from tho Unite size of the grains. 


222. The iutensitg of the attractions of equal jwsilive and negative 
inequalities. 

In the first place if is to be noticed that the intensity of the attraction 
between equal positive and negative inequalities as in the last expression 
It. M: 
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(Art. 221) is as a to of the total intensity of attraction between positive 
and negative surfaces. Indeed the expressions last hut one and last (Art. 
221) only indicate the significance of the two integral potentials. And 
such intensity as they express in no way depends on the curvature. 

This becomes clear if we recognise that in the case of a displacement of 
n grains the strains from the negative centres arc negative and extend to 
infinity, while the strains resulting from the positive centres are positive and 
extend to infinity. The components of the negative strains cancel with the 
components of the positive strains with which they are parallel; hence the 
diminution of the dilatation as the displacement diminishes in no way 
depends on the curvature hut wholly on the cancelling of the distcrtional 
strains. 

It thus appears that in order to express the effort to restore the normal 
piling in the medium, we have only to substitute the radius of the singular 
surface in the place of a in the last expression (Art. 221). 

Thus for the total effort, in the complex inequality resulting from the 
displacement of a volume of grains 47r?y l /3 through a distance r, to restore 
the normal piling we have 



Q. E. E. 


223. It may be noticed that in obtaining equation (355) no use has 
been made of the potential of attraction. This is because the inequality 
caused by a displacement of a volume of graius under the pressure p", 
which has the dimensions ML*T*, is essentially one displacement, not two 
equal and opposite displacements as in the case of two equal negative 
centres, in which the relative displacements of energy have no effect on the 
mean position of energy in the medium. 


This may be shown by subjecting the expressions for the effort of 
attraction between negative centres, and the effort to reverse the displace¬ 
ment in the case of complex inequality, respectively, to further analysis. 


Taking the effort of attraction of two equal negative centres, as in 
equation (354), to be : 

,, 47r?’n 8 cr 


and the effort to reverse the displacement in the complex inequality, as in ' 
equation (355), to he: 



and then integrating each of these expressions from to oo, we have as 
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the energies resulting from the dilatation from outside the singular surfaces 
of radius r lt 


j/'er 


'4tt/vV 1 

tJ »v 


anti 


~.A> 


C?Tl- 


Then to obtain the expressions for the potential of attraction for either 
of these respective energies, the factor 1/r must he separated into two factors 
proportional to two iuetpmlities of the same or opposite sign in accordance 
with the sign of the product of the inequalities, Then multiplying Liu; 
factor which has the positive sign hy 1/r we have the potential, while the 
other factor is numerical and represents the attraction of the centres. 

In the ease of two negative centres, taken as equal for simplicity, as the 
signs of the inequalities are the same we have for tins potential: 



and for the attraction : 



And in the casu of the ooiuplox eoutro, since the product of the centres is 
negative;, wo have for tile potential : 



and for the; attraction : 



Whence, it appears tlml in the complex inequality hath the potential ami 
the attraction am irrational. Whence it is proved, since; (die effort is real, 
that the absolute, displacement of energy is one displacement and not two. 


224. The electrostatic unit of electricity is defined as the; quantity of 
positive; electricity which will attract an espial quantity of negative 
electricity at unit distance with unit effort, This unit as is shown in 
Art. 2215 is irrational. An oxprossiem for the unit cioiTospmuling to the 
electrostatic unit is obtained freon either of the last two expressions in 
Art. 223. 


Thus from the first of those, putting r, = ?•„ and r = 1, we; get: 
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And from this, since all the quantities under the radical are positive, we 
have the condition 

?" (y) n 7 = 1 .(356), 

from which if p" is known r 0 may be found. 

225, From the analysis in Art. 223 it is easily realised that there is a 
fundamental difference in attractions between two negative centres, and the 
attraction of two equal centres one positive and one negative. It has been 
shown (Art, 217), that the attraction of two negative centres corresponds, in 
overy particular, to the attraction of gravitation as derived from experience. 
And it now appears that the alteration from a positive to a negative 
inequality correspond to the statical attraction of the positive for the 
negative electricity. Not only then has the step at which Maxwell was 
arrested—that of accounting by mechanical considerations for the stresses 
in the dielectric—been achieved, aud a moot point of historical interest 
settled, but as now appears a definite error as to the actual attractions has 
been revealed. 

This error is in the general assumption that electrified bodies repel each 
other. As this may not be at once obvious it will be discussed in the next 
article. 


226. To shoto that positively electrified bodies do not repel. 

It has been shown in Art. 225, neglecting the small attractions of two 
positive or two negative centres, that the efforts of attraction between equal 
positive and negative centres, at any distance r, are equal and opposite. 

If then in the same line we have two equal complex inequalities arranged 
so that their displacements are opposite, the negative centres being outwards 

as H-h, the effort of attraction of one of these complex inequalities would 

not in the least be affected by the other complex centre. 

Heuce there is no attraction between two positive centres, the only effort 
to separation of the two positive centres being between those of the two 
complex inequalities, the effort in either being the same as if the other was 
not there. Hence the only efforts are those of attraction. Q.E.D. 

It should be noticed that these attractions are quite apart from the 
repulsions resulting from two positive centres owing to the curvature and 
finite size of the grains as in gravitation, anil further that, other things 
being the same, the ratio of the attractions between positive and negative 
and the repulsions between positive centres is as and hence the 

repulsion may be neglected as compared with the attraction. 

227. In the analysis for the effort of attraction of negative inequalities 
and that to reverse the displacement of a complex inequality the terms in 
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llio. expressions Ihr tlm contraction strains which involve powers of r 0 7r°— 
I,ho. ratio of flic volume of grains nhsnnl; divided liy the volume enclosed by 
t,lm singular surface -have ln-en neglected (Art. 214, oi|iiation (337)) and it 
is this simplification only which renders the law of attraction—as the inverse 
square the law of attraction of the singular surface at u distance. 

Hut this in no way limits the variation of the. stresses over those portions 
of the space in and between the parts of the two singular surfaces which are 
within iudclinilcly small distance of each other. Such limits can only bo de¬ 
termined by taking into account the. higher terms which have boon neglected. 

'I'llis analysis 1 Imve mil attempted. Hut it seems to mo very important 
to notice this omission, as it appears that the attractions or repulsions ex¬ 
pressed by the higher powers of l/r, when the surfaces are indefinitely near, 
must lie nf great intensity, so that owing to sudden variations the work 
done in separating (be surfaces must be extremely small. 

These charnel,eristics are those of cohesion and surface tension and they 
promise to account by mechanical considerations for the hitherto obscure, 
cohesion hoi,ween the molecules as belonging to the attractions resulting 
from I lie linilo value of tile diameter of the molecules divided by the 
curvature, resulting from distortion, or, we might say tlm complement of 
gravitation. 

228. The. fourth and last class of possible local diHarrimgoiucubs causing 
strain in the normal piling, with Home degree nf permanence, in tlm schedule 
(Art. 20.3), is that which does tint depend on the absence, presence, or linear 
displacement of grains, lmt does depend on local rotational displacement of 
grains about some axis, 

Then since there are no resultant rotational stresses or rotational strains 
in the medium, or rotation of the medium, the rotational inequalities must 
he arranged so as to balance. 

Any such rotation of a portion of the medium would ho attended with 
dilatations, Hut it does not follow that the dilatations would in all casos ho 
so small that the eoellieient would he unity. 

Then noling that the medium in virtue of relative motion of tlm grains is 
in Homo degree elastic, if we conceive that by two opposite couples about 
parallel uxch at a Unite distance two equal spheres of grains in normal piling 
having their centres on the respective axes, could he caused to turn about 
their axes through opposite hut equal angles 0 and — 0, tlm actions would be 
reciprocal, and supposing tlm act ions lu Htart from the medium in normal 
piling, wlicn dm. angles were so small 1,1ml, at tlm surfaces thoro was no 
change of neighbours, (.lie only elVects would he strains attended by dilatation 
about (lie axes, which on removal of tlm couples would reverb, restoring the 
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unstrained medium, And in this case the coefficient of dilatation would be 
unity. 

Then if the angles were increased the strains would be such that over the 
equators of the spheres the grains would change neighbours, diminishing the 
dilatation; so that on the couples being removed the spheres would not 
revert and would not restore the unstrained medium, nor would the angles 0 
and — 8 be zero. 

Those portions of the surfaces of the spheres nearer the axes, where the 
strains had not been sufficient to cause a change of neighbouring grains, 
would be subject to stress tending to diminish the angles 8 and - 8, while 
in those portions where the grains had changed their neighbours the stresses 
would be resisting this change, so that the result would be a balance of 
strains and stresses, leaving the system in equilibrium under the relative 
rotational strains and stresses and dilatations extending outwards from the 
surfaces of each till they vanish at an indefinite distance. 

The strains and stresses extending from the sphere of which the residual 
angle was 8, since the axes are at 'a finite distance, could not in any way 
affect strains of shear having the angle —8. Bnt if the shears were in a 
plane perpendicular to the axes and at a finite distance from, each other, the 
strains and stresses being opposite would cancel, and the dilatations would 
diminish in such manner and proportions that there would he efforts to 
approach proportional to the inverse square of the distance. Or, if, other 
things being the same, the spheres were at finite distances on the same axes, 
they would still be under efforts to approach, owing to the cancelling of the 
strains and diminution of the dilatation. And in either case, other things 
being the same, if one of the poles at the axis of cither one of the spheres 
were reversed the result would be an effort of repulsion, q.e.f. 

Thus efforts of attraction correspond exactly with those of fixed magnets, 
and thus we have been able to account by mechanical considerations 
for the magnetism which has any degree of permanence. 

229. Having in the foregoing articles of this section accomplished the 
analysis necessary for the determination of the attraction of negative centres 
of disturbance, the efforts to reverse the displacement in the complex 
inequalities, discussed the probability of cohesion as the result of the terms 
neglected in the analysis for the efforts of the negative centres, and effected 
the analysis for the efforts of attraction resulting from opposite rotational 
strains about parallel axes at a distance; it remains to complete the section 
by effecting the analysis for determining the mobility of the singular surfaces. 

230. From Theorems 1 and 2, Art. 204, and more particularly in Art. 214, 
we have defined the effects of local inequalities in the mean mass, when er/X, 
is large, on the arrangement of the grains and the distribution of the strains 
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in lilui medium about both negative awl positive centres, Thus it has been 
shown in Uio ease of a negative centre tlmt the inward strains would bo such 
that tlw resulting dilatation would puss the point of stability and reform, 
causing a liuelous of grains in iiorinid piling which might increase until it 
was stopped hy minding the inward strained, and consequently dilated, 
normal piling. 

This meeting of the two closed surfaces, the outer surface of the nucleus 
in normal piling with the inner surface of the inwardly strained normal 
piling, affords the lirsl; clue to the possibility of a surface of freedom, Ifor, 
since the grains are uniform equal spheres, there can be no lit between the 
grains in normal piling at the one surface and the grains in strained normal 
piling at the other. To use a mechanical expression the grains cannot pitch, 
and consequently there, is a spherical shell of grains in abnormal piling which 
cousl iful.es the singular surface a surface, of weakness if not a surface, of 
freedom. Then by 'I'boorcm I if follows, whatever may be. the arrangement 
of file, grains and whatever the exchange, there can be. no change in the 
arrangement or number of the grains. Therefore these surfaces of misfit are 
fundmnenfal to all inequalities in the mean mass. 

231. Mince there is no regular lit in I,he shell of abnormal piling at the 
singular surface, say of a negative, centre, and each of flic grains is in a state 
of relative motion, each of the grains is in a state of mean clastic equilibrium 
such I,hid. half the grains are on the verge of instability one way and half in 
another. If, as by the existence of another negative centre at Unite distance 
there is an effort of attraction, however small, if would, since there is no 
linite stability, in the lirsl. instance cause, change of neighbours, and if 
sufficiently strong if would entirely break down the stability and cause ono 
or both the cent,res to approach at rates increasing according to the inverse 
square of flic, distance, since as by Theorem 1 I,here would be no change in 
the mean arrangement, of the grains and flic viscosity may be neglected. 

232, This brings us face, fo lace with questions as to the. mode of dis¬ 
placement of the singular surfaces, as well as the. maimer of motion of the 
inequalities in the mean mass which constitutes the centre, which have not 
as yet been discussed. 

In the lirsl. place, if appears at once, however strange it may seem, that 
in the case, of a negative inequality, to secure similarity in the arrangement 
of the infinite medium the. mass must move in the opposite direction to the 
inequality, otherwise there would be no displacement. And further the 
opposite displacements of the positive and negative masses must bo equal, 
subject fo the condition that for every indefinitely small displacement of the 
negative inequality (.here should he. an equal and opposite and exactly similar 
and similarly placed displacement of positive mass. 
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233. Then, apart from vortox rings which cannot exist in a medium in 
which a/X is so large that there is no diffusion of the grains, it appears that 
the only way in which the conditions in the last paragraph are realised is 
by propagation. This admits of definite proof. 

If we conceive a singular surface about a negative centre to be moving 
upwards through the medium, as it rises the upper surface will be con¬ 
tinuously meeting fresh grains. Then if the motion continues one of two 
things must happen. The grains must be shoved out of the wa.y, in which 
case all similarity of the arrangement would be destroyed, or the grains must 
cross into the singular surface. If this were all we should again have the 
similarity upset, as the singular surface must increase to accommodate grains 
coming in. But if at the same time as the grains enter the singular surface 
from above grains cross out of the siugular surface in exactly the same 
numbers and vertically under the grains which enter from above, the motion 
of the singular surface would not disturb the similarity of the arrangement 
beyond such limits as the elasticity of the medium admits. 

This manner of progress of a singular surface is that which has several 
times been referred to as propagation. It is strictly propagation. For if 
there is no general uniform mean motion the grains within the singular 
surface are at rest, while if the medium has such mean motion it would not 
affect the motion of the singular surface though it would affect the rate of 
propagation since that would include the propagation through the moving 
medium. 

This then is the only mode of displacement of a singular surface—the 
propagation. 

N.B. This law of propagation would not prevent strains in the singular 
surfaces such as might be caused by undulations in the medium corresponding 
to those of light. 

234. It may seem that displacement by propagation does not of necessity 
entail displacement of mass; nor would it if there could be propagation 
without local inequalities in the mean density of the medium. But in a 
uniform medium, without inequalities, there can he no propagation as there 
is nothing to propagate. 

Thus it is that the inequality in density, the integral of which is the 
volume of the grains, the replacement of which would restore the uniformity 
of the medium, obliterating the inequality, constitutes the mass propagated. 
And as this, for a negative centre, is negative, its propagation requires 
the displacement of an equivalent positive mass in the opposite direction 
to that of propagation of the negative inequality. 

235. It thus appears that the distribution of the density of the positive 
moving mass is at all points the same as the distribution of the density of 
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the negative iniM)ua.Ht.y, and us I.his on changing the sign is tlio saino as bln; 
dilababiou ab all points, I,lui donsil.y of bln; positive moving mass is equal to 
the dilababiou. 

Tim dilababiou ab any point, in bho medium resulting from a negative 
contro is oxprosso.il by : 

4 7rr,?v' 

a r" ' 

in which r is groabor Ilian r<, while r„/r is ainall. 

Ib bhus appears that, since bho donsibyof bhomuiliuin is unity, bho motions 
of bho medium of unit, density necessary to equal bliu displacements of tho 
positive mass ab density ‘Wr ,which can under no oirenmsbnncos bo 
greater than 47nv'/:b', : ' are almost indefinitely small. 

236. Taking U„ as bho velocity of the. singular surface and u" as tho 
velocity of the medium at any point outside the singular surfa.ee, since there 
is no mean motion of 1,1m grains within the singular surface, n" is everywhere 
small compared with U K , 

Of course this does not affect the integral displacement of mass integrated 
over bln! medium from i\ to co. lint if docs all’ect tlm displacement of the 
apparent energy' of the motion of the inequality which is taken to he 
For if wo integrate a" ,J over the, medium it is small compared with 

u, 47 ™V 

' " • 3 • 

This apparent paradox, hmvnvor, is explained on recognising tliat bho grains 
being uniform, since a/X iH very large, the conduction of energy is nearly 
perfect; so that the rate of displacement of momentum does not depend only 
on the convections of the order n"“p 1ml depends also on the coiidiicLions 


since these notions are the direct result of tho propagation of tho singular 
surface through the medium, so that there. iH no change, in the strains, 
dilatations, or the moan arrangmucint within or about tho singular surface 
for an inlinUo distance. It iH easy to realise tho way in which bho strains at 
any lixed point, contract and expand as tho singular surface moves away from 
or approaches tlm point. 

237. In bho foregoing reasoning in this section no account has boon 
taken of the. possibility or impossibility of any lateral motions of tho grains 
which might ho necessary to main bain tho arrangement. That such lateral 
motions of the individual grains would he necessary is certain; bub ib 
docs nob follow ns a mutter of course that they would bo possible without 
creating temporary strains which would in tho first instance require a certain 
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acceleration to start them. But once started the action, since it involves 
a certain definite rate of displacement of mass, would proceed at a uniform 
rate, supposing no viscosity, and the medium unstrained by other centres. 

That the necessary acceleration to effect the start must depend on the 
particular arrangements inside and outside the singular surfaces, is clear. 
And from this it may be definitely inferred that the number of definite 
primary arrangements in which the stability to be overcome by accclei'htion 
is within finite limits, is finite. 

Whence it follows that the number of singular surfaces having different 
numbers of grains absent, in which the limits of stability are within finite 
limits, is finite ; and these would be the only surfaces of freedom. Q.E.n. 

It should bo noticed that the expression " primary arrangements” is here 
used to distinguish those singular surfaces which do not admit of separation 
into two or more singular surfaces of freedom. 

It is thus shown that singular surfaces about negative inequalities admit 
of motion in all directions, by a process of propagation, without any mean 
motion of the grains within the singular surfaces, while the motion of the mass 
outside the singular surfaces, when there is no other inequality within finite 
distance, is such as to maintain the similarity in the arrangement about the 
centre entailing the displacement of the mass (47rr 0 3 /3) in the direction 
opposite to that in which the singular surface is displaced by propagation. 


238. We have thus effected the analysis for the determination of the 
mobility of solitary negative centres. And it inay be taken that the analysis 
for positive centres would follow on the same lines with the exception of the 
sign of tho inequalities. 

There still remains to consider the possibility of the combination of 
primary singular surfaces, forming singular surfaces with limited stability 
in which the grains absent or present are the sum of the grains, the absence 
or presence of which constitutes the inequalities of the primary singular 
surfaces combined. 

It has been shown by neglecting certain terms (equation 337) that 
negative inequalities attract according to the inverse square of the distance 
and in Art. 227 it has been pointed out that the terms neglected are such 
as would indicate cohesion or repulsion between the singular surfaces when 
closest; and in such conditions there would be a connected singular surface 
however many were the primary singular surfaces cohering, so that mobility 
of the whole group would be secured. 

In tho case of two primary negative inequalities in which the numbers of 
grains absent are different, although neither of these admit of separation into 
two or more separate inequalities, there does not appear any impossibility, 
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except such ah results from their limited .stability, why thoy should not 
combine if their velocities are Hullir.ienL to break down the limited stability. 

In such case it seems that mm or other of two results must happen; 
either tlm breakdown would be temporary, the two centres immediately 
reforming as by tlm rebound, sotting up a disturbance, in the medium which 
would be propagated through the medium, or they would reform into a single 
negative centre, in which tlm volume inside tlm reformed singular surface 
would bo less than that of the sum of the volumes within the two singular 
surfaces of tlm two primary inequalities, or in some other way manage to 
diminish the dilatation ; and in this ease, also thorn would he a disturbance 
in tlm medium. 

239. It is eortain that when negative inequalities are arranged in tlmir 
closest order, there is cohesion boLweon tlm adjacent, singular surfaces which 
resists tlm separation of the adjacent singular surlaeos lint does not cause 
attmetiou between the singular smiiiee.s when these are at a distance which 
is greater than some small Irnetion of the, radius (r,) of the singular surfaeo 
(Art. 227). It is also certain that, when under tlm conditions stated, the 
singular surfnc.es would still attract, one another at a distance--as in 
equation (348): 



And thus if we consider I\ r —tlm number of such negative centres within a 
distance a, to be. indelinitely large as compared with r u since they are in 
closest order the centres would bo in stable equilibrium under normal and 
Lnnguntinl pressure, ns ill tlm ease of gravitation. 

240. If tlm number of grains absent about (inch of the centres which 
constitute the total negative inequality is the sumo, and by some shearing 
stress the inequality is subject to a shearing strain, them would result 
dilatation, doing work on the medium outside, which would lm maintained 
as lung as the shearing stress; hut since all the centres arc equal, whatever 
arrangements of the grains under the stress take place between the centres, 
there, would be no absolute displacement of mass. 

And the result would be the same whatever might bo the number of 
grains absent in tlm primary inequality. 

241. I'lius we may consider what the action would bo if wo had two 
such total inequalities A and H differing in respect to the number of grains 
absent in tlmir primary inequalities—say that the number of grains absent is 
greatest in A, 

If these total inequalities are brought together by thoir attractions the 
grains in abnormal piling which separate tho two total inequalities A and H 






220 


ON THE SUB-MECHANICS OF THE UNIVERSE. 


[241 


may be, for simplicity, taken parallel to a plane which is a plane of weakness in 
the medium. If, then, there are shearing strains parallel to this plane such 
as cause grains from the inequality A to pass to the inequality B in the 
abnormal piling in the plane of weakness, so that in this piling the arrange¬ 
ment, instead of the two primary inequalities in which the numbers of grains 
absent are A and B, is two equal negative inequalities in each of which the 
number of grains absent is: 

A+B A + B 
2 ’ 2 ’ 

and one complex inequality in which the numbers of grains absent in the 
positive and negative centres are : 

A-B B-A 
2 ’ 2 ’ 


in this case it at once appears that besides the attraction correspond¬ 
ing to gravitation and cohesion, the effect of the rotational strain would be 
to cause absolute displacements of mass, which, by Art. 225, would cause 
efforts of reinstitution between the strained aggregate inequalities, correspond¬ 
ing to electric attractions. But as the attraction would be normal to the 
surface of weakness, while for reinstitution the action must be tangential, 
the rotational strain might bo stable, and the attraction might hold when 
the strained aggregate inequalities were forced apart. If the rotational 
strains wore sufficient the normal attractions might overcome the normal 
stability of the complex inequalities, and in that case there would be a 
sudden tangential reversion, which, as there is absolute displacement of mass, 
would in the recoil reverse the complex inequality and so on, oscillating until 
the energy was exhausted in setting up undulations in the medium which 
would be propagated through the medium at the velocities of the normal or 
transverse waves as in light. 


If we have two aggregate inequalities in one of which the primary 
inequalities are not combined, while in the other the different primary 
inequalities are combined, we should have three total inequalities A, B/ 2, G'/2 


in the arrangement: 


. B C , B G 
A+ 2 + 2 A+ 2 + 2 


2 ’ 2 



Then if the strains were sufficient the normal attraction might overcome 
the normal stability of the complex inequalities, causing a reversion. In this 
case however it does not follow that the reversion would be complete and so 
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vt4iiHl.il.nti' A, H/2, 0/2 \ I'ov since tliu work done by the strains might be 
snlliciciit to overcome I,he resistance to combination of i?/2 and <7/2, the recoil 
from the breakdown would eaiiHe a total or partial combination of Bj 2, <7/2, 
iiiHtil.nfing H the aggregate. inet|nality and ho diminishing the energy available 
for nndnlntioiiH, thus affording an explanation by mechanical considerations of 
the part eleo.frie.ity plays in instituting the combination of molecules into 
compound molecules with limited stability. 

It is to be noticed that the. clfoots of rotational strain between the 
aggregate negative inequalities which differ as to the number of grains 
in the primary inequalities, correspond to the olt'octs produced when rosin is 
rubbed by silk or frictional electricity—and thus the so-called separation of 
the. two electricities by friction is accounted Ibr by mechanical considerations. 

Having shown that negative inequalities may not only attract, but may 
also cohere when in eonl.aet, we may return to the consideration of the 
significance of the fuel, mentioned in Art. 217, that the attractions correspond¬ 
ing to gravitation ns well as cohesion depend solely on the numbers of grains 
ubsouf, while, the volume within the singular surfaces, which determines 
the volume from which one centre excludes other centres, depends on the 
possibility of Home arrangement, between the grains in abnormal piling and 
those in strained normal piling (Art. 214). 

241 A. It is shown in Art. 217 that for any displacement of a negative 
inequality there must be a corresponding displacement of positive niasH in 
the same plane and in the opposite direction. From this it follows that 
as two negative centres approach under their mutual attractions the mass in 
the medium recedes, which is an inversion of the preconceived ideas, Such 
action however is not outside experience, since every bubble which ascends 
from the bottom in a glass of soda-water involves the same action. The 
mutter in the bubble having the density of the air requires the descent 
of an equal volume of water at a density K00 times greater than that oi the 
air, It is (lie negative inequality in the density of matter which under 
the varying pressure of the water causes the negative or downward displace¬ 
ment of the material medium- -water—and the positive or upward displace¬ 
ment of flm negative inequality in the density within the singular surface. 

hi order lo recognise flic significance of the parallel drawn in the last para¬ 
graph if liiiisl. be noticed fhal, in this research we have adopted a definition 
of liuiss, which, although satisfying flic laws of motion and tho conservation 
of energy, is independent of any other definition ol matter. Hence it is open 
to us to suppose I,hat what wo call matter may be. such, that il expiossed in 
the notation so far used in this research, would represent local negative 
inequalities in the mean density of the medium. 

Tlien since, as has already been shown, and will ho confirmed in what is 
to follow, the definition of matter as representing negative local inequalities 
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in the mean density of the granular medium completes the inversion and 
removes all paradox, this] definition of matter is adopted as the only possible 
definition. 

We then have for the negative inequality : 

47T5Y „ 

~ ~3~ ' P ’ 

where p" = 1. 

And for the volume from which one negative inequality excludes other 
similar inequalities, when in closest order, we have by equation (343): 


Then dividing tho negative inequality by the volume from which other 
centres are excluded we have as tire expression for the mean density of the 
negative inequalities when in closest order: 


3 W 

4 ’ ?y 


p" = n 


.(357). 


Then again dividing p" the density of the uniform medium by 0, the 
moan density of the inequality, we have in the ratio of the two densities a 
number without dimensions as expressed by 


p" = 4 7y> 
II 3 r 0 : ' 


.(358). 


In equations (357) and (358) II is used to express the mean density of 
the negative centres when in closest order. Thus II is the maximum mean 
density of the negntivo centres for any particular negative centres. 

It docs not however follow that fl expresses the maximum mean density 
of negative inequalities for all negative inequalities when in closest order. 
Tor as pointed out there is no proportional relation between the number of 
grains absent and the volume within the singular surfaces for inequalities 
which differ. 


But it does follow, from tho fact that the number of centres which have 
surfaces of freedom is finitu, that there must be some negative inequality of 
which the mean density is a maximum. And from this it again follows that 
p"/II must have a minimum value. 

Then taking ft to express the minimum value which, whatever it may be, 
is constant and without dimensions, we may express the densities of all the 
other negative inequalities in terms of ft, making use of any system of units, 
Then if, as before, the density of the medium is unity, the maximum 
density of negative inequalities is : 


a 
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and if the mean density of an inequality is n times loss bliau the maximnm. 
inequality it' is expressed by: 

1 

nil’ 

And lignin, if. changing the. unit of density, the density of the medium 
becomes all, the maximum density of negative inequalities is expressed by «. 

The proof that the quotient, II of the density of the uniform medium 
divided by the maximum mean density of the negative inequalities is a 
mmierieu! omislmit, independent of units, giving us, as it were, the gauge by 
which we can compare the quantities, as obtained, in this and the previous 
seel ions, with the evidence derived from actual experience, completes the 
consideration of the possible, strains other than the undulatory strains (con¬ 
sidered in Section XIII.) resulting from I,he conservation of inequalities in 
the mean mass, which formed the subject, of this section. 







SECTION XV. 


THE DETERMINATION OE THE RELATIVE QUANTITIES a", A", <r, G, 

WHICH DEFINE THE CONDITION OF THE GRANULAR MEDIUM. 

BY THE RESULTS OF EXPERIENCE. THE GENERAL INTEGRA¬ 
TION OF THE EQUATIONS. 

242. In the last paragraph of Section XIII. it was noticed that, up to 
that stage, it was not possible, for want of evidence as to the actual rates of 
degradation of light, to complete the determination of the values of a", <r, A". 
And further, that as the equations (310—313) have been obtained by neglect¬ 
ing all secondary inequalities, they .afford no evidence as te the limits imposed 
by dilatation on the shearing and normal strains. These disabilities have not 
as yet been altogether removed. But wc have, in the last section, obtaiued 
expressions, in terms of jp", a", a, A", for the attraction of negative centres, 
which correspond to those of gravitation. Also in the last article it is shown 
that what is known as “matter” corresponds with the inequality in the 
medium resulting from absence of grains. Also it is proved that there most 
be a finite maximum moan density for negative inequalities when in close 
order, which corresponds to the mean of the heaviest matter. And further, 
it is shown that the mean density of the uniform grauular medium, divided 
by the maximum density of negative inequalities, is a number without 
dimensions—expressed by 12—whence we are enabled to measure the density 
of any inequalities in closest order, in any system of units. Wc are thus 
in a very different position, as regards evidence, from what we were at the 
end of Section XIII. 

243. By the last article of Section XIV., talcing 22 as expressing in C.Q.s. 
units the density of the matter platinum, which is approximately the densest 
form of matter, we have unity for the density of the matter water in C.G.s. 
units. 

Then for the density of the granular medium in c.o.s. units we have 

22ft, 

where the constant number ft has still to be determined. 
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Till! change 1 ) 1 ' mills ill' density, from Unit in which the donsity of the 
medium was taken as unity, l,o the density as mensural in units of matter, 
1ms thus been rHeeled. 


244. I*mm the last article it follows that, mensural in c.g.s. units of 
matter, the mean pressure in the medium, equal in all directions, becomes 

p-22I2p" .(359). 

Also the mean density of the medium p" or unity boemuos 


p = 2-in P " 


•(360). 


And, if in r.u.H. units of matter, p expresses the mean density of any 
negative inequalities in closest order, however complex, such as tho mean 
density of the earth .Vli7, the corresponding expression, when p" is taken 
as unity, is 


(> 


r>’i)7 

22U 


■(301). 


245. Kroiu equation (35!)) we may now proceed to I'md an expression for 
the mean pressure in terms of the rate of degradation in the transverse 
undulations when rr/'X." is large. 


l'Yoin equal ion (.‘ill) the rate of degradation of transverse waves is 
expressed by 

I iln" 2 A" a" 

l H •“ .<* 2) ' 


'1'heii if A is the time taken to reduce li" to ?), 


where 


X"a" = :!/!■. f- .(303), 


2 ‘ id ’ k 

which ivi'H one equation between the three quantities a", X" and <(. 

A second equation is obtained from the. dynamical condition ol undulation 

,U =t = ./" .(354), 

n, V p 

.(355). 


and 


u /■ being (J r ) . P .\ 


'riierefore, reducing, 


or 


a/3 cr a!' 
’ 70 * ’ 2tt 1 X" 

X" \/3 
a" 4 ’ ’2-rrT ‘ 


(355), 

(367). 


u. 


15 
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Then, L being the wave-length, if we put 
w, . <r = L 


substituting for <r in equation (367), 


X" = V3 J_ 
a" 4 ' cm, 2 r 


Then eliminating a" from equations (367) ancl (368) to find X" 

X" = Sj. (n 3 t ( ) _i .(366), 

the value of the constant coefficient being 


Then substituting from equation (369) in equation (367) 

„ 1 3 vV / . u 1) 

“ “S-s-Hr^-S 


a " = «a (jht$ ■ T 
H 

a" 2 S a 3 1 

2 - 2 i, 2 


The equations (369) and (371) define the values of the constants X" ancl a" 
which enter into the expression p" in equation (159) in terms of a, t, ?i a and 
tt which define the wave-length and rate of propagation for any particular 
rate of degradation. 

Thus substituting in the equation (159) which is 
,, <r a" 2 <r\ 

and which, under the condition crjX" large, is, talcing the density of the 
medium as unity, 

V2 o- a" 2 6 


P 3 X" 2 4V2tt 


the equation becomes 


„ _ V2 Z s a * . 1 _6 

p -TT,- — • T- 4 V^ 


Then transforming we have 


1 s a a Z /n 2 
4-7T .q V t £ 
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II l.lio constants ,v, mill a, are. taken lu correspond with tho rate of propa- 
gatinn of light ami with Urn wave-length of Lho ultra-violet light in tho c.g.s. 
units 

.s’, -1)-7oor> x 10-w 
•V •’ I’()7.‘hS x JO 3 , 

from which .subslilnl ing in equations (30!)) mid (071) 

X" -G)’7()l)5 x l(H>. / \ 


«"~H)7:Wxl0\/”* \ .(375). 

a '~ 5755 x I ()»(’'^) 1 

And since l.lio wnvo.-length /, is 3'l);!3 x IO"’ wo liavo, dividing by Sl and 
substituting in l.lio second expression for p", 

p " ■■ I’3574 x I0 -. W .( 37 ( 1 ), 


which becomes in turns, units of matter (by equation 35!)) 

22 lip" ^ 220 x H.3574 x 1() 1 ' f"'Y .. 


Ifor convouionoo (.lie expression Cor a"X" may ho hero included 


«"X"=! I'0418 x 10 10 


246. Having olfoolod the translation of' units and obtained an expression 
for the moan pressure in tho uniform medium in forms of n,Jt tl wo now 
proceed to the evidence as to the absolute, density, or, what is the same 
thing, the value of the number expressed by 12. 

The density of the luminiferous ether, thus far, hna boon an unknown 
quantify. Sue!) views uh Iiuvo been expressed range from a density in¬ 
definitely greater than that of the heaviest material—--Hooke—to a density 
indefinitely smaller than that of L|m lightest solid material—Sir Gabriel 
Htokos and Lord Kelvin. 

Hut us pointed mil, in Art. 242 we. have now the two sourees of evidence—. 
that arising from the known law of gravitation, which includes tho existence 
of permanent negative inequalities, or molecules with surfaces of freedom, 
and that resulting from the liuiifH to flui intensify of waves of light; liosidos 
such evidence as may aeerue from the determination made by Lord Kolviu as 
to the dimensions of the molecules, and such evidence as has boon obtained as 
to the rates uf degradation of the frnnsvorso and normal waves. 


15—2 
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The equations (370) and (377) define the pressure in terms oi' 

or 2m n ? 
k k 

according to whether the density of the uniform medium is taken as unity, or 
is expressed in c.a.s. units of matter. 

247. As measured in C.G.S. units, the matter in the earth, assuming 
Baily’s value, '>'07, for the mean density, is 

6T4 x 1(F, 

the mean radius is fi'3702 x 10 s and the attraction of the earth on a unit of 
matter at the surface is 

0 = 981 .(379). 

To compare with this evidence wo have the expressions lor the correspond¬ 
ing quantities as obtained from equations (348) for corresponding conditions 
when translated into the samo units. 

In the general expression for the attraction of negative centres in closest 
order, equation (348), where p" = 1 : 


N' = -75 P'Y and r = r jj; 


substituting, the expression for the attraction of unit mass becomes, if the 

. r„ 3 4 r>*(!7 . - 

ratio -• = x when p = 1, 
rf 8 2212 ' 


u I • 9 \ 

— 7rp er -- . r 

1 \rj 


Then, supposing that is a maximum, wo have from equation (3158) 


And as tho density of the moan negative inequality is 5'(i7/22 of tho 
maximum inequality, wo have for tho attraction 
„ (r 0 V 6-07 

which bocoinof), on substituting from equation (380) and reducing, 

4 „ 4 „ 5-67 

3 ^ ar n^P ^221)''';n 

Then transforming so that tho density of the medium is 2212, since rjt is 
6'37 x 10 8 , wo have for <j 

981 = 22 Ufa ~ 7T . 6-37 x 10 s .(381). 
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Tln'ii substituting the value of 22J11/' in equation (,‘377) wo have 


. { '7riV(i7 x (i'.‘!7 x ll) H x I *87574 x I0 11 x <r = 081 .(382). 

Then, cancelling and reducing the numerical live tom, siuou 
a (n. l jl l ) , > ~ L/'Jn.J,, 

wo have 

081 = M()r,x 1(F ] 

|.(383). 

whoneo ^n.J( = M2(! x 1() U J 

And Unis wo have obtained the. value of 

"Jt, 

which satisfies I,lie condition i/- = !).SI, 


248. The evidence afforded by I,lie limit ,h of t.lie intensity of light and 
lieal; does not, appear to have hitherto demanded muoli attention. Hut it 
nmv appears that, if we can find a liiir estimate of the maximum intmiHity of 
transverse undulations, it would alford important evidence, 

ldir the rate of displaeemenl of energy by the transverse waves in the 
uniform medium we have, taking \J for I,lie rate at which energy must ho 
supplied to uiaiulaiu the waves, ami r for the rate of propagation: Hineo the 
velocity of light is independent of the wave-length, the maximum energy of 
mean niolimi over a unit surface 

/’• 2 » 

is, by ciguitioit (308), the mean energy of the undulation; and 

2 and . .(384). 

Jt must ho uolieed that, in these expressions for U and v" no account is 
taken of the secondary elfeets imposed by tho dilatation in the granular 
medium, This was noticed in the last paragraph, Seetinn XI Li,, as shewing 
that there is n limit to the intensity of harmonic, institutions, 


I’ut delinitely, the eouditiou to he satisfied for harmonic undulations is 
that, taking ,r amt ;/ for the directions of propagation and moan motion 
respect ively, 

is small as ennipami with />", 


Thus if the amplitude of the transverse motions is emisidorablo, tho 
act.ion will uol he confined to Llm instil,ufioii of simple harmonic waves, 
hut will include compound harmonic waves, and probably normal waves, 
which would proceed faster than the simple fransvoimi harmonic wuvuh, 
until, by divergence or degradation, their intensity was minced. 
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Evidence from which we may form an estimate of the limit to the 
amplitude at which the waves cease to be sensibly harmonic may, it appears, 
be found. The greatest intensity of transverse waves is obtained from the 
carbons of the electric arc. If then wo assume that U, the work expended 
in producing the light, is all spent in radiation of heat and light from the 
carbous, we have only to measure the radiation area of the carbons to obtain 
an outside estimate of the mean value of v". 


Thus if U per sq. cm. is 2'29 x 10° ergs 

2-29 x 10" = %pv/' a . t (t = 3 x 10 10 ) .(385), 

whence we have 

1 '52 

v"* = —— x 10 _1 in c.G.s. units.(386), 

where p is 22%>" and where p" is unity. 


249. From this value of v” we may obtain the expressions for y the 
amplitude of the undulations, and for as. 

Taking r as an arbitrary amplitude 

y = r cos 9 and dy/dt = - r sin 9 . dO/dt. 

Then since the periodic time is 2ir/m, differentiating 9 with respect to 
time dd/dt = m, and 

v" = — mr sin 9 and v" is a maximum when 


r/2. 


a 

y = — cos 9, 
m 


and 


9 

as = -. 


dy dy v, . „ v 

-Y--a.-ij.--a — sin 9 = — 
das d9 m r 


.(381). 


Then multiplying this by n or pr 1 we have for the shearing stress 

. 


.(388), 


and these are in gravitation units. 

Then from equation (386) wc have, for the maximum value of the 
transverse velocity v", 


" = 99 ° 

1 ’V22H 


.(389), 


and multiplying by 220. we have for the maximum shearing stress 
p . v". r = 1-172 x 10“ x V22T1. 


.( 390 ). 
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Taking x (= h)~' J ) as tin 1 , conllirinnl, of tho limit within which 22ft. 3«/8 
may approach 22ftp", wo have, substituting [,1m expression on the right of 
equation (377) for 22ft/>", 

2211 x l\3f>74 x 10" ( J ) -V22U x 1-172 x 10 ia 
\f(/ ’ 

whence follows: 


/« H y _ (i' 31 
UJ ~V22ft’ 


ll)RH 

(•([nation (3!)0), •<S()()() - log V22ft .(391), 


v'?(^=l'I2<! x ft) 11 . 
7-.KKS x 10 u 
?, ' J ~ V2211 


•(334), '0017 -I- H.(392), 

•8,117-1- 14 — log V22ft..,(393), 


^ = 1-785 x ft ) 13 x V22ft, 
cr = 5'53 4 X U) -"x V22ft 
„ _ (i’777 x 10“ 
a V22 ft . 

X" = H-G12 x 10 »“ . 



•2517 •!- 

KS-blegV^ft ...(394), 

(372), 

•7430 - 

20 -t- log V22 ft .. .(395), 

(370), 

•8310 -|- 


(375), 

•935 1 - 

2,3 


260, Ho far wo have ohlaiimil tlm expressions for tlm limiting values of 
a", X", a anil tlm login'illnuie decrements Ibr transverse and normal waves 
in LerniH of 1,1m constanl, coellieieiil ft which outers as a factor iuto tlm 
expressions for the density of lho liiudiiiui and tlm potential of attraction. 

Substituting from tlm equations (301 303) in equation (375) we liuvo 


(i'777 x 10“ 

V22ft 


,(397), 


X" ==> H'(i 12 xll) * 


,(398), 


tr f>'6.34 x 10’ 50 x V‘22ft 


.(399). 


Then for loguritlnnio. ilui',ronu!iit of tlm tnuisvcrso umlulations, <r/X" largo, 
substituting in equation (311) tlm values as given above for a" and X wo havo 
as in equation (3(12), f< being tlm time required to reduce v from v„ to v 0 /e, 

t t >!z ndWx L(W22ft.(4-00). 

2 X a a 3 


N.H. Tills result cheeks the calculation, since this value corresponds 
with equation (394) in tlm first three significant figures, which is the limit 
of the arithmetical approximation attempted. 

The value of t ( thus found in terms of the coeilie.ionl V*22ft expresses tho 
timo tlm transverse waves would travel he fere bluin' amplitude was reduced 
in tho ratio from 1 to ife, or Llmir energy in tho ratio Lje\ 
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The values of a", A", a- cannot be defined except by further evidence. Such 
might be obtained if vve could completely solve the dilatation problem and 
so obtain the value of fl. Failing this, however, there remains one source of 
evidence from which we may obtain a close approximation to the value of the 
ratio V22fl. 

261. The conclusions to he drawn from the absence of evidence of any 
normal waves in the medium of space until very recent times. 

From equations (310) and (311) it appears that in a granular medium 
normal as well as tangential waves may exist, the only difference being in 
their rates of propagation and in their rates of degradation. 

From this it would seem that, if the medium of space is purely mechanical, 
either such waves did not exist for lack of incitement or the normal waves had 
no effect upon our senses or on the physical properties of matter. The recent 
remarkable discovery of Edntgen that under contain intense electrical actions 
a system of waves which have the properties of normal waves in a uniform 
medium subject neither to refraction nor reflection, can bo produced, has 
opened the door to different conclusions. The first suggestion by Eontgen 
was that these were normal waves. And although various special explana¬ 
tions have been attempted to avoid the admission of their being normal 
waves, every one of these explanations involves normal action. 

It appeal's, from the definite analysis of the granular medium, that when 
the uniform medium is in the state to propagate transverse waves the degra¬ 
dation of which is such that the diminution from loss of on orgy by degradation 
in some millions of years is in the ratio l/e a , the rate of degradation of the 
normal wave is such as would occupy something less than the millionth (10“°) 
part of a second to reduce it in the same ratio; so that the normal wave 
would lose nine-tenths of its energy before it had traversed some thousands 
of metres, say x metres, and this affords crucial evidence of the purely 
mechanical granular structure of the medium of space. The coincidence 
is such, that in the absence of any definite proof to the contrary, it should 
carry conviction notwithstanding those things which cannot be defined for 
want of evidence. 

262. Without attempting any general discussion of X-rays there are 
several very significant characteristics which afford evidence besides that 
of not being subject to refraction or reflection. In the first place the rays 
in their production are attended with very intense light, that is they are 
attended with trausverse waves. In the second place, after the light waves 
have been filtered out, they can again be transformed into visible transverse 
waves by their passage through certain earthy substances. And in the third 
place, in passing through any matter they are subjected to rapid degradation 
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wliit’li is proportional (,<> file density uml thickness of tho matter through 
which they pass. 

Thus it has lu'i'ii ho far impuHsililo to study those rays except by their 
passage through matter, while it in shown that in two ways tlveir passage 
through inatfiu' is attended by ilognulatiim other than tho degradation of 
fill! normal waves in mono. 

Any ohI iniat.e as (,u what might he tho rate of degradation of these waves 
■in vacuo is at best very dillienlf. Hut the I'ac.t that those waves, which are 
subject' to divergence as well ns tho three sources of degradation, havo 
suflleienl. range In permit of experiment through a distance of sonic metros, 
hIiowh that if they are normal waves their rate of degradation in vacuo would 
he much less than it appears to he in the experiments, It thus appears that 
,t, the distance the waves must travel in vacuo to reduce the energy in the 
ratio l/e' J , cannot, be less than some thousand odd metres, 


263. 7'o Jim/ Ihr rate of tltvi'cmcui of the normal wave under the limits 

defined hit n/nutiumi (221) to (2241 in, tonus of the ratio 1/V22U. 

Kruiii ei|uatioii (!i I It) we Imvo, neglecting ns small the first term in tho 
index, and Hithsfit.ut.ing (>/\/2 tt for (I, 


I / n jL, i. '• ,ra " 0 ' 

;! (!1 !1 X ' Jir «/ii hirin' 1 

I (/»" \ '' n 

«'■ ‘dt 


.(401). 


The index in the right memherof this ei(Uatinii represents the logarithmic 
rate of decrement, of the normal wave. 


Transforming this index and substituting tho vain os of«, \aiid a- as defined 
in eipmtimis (221) to (223) for the transverse wave, and of m and a for the 
annual wave, taking the lime lVei|iieuey m to have tho same value as for the 
transverse wave and the linear lrei|Ueuey it to be a j 2"387 where it is the same 
us I'm - the transverse wave 12-387 being V.'Ik t 4»i,/3m]. Then taking A ns 
expressing llie uuiuerieal emist,ant, in tho expression lor the decrement, we 
find as the values of the several factors and their logarithms, 


d M\'.(i7 x 10 3 log '1052-2 

T 3 N 1 1 x 10 31 „ '(M'57 - 21 

,G 2-553 x 10"' „ •4003-I-10 

1 3-102 x 10 3 „ "4!) IG — 2 

a* f)'37ti x ID ^ x (2211 )" „ -0720 - 82 4- log(22fl) 3 

a"' ■ 3-1 13 x It) 11 x (2211) 3 „ -'14)30 +11+ lug(22I2)" fi 
X" ’„-■■ (1-387 x 1.0- 1 'MS 3 + M 


...(402). 
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The logarithm of this product being 

•4076 + 3 + ^ log (220).(403), 

log decrement log (log deorement) 

- 2'f)56 x 10 3 x V22X1, - ['4076 + 3 + £ log (22X1)] .(404). 

Then if t n is the time to reduce u" 3 in the ratio l/e 2 we have 


4 = 3-923 x 10-yV22ri, log t n = -5924 -4 .(4Q5). 


The product of the time t n multiplied by the rate of propagation of the 
normal wave is the liuear distance which the normal wave must travel so 
that the energy is reduced in tho ratio l/e 2 . 

The rate of normal propagation is 2-387 x 3 x 10 w as above. 


Therefore taking a- as the distance the normal wave must travel to 
diminish the energy in the ratio l/e 2 we have 


a = 2-801 x 10 7 x 


_1 

V22 H 


.(406). 

Q. E. P. 


264. Then to find the inferior limit to the value of the ratio ex¬ 
pressed by 

From the evidence furnished by Rontgen rays wc have in Art. 253 
defined this ratio to be such that the value of x (in c.g.s. units) shall nob 
be less than some thousand odd metres. And from the absence of any 
evidence of normal waves other than Rciutgen it follows that there must 
be a superior limit; but this depends on the value of XI and cannot be 
defined without further evidence. 

To find the superior limit of XI, putting for simplicity 

* = 2-801 x 10 7 -«.(407), 

we have by equation (406) from the ovidenco of Rontgen rays 
V22fl = 10 ? where q is not less than 2, 
whence we have for the value of XI, 

10 =? 

XI = 22 = 4'546 x lO 2 ?" 1 .(408), 

and for the density of the uniform medium 

22 Q = 10 s ?.(409). 

266. It is pointed out (Art. 254) that the superior limit to the value 
of XI cannot be obtained except oil further evidence; evidence which has 
as yet not been taken into account, and is exactly to the point, is 
available. 

This is the evidence as determined by Lord Kelvin (and confirmed by 
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Urn observation us (■<> the lU'ea over which u definite volume of nil would 
destroy the ripple caused by u moderate wind on l.lui surface of water), that 
the (limuolor.s of tin 1 molecules or singular surfaces nro of l.lio orclor of the 
of l.lu* wave-lengths of t.lio ultra-violet light multiplied l>y Home ten 
UioiiHiuiilt.lis, say x 10 si"! Mils evidence oonu's in uh directly hearing 
on the value of (/. 

Although there is a dogr.if uncertainty uhout, the relative value of tho 

" atomic.'volumes’' of the eleiiient.iiry inoli'cnlos, it, appears certain tlmt there 
iH no great, dillereneo, t hat is to say, no dilVereiien greater than from 1 to 10 
in the relative volume of the moleenleH, and for our purpose it in sufficient 
to consider that', assuming the relative volumes equal, the greatest difforonco 
of I,he grains absent, is from 1 to 1/200, 

It, has linen shown (Art, 230) that, the prohahln urraugniiumt; of the grains 
in a negative local ine<|Uulity, which has a Hiirfacn of freedom, is that of 
a nucleus in normal piling, that is t.o say, a permanent nucleus on which 
1,1m inward strained normal piling reaches, forming a broken joint in 
abnormal piling, whence it. appears, in order l.lial, I,lie singular surface may 
be. a surface of freedom, the maximum inward strain, that, is, the. inward 
strain at the singular surface, must he greater than <r the diameter of a grain, 
and probably some live times tr, 

In this way we have a limit to the diameter of the singular surface, 

•1. x U) 


mid hy the last, paragraph, taking 10 to lie tho inferior limit to the maximum 
inward strain, we can liml a value for </ which is ijiiite independent of any 
ovidenee already adduced. 

'faking 22 LI It) 5 *' for the density of the medium, 

r,; i 2 x 10 1,1 for the radiiiH of the singular surface, 

‘Vta'ujW volume of grains uimeiit.. 


Hy equation (2H0) 


< r , 

10 s */ 1 


..(* 10 ). 


Then since hy equation (3!Hi) 

tr* (5'53-tj'x 10' 

and r u fer u a j~, also rjcr u,/ 2.(4,11), 

\B \> 

V - - Hat and ™ d ( n iY .(412), 



11 ? 

tin, 3 


,(413). 
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Equation (413) expresses the number of diameters of a grain which would 
measure the inward strain at the singular surface of the maximum inequality 
as of platinum or 22. 

Then reducing 

7 ? 3 

6 ^ = 1-G02x10'»-^ .(414). 

For the minimum inequality, n, remains the same, and n,, 8 is divided by 
200, and we have from equation (414), 

77 3 

f X 10- 2 

-——=8-013 x 10 8 - 3 « .(415). 

Then if we take the number of the diameters of a grain which measure 
the inward strain at the singular surface of the minimum inequality to be 

8-013, 

ff = 2 .(416). 

We have thus found the superior limit of the square root of the density 
of the uniform medium to be 

VMa = loo. 

256. Comparing the inferior limit of V22fl in Art. 254, obtained from 
the evidence of Rbntgen rays, with the superior limit iu Art. 255 obtained 
from the evidence as to the size of the molecules, we see they are identical. 

Too much weight must not bo attached to this identity since the 
estimates on which they arc based aro somewhat wide approximations, so 
that they must be considered as relating rather to the order of the quantities 
than the actual numbers. Yet considering that the evidence of the size 
of the molecule, and that of the Rbntgen rays, are perfectly independent, 
the result, which, taken as a wide approximation, would be almost infinitely 
improbable as a mere coincidence, when substituted in the equations (390) 
and (396), and (402) and (409) enables us to obtain, in c.o.s. units, the values 
of all the arbitrary constants which define the condition of the purely 
mechanical medium, and they arc such as correspond with the experience— 
as to the rates of propagation and as to their rates of decrement—of both 
transverse and normal waves; they also correspond with experience as to 
the existence of molecules and gravitation, the limit of the intensity of the 
energy of light and radiant heat, besides the absence of normal waves, and 
the evidence of Rbntgen rays. 

The numerical values of these constants are for convenience given iu the 
following table. 
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It is thus shown by definito analysis that an infinite, purely mechanical, 
medium consisting of uniform spherical grains, in relative motion, the grains 
being in normal piling, except for local inequalities in the mean density, and 
so close that there is no diffusion, affords a complete account by purely 
mechanical considerations of potential energy, the propagation of transverse 
waves of light and the apparent absence of any rate of degradation, the 
lack of evidence of normal waves, the gravitation of matter and electricity, 
as the result of the dilatation which follows from the strains caused by local 
inequalities in the density of the medium. 

It is also shown, by definite analysis, that this is the only explanation 
possible by purely mechanical considerations. 

257. Having arrived at tho conclusion stated in Art. 256 wc might 
make this the end of this research, having every confidence that the evidence 
which has not already been adduced would confirm that which dins been 
adduced. It is not, however, the sole purpose in undertaking this research 
merely to show that there is a mechanical explanation of such parts of the 
universe as shall render the mechanical structure of the remainder in¬ 
definitely probable, but also to obtain as much light as may accrue from the 
purely mechanical analysis. The analysis is therefore continued so far as it 
relates to effects in the medium, that is to say, it does not include electro¬ 
dynamics or electro-magnetics, since the institution of complex centres, that 
is, the magnetic conditions, is not a primary effect, for it results in separating 
the molecules, after combination, the reunion of which results in electric 
currents. 

258. The blackness of the sky on a clear chirk night would be explained 
if the light waves were subject to viscosity however small, or nearly so. 
It has been so far a moot question whether there is such viscosity. But 
it now appears from the rate of decrement of the transverse waves, Art. 256 
(5'603 x 10 _1G ), that the time taken to reduce the enci-gy 7 of tho wave in 
the ratio 1/e*. or 1/8, would be more than fifty-six million years. This rate 
of decrement, although affording an ample account by mechanical considera¬ 
tions of the absence of uniform brilliance in the sky, such as would insult 
in an infinite space from an infinite number of stars, however sparsely 
scattered, if there were no rate of decrement as the result of viscosity, is 
such as has baffled all attempts to obtain any ovidence of decrement by 
observation. 

259. The dissipation of the inequalities in the mean energy of the 
medium resulting from the rates of decrement of transverse and normal 
waves which, as shown in Art. 256, affoi’ds a complete mechanical explanation 
of the blackness of the sky, differs fundamentally from that dissipation which 
results in the increase of energy of the molecules, or singular surfaces. This 
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is at once apparent since the degradation of the energy of the normal and 
transverse waves can only be a dissipation from the energy of the molecules, 
or mean motion, to increase the irreversible enovgy of the mean relative 
motion of the medium. 

It thus appears that the dissipation of the mean motions of matter, such 
as the motions of the sun and planets, or vortices in fluids, until all motion 
ceases, does not complete tho dissipation of energy, for this would go ou 
until the only enorgy was irreversible relabivo motion of tho grains, which is 
expressed by a!'-. 

260. The electrostatic unit, or more correctly the unit corresponding to 
the electrostatic unit, is defined (Art. 224) by tho condition 

V" (£)V-1.(417). 

This definition is on the supposition that tho density of tho medium 
is taken as unity. 

Thus if tho density is taken as 22% wo have as tho condition 

22%)" (t2T)V-l .(418). 

Then reducing the member on the left by the table (Art. 256) it is found 
that the complex inequality in which the number of grains is displaced is 

1-615 x 10", 

and in which the displacement is unity; the offort to institute tho normal 
piling is unity and thus corresponds to tho electrostatic unit. 

Comparing the effort to revert to the effort of attraction between two 
negative centres, each having the number of grains as above, since tho radius 
of the shell which would contain the grains is 

r a = 6'493 x 10~ 3 .(419), 

the ratio of the effort to reinstitute tho normal piling, to tho effort of 
attraction between gravitating mass, is approximately 

1-2 x 10 A 

Thus the effort of attraction between the two gravitating masses, the 
grains absent in each of which are the same as tho grains which constitute 
the electrostatic unit, is eighty-one thousand billion times less than unity. 

261. The conclusion arrived at in Art. 25G, as to the density of the 
medium, does not exhaust the conclusions to be drawn from tho size of 
the molecules. Coupled with the evidence afforded by the effects in dis¬ 
sociating certain compound molecules, possessed by the transverse waves 
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of shorter length and greater frequency, it appears that there must exist 
certain coincidences of periods between the possible internal vibration periods 
of compound molecules and the periods of the shorter waves. 

262. From the evidence, Art. 261, it follows that the compound mole¬ 
cules which are dissociated by the waves of light must have been in a state 
of limited stability: so that 

(1) by the breakdown the total potential energy is reduced, 

(2) a sudden disturbance in the medium is produced causing waves, 
which are of undefined length, in the medium. 

263. Comparing the evidences as to the effects of waves of greater 
frequency in dissociating certain compound molecules, adduced in Arts. 
253, 254, with the conclusions arrived at in Arts. 233—241 as to the 
effects of collisions between compound singular surfaces, rotational strains, 
and the institution of complex inequalities corresponding to electrostatic 
induction, it appears that the latter account for the former by mechanical 
considerations as will appear in the following articles. 

264. Accepting the statement in Art. 263, we find ourselves face to face 
with the question, What is the source of light? 

From the mechanical analysis it follows, Art. 238, that undulations in 
the medium can arise from nothing else than tho relative motion of the 
singular surfaces. The collisions of these surfaces would set up disturbances 
which would be propagated through the medium with the velocity of light, 
and which would correspond to the wavos of heat. But from Arts. 238—241 
it appears that there is another effect than that of simplo collision, by which 
undulations may ho instituted. 

In Art. 241 it appears that when two aggregate inequalities, separated by 
a surface of weakness, in which the numbers of grains absent in the primary 
inequalities differ, are subjected to rotational strain, parallel to tho surface 
of weakness, the strata will cause the total aggregate inequalities to reform, 
instituting two fresh aggregate inequalities with limited stability, which, as 
the strain is gradually reduced, do not gradually revert but, owing to the 
limited stability, are maintained until the strain has been relaxed sufficiently 
to overcome the limited stability and then break down under tho nearly 
full effort of the complex inequality; which, by Art. 260, is more than two 
hundred billion times greater than what would bo the effort of attraction 
of the two equal negative inequalities at the same distance. 

Such a transverse reversion as that considered would not result merely 
in reinstituting the normal piling. But, as it involves the absolute displace¬ 
ment of mass, the recoil by reversing the strain would institute a complex 
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inequality of the opposite sign; and this would be repeated, in. a gradually 
diminishing degree, until all the energy was spent in setting up undulations 
which would be transverse. 

We have thus two, more or less distinct, sources of undulations; and 
from the evidence it 'appears that, whatever undulations result from the 
collisions of singular surfaces, the undulations corresponding to those of 
polarised light are those caused by the reversion of the complex inequalities. 

265. Since, from Art. 264, it appears that the institution of light 
depends on the existence, in the medium, of compound molecules with 
limited stability, and it also appears that these compound molecules dis¬ 
sociate in the production of light, it follows that either the source of 
light must be continually diminishing or that there must exist some action 
which results in thus reassociatiug the primary inequalities, and as the 
first alternative is contrary to experience we must accept the second as 
a fact. 

The rcassociation of the primary molecules which, when associated, form 
compound molecules with limited stability, receives its explanation from 
the mechanical analysis on the same lines as that of their dissociation. 

Thus if we have two aggregate inequalities in one of which the primary 
inequalities are not combined the differing primary inequalities are combined. 
These may be analysed by putting 

a + a! for the combined total aggregate inequality, and 
b+b' for the total aggregate inequality uncombined, then 

a + a! + b + V a, + a' + b + b' 

2 ’ 2 ' ’ 

a + a' — (b + b') b+b' — (a + a') 

2 ’ 2 ' 

These if added together constitute the total aggregate inequalities; they 
oxpress two equal total negative aggregates together with one complex 
aggregate inequalit} 7 . 

Thus putting a + a’ = A the total aggregate inequality in which the 
primary inequalities are combined, we have 

A + b + V A+ b + b' 

2 ’ 2 

A — (b 4- Zf) b + b' — A 

2 ’ 2 ' 

Then if the strains were sufficient the normal attraction might overcome 
the normal stability, i.e. the stability in the direction of the normal, of the 
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complex inequality, causing a reversion. In this case, however, it does not 
follow that the reversion would be complete and so rcinstitutc A, b and 6', 
for since the work done by the strains might be sufficient to overcome the 
resistance to combination of b and b', the recoil from the breakdown would 
cause a total or partial combiuation of b and b', thus instituting B, the total 
aggregate inequality, and so diminish the energy available for the institution 
of undulations. 

We have thus an explanation by mechanical considerations of the part 
played by electricity in instituting the combinations of molecules which 
differ into compound molecules with limited stability. 

266. The absorption of the waves of light, let us say by lamp-black, 
presents a problem, the explanation of which, by the assumption that the 
molecules are capable of internal vibrations in various periods, is altogether 
sufficient. Thus, supposing the molecules in the lamp-black aro so various 
that there are molecules the intornal vibrations of which coincide with 
all periods of the incident wave, they would be set in periodic motion 
and absorb the energy of the waves; but this is not all. For supposing 
the absorption of the light continuous, the energy in the molecules would 
continually increase, and this is not in accordance with experience. There 
must therefore be some means by which the energy absorbed by the 
molecules may escape. This cannot bo by radiation, since in that caso 
it would only escape as light, which it does not. It is mechanically 
impossible that it should escape by radiation in the form of the long 
dark waves. And the only other mode of escape for the energy is by 
transmission—by convection and conduction through the molecules to the 
surface of the lamp-black. Nor does this altogether solvo the problem—for in 
such an experiment as we arc considering, it may bo possible that the lamp¬ 
black is in vacuo ; in which, having reached the surface, it would bo arrested. 
And the absorption continuing the energy of the molecules would con¬ 
tinually increase indefinitely. Since any such indefinite increase of the 
absorbed enorgy is outside experience it follows that within the limits of 
experience such perfect vacuum as contains no free molecules is impossible. 

The evidence which fellows from the theoretical explanation of Sir William 
Crookes’ radiometer* at once illustrates the fact mentioned above, for whon 
the light is turned on the receiver which contains tho vanes, the latter 
almost instantly acquire a steady spoed which shows that tho lainp-blackod 
surfaces as woll as the opposite surfaces, which arc whito, havo acquired 
a steady difference of temperature, so that there is no further increase of 
temperature from the absorption of the light; tho energy received from tho 
light wave by the black surfaces of tho vanes, taking tho form of energy 

* “ Certain dimensional properties of matter in tlio gaseous state.” Phil. Tram. 11, S., 1870, 
p. 823. 
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of vibration of tho molecules, is transmitted to the surface beyond ■which 
tho vibrating molecules do not pass, but, as the molecules at the -surface 
are vibrating, the energy of this vibration is eommunicatod by contact to 
any free molecules whoso paths bring them in coutact with tho molecules 
at tlu i surfaces of the vanes, causing reaction and convoying tho enorgy to 
the inner surface of tho receiver. 

Thus if there were no free molecules there would he no motion imparted 
to the vanes, and as tho stage of exhaustion at which the vanes do not 
revolve in unlimited light has not yet been attained, it follows that on the 
assumption that the waves of light are capable of communicating energy 
to tho molecules in tho. modo of internal vibration, tho production of an 
unlimited intensity of energy by tho absorption of light is outside 
experience. 

267. Thu assumption on which the absorption of light is based, Art. 206, 
lms not as yet boon subjected to tho further analysis necessary for a 
mechanical explanation of the actions involved. 

.It therefore remains to shew that, in spaces where negative inequalities 
exist, the state of the granular medium is so far allcobud by those in¬ 
equalities that, it no longer transmits waves which pass through the medium 
at the same velocity as when there are no inequalities, undisturbed, other¬ 
wise than by divergence. 

'I'o show this : 

We have (Art. 230) the fundamental mislit between tho nucleus in tho 
singular surface with the grains in strained normal piling, instituting in tho 
medium a shell of grains in abnormal piling which constitutes a shell about 
each singular surface which oilers little or no resistance to strains tangential 
to the singular surface. 

We have also (Art. 2r>fi) the diameter of the singular surfaeo some ton 
thousand timcN less than the wave-length. Tims wo have a Iroo singular 
surface through which the medium is free to move by propagation, tho 
diameter ef which is 10000 times loss than tho transverse wave, hut which 
is still subject lo the mululutory motion of the medium corresponding to tho 
light waves. 

('onsidnr next what must happen from the existence o( a single negative 
inequality in a Hpaec through which transverse waves arc passing: 

In the first place, since the surface of the inequality is a surfaeo of 
freedom there would he a certain small area of the surface about an axis 
through the centre of the inequality which presents a nearly piano surface 
perpendicular to the direction of propagation, and this small surface, owing 
to tins freedom of tho inequality, offers no resistance to tho transvorso wave. 

16—2 
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This area of freedom would relieve the stress in the medium in the plane 
normal to the direction of propagation, and so cause an increase of the 
undulatory motion at the small surface, the recoil from which would reverse 
the direction of propagation over the small area, thus instituting a partial 
reflection. (N.B. The amount of this reflection would admit of quantitative 
determination, but the analysis is long and it docs not appear to be 
necessary.) 

The reflection considered does not constitute the entire reflection which 
would result, for there would be similar reflections at tho opposite surface of 
the inequality, and besides the reflections on the small surfaces nearly plane, 
there would be reflections resulting from the relaxation of the components 
of the transverse stress all over the surface of the inequality, causing re¬ 
flections in all directions except in planes normal to tho dnection of 
propagation. So that there would be a general but varying scattering of the 
transverse wave in all directions greater than 7t/2 from the direction of 
propagation, varying from a maximum at 7 r to nothing at 7t/2. 

The proportion of undulations within a distance r, of the axis in the 
direction of propagation scattered by the passage of a wave by a single 
inequality is extremely small, for, although the small surfaces of freedom do 
relax, to some extent, the stresses consequent on the undulations in the 
medium, a singular surface is so small as compared with the wave-length, 
that they follow the motions of undulation, and are subject to nearly the 
same stresses as if thorc were no inequalities. 

Then if we consider a space, through which the waves are passing, to 
be occupied with negative inequalities in somewhat close order it does 
not appear that the rate of propagation would bo greatly altered owing to 
relaxation of the elasticity of the medium. 

But the rates of propagation dc not, as it seems, depend solely on the 
elasticity; for the singular surfaces, owing to their cohesion, introduce 
another system of possible vibrations—the internal vibrations of the negative 
inequalities. 

That the vibrations possible in the inequalities may be instituted as 
the result of undulatory stresses requires only a coincidence in tho periods 
of the waves and the vibrations of tho inequalities. Then since the evidence 
of the existence of a considerable number of periods of vibration in all 
inequalities is according to cvidenco, and it has been shown that however 
small the effects of the undulations solitary grains do cause a certain dis¬ 
turbance in the negative inequalities, it follows that the passage of a wavo 
through a space in which the inequalities arc somewhat close will result, 
if continued for a sufficient time, in imparting periodic motions to the 
inequalities having periods coinciding with the wave periods. 
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Then supposing the regular undulation to cease, the vibrations of the 
inequalities would institute waves of the same period until their energy was 
exhausted. Whence it follows that in the case in which waves are passing 
steadily into and through a space occupied by inequalities in somewhat close 
order, they will maintain the vibration of the molecules and at the same 
time pass through the medium, and then the energy of the waves and the 
vibration of the inequalities together would be greater than that of the 
inequalities alone in the ratio 

energy of wave motion + energy of inequaliti es 
energy of wave 

Then supposing a steady state to have been reached, if either of these 
actions were diminished it would receive assistance from the other; and 
from this it follows directly that, while the energy in a wave-length before 
entering tho space containing the inequalities is the only energy of the 
undulation, the energy in a wave-length in the space would be the energy 
of the undulation before passing plus the energy of the inequalities. 

Then again if tho mean rate of the motion of the energy of both 
undulation and inequality wore that of the undulation, there would be more 
energy passing out of the space than that entering, and the state could 
not be maintained steady. But if, on the other hand, after entering the 
space with inequalities, the rate of passage of the total energy was that 
given by 

energy of wave 

energy of wave -f energy of inequalities ’ 

the state would be steady, and the rate of propagation diminished in the 
same ratio. 

It has thus been shown that in the granular medium waves corresponding 
to light waves are capable of communicating energy to the negative 
inequalities corresponding to molecules, which was the object in this some¬ 
what long article. 

268. Refraction of waves in the granular medium, when passing from 
one space to another which differs as to the closeness of the arrangement, 
follows directly from the paragraph last but one, Art. 267, in which it is 
shown that the waves pass from a space in which there are no inequalities 
into a space in which the inequalities are in some close order; the ratio 
of the rate in the space without inequalities to the rate in the space with 
inequalities is as 

energy of propagation + energy of inequalities 
energy of propagation 5 

and this is the expression which corresponds with the index of re¬ 
fraction. 
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It also appears that in the main the cause of refraction is coincidence 
in the wave period with the period of vibration in the inequalities. The 
relaxation of the elasticity of the medium by the freedom of the centres 
must cause diminution in the velocity of propagation, but it would seem to be 
indefinitely small. 

269. The effect which, in a granular medium, corresponds to the dis¬ 
persion of the rays in the spectroscope, at once receives its mechanical 
explanation from the explanation (Art. 26S) of the effects which correspond 
to refraction together with the evidence (Art. 2C1) that as the waves become 
shorter their effects in dissociating the compound molecules increase. The 
mechanical explanation is that there are more coincidences in period in 
the case of short waves than in the longer. And this refraction increases as 
the length of the wave decreases, or, the shorter the waves the higher the 
index of refraction. 

270. The reflection of the wave of light which results when the light 
passing from a space in which there are no inequalities into a space in which 
the inequalities are in somewhat close order, depends, when the direction of 
propagation is not perpendicular to the reflecting surfaco, oh tho direction 
of the transverse motion in the wave front. Thus, supposing the direction 
of propagation is parallel to the paper and across the page, if the motion 
in the wave front is parallel to the paper and the reflecting surface is 
a plane perpendicular to the paper and inclined to the direction of propaga¬ 
tion, there may be, at the same time, motion in the wave front perpendicular 
to the paper, which motion is independent of the normal to the paper as 
illustrated in the figure below: 


Fia. 5. Fig. G. 

F L D F 



AS direction of propagation, 

GD trace of plane of reflection perpondioular to the paper, 

GH direolion of motion parallel to plane of reflection turned at 90°, 

EF direction of motion perpendicular to propagation. 

The general motion of the medium thus indicated may be realised by 
imagining a sheet of paper to be moving with a point revolving steadily with 
a radius equal to half the amplitude of the wave, without turning the paper 
in its plane, which must be perpendicular to the paper. The two motions 
EF and GH may be considered as analytically distinct. 
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The vertical harmonic motions, in the medium EF in planes parallel to 
the paper, in varying phases, without any motion in the direction of propa¬ 
gation, which constitute the undulations, must as the undulations arrive 
at the inclined reflecting surface of the space enclosing the inequalities, 
undergo partial reflection in the direction KL on account of the relaxation 
at the surface caused by the inequalities. This relaxation is proportional, 
other things being the same, to the number of singular surfaces in unit 
volume. 

The angle of incidence on the surface of the space enclosing the in¬ 
equalities at which the reflection is a maximum is of necessity such that 
the reflected and refracted rays are at right angles in the plane of incidence, 
and in this case the motions in the medium which are reflected aro parallel 
to the plane of incidence and thus correspond to light polarised in the plane 
of incidence. 

Then again, the portion of the waves in which the motion of the medium 
is perpendicular to the plane of incidence, although subject to the same 
refraction as that in which the motion of the medium is parallel to the 
plane of incidence, undergoes no reflection at the surface CD. 

The waves in the granular medium are a consequence of the motions 
in the medium which are transverse to the direction of propagation; these 
may be auything perpendicular to the direction of propagation. But they 
admit of being resolved in any two directions at right angles to each other 
and perpendicular to the direction of propagation, and when so resolved 
are analytically independent, that is to say, if the components of the trans¬ 
verse motions of the medium in one direction ceased to exist the motions of 
the other component would not be affected. 

Thus if transverse motions in the medium were confined to one direction, 
and that in a plane parallel to the plane of the paper, the shearing stresses 
would be all parallel to the paper iu planes at right angles to the direction 
of propagation: hence these stresses would propagate transverse motions 
parallel to the paper but would not propagate motions normal to the paper; 
and on the other hand transverse motions in the medium normal to the 
paper would cause transverse shearing stresses normal to the paper which 
would propagate motions normal to the paper but would not propagate 
motions parallel to the paper. 

It therefore follows that the transverse waves in which the motion is 
parallel to the paper can, in a granular medium, be instituted only by 
rotational stress in which the rotation is parallel to the paper. And such 
transverse waves will propagate parallel to the paper in the direction to 
which these planes are normal. And further, on arriving at a surface the 
normal to which is parallel to the paper, beyond which surface there are 
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inequalities, the wave will be reflected according to the laws of reflection, 
such reflection being strictly parallel to the paper. 

On the other hand, it follows that the transverse waves in which the 
motion is normal to the paper can, in a granular medium, be instituted only 
by rotational stress in which the rotation is normal to the paper; such waves 
propagate parallel to the paper in the direction to which their planes are 
normal, and are not subject to reflection at an inclined surface perpendicular 
to the paper, as shown in Fig. 5, since the motion in these transverse waves 
is entirely normal to the paper, as is shown by the line OH, turned 
through 90° in Fig. 6. Thus it is seen that the only reflection resulting 
from both components of the motion in the medium when the waves pass 
from a space without inequalities into a space with inequalities is the 
reflection resulting from the inclination of the surface parallel to the plane 
of incidence, as shown in Fig. 5. 

It may appear from what precedes that there is a difference besides that 
of the motion of one of the rays being parallel and the other normal to 
the paper, since so far no mention has been made of any reflection of the 
ray in which the motion is perpendicular to the paper. This apparent 
difference disappears, however, since if the reflecting surface in the plane 
of incidence were removed and rejflaced by a surface normal to the paper 
inclined at a corresponding angle to the direction of propagation, then 
the reflection would be from the waves perpendicular to the plane of 
incidence, and there would be no reflection from the plane of incidence. 

It is thus shown that in the granular medium when the transvorso stresses 
in the medium arc equal in all directions normal to the direction of propa¬ 
gation, when waves proceed from a space in which there are no inequalities 
into a space in which there are inequalities, if the separating surface is 
inclined to the direction of propagation there will be reflection in the plane 
of incidence of that component of the wave which is in the plane of incidence, 
in a degree depending on the closeness of the inequalities and the angle of 
incidence, while the other component of the wave-motion will not be subject 
to any reflection resulting from the inclination. And as this applies whatever 
the direction of propagation may be, it affords a definite proof that the 
motion in the medium which is reflected is in the plane of incidence. 

This result in the granular medium corresponds in every particular with 
the experiences of polarisation except that heretofore it seems to havo been 
a moot question whether or not the motion in the ether which is polarised by 
reflection was parallel or perpendicular to the plane of the medium*. 

* “In the theories of Frosnol and Cauoliy the vibrations are assumed to be perpendicular to the 
plane of polarisation—in those of MacOullagh and Neumann to bo parallel to it. Stoltes arrived 
at the conclusion that they are parallel, while by a similar oxperiment Holtzman arrived at the 
opposite conclusion.” Lloyd, Wave Theory of Light, 1857. 
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Tims not only does fcho analysis of the granular medium account by purely 
mechanical considerations for the phenomena of polarisation, but also removes 
all doubt, if bho explanation is mechanical, as to the fundamental necessity 
that the motion in the medium that can be reflected must be in a plane 
parallel to the plane of incidence. 

The foregoing proof that that component of the motion of the medium 
which is reflected is that parallel to tho plane of ineidenco has been based on 
the relaxation of bho mean coefficient of rotational elasticity owing to tho 
presence of negative inequalities, as discussed in Art. 207. This was all 
that was required, as tho relaxation in translucent matter is comparatively 
very small. When, however, wo come to metallic reflection, which in the 
case of mercury at perpendicular incidence! is OdiOG ns against (H)018 for 
water, it appears that the relaxation is altogether of another order than in 
translucent substances. 

In the meelumieul medium Hindi difference is accounted for by the 
extremely small sixo of the singular surfaces, the, radii of whie,h are about 
2 x'll) ,0 or 2 x 10 fl of the length of the shorter waves. These singular 
surfaces us long as their arrangement, is in open order will cause relaxation 
which is small hut which increases somewhat, proportionally to the number of 
such surfaces in unit space, each surface being, as it wore, independent, so that 
the abnormal pilings which embrace every grain will only moot at a few 
points, lhit as the inequalities approach the closest ardor the rate of 
decrease of the relaxation increases very rapidly until the normal piling 
of the singular surface becomes nearly continuous. 'Pile surface of bho space 
enclosing tho inequalities then becomes a singular surface of tho aggregation 
of inequalities outside of which tlm piling is abnormal. 

To veal iso the evenness of such a boundary surface embracing the whole 
or any pari, of the aggregate inequalities it is only necessary to romembor 
that tlm radii of tho singular surfaces are less than one teu-tlioiisaudth of the 
wave-length, whence the roughness which would he loss than 1. x It) -0 cm, and 
1,1ms would he smoother than any artificial polish which can ho imparted to 
metal, and bonce could only compare with tho surface of mercury. 

It is thus shown that tho granular medium not only affords an explana¬ 
tion of the polarisation of light lmt also affords an explanation of motallic 
reflection. And these explanations being accomplished it appears that tho 
mechanical explanation of the rest of the phenomena of light must of 
necessity follow. 

271. Tho aberration of light admits of an explanation so simple and tho 
coincidence of the value of the velocity of light thence deduced with that 
derived from the observations of the. eclipses of Jupiter's satellites is so re¬ 
markable as to leave no doubt in tlus mind as to the truth of the explanation. 












250 


ON THE SOT-MECHANICS OF THE UNIVERSE. 


[271 


But when the aberration is subjected to closer examination the explana¬ 
tion is found to rest on the heretofore unexplained absence of any resistance 
to the motion of the ether through matter; for notwithstanding the efforts 
made to rest the explanation on another basis this has not been completely 
accomplished. 

The difficulties in conceiving the free motion of the ether through matter 
do not present themselves in the analysis of the properties of the granular 
medium as now accomplished. This follows from the analysis which has been 
effected in this and the previous section. 

It is shown:— 

(1) That the motions of the singular surfaces are independent of the 
mean-motion of the grains in the medium (Art. 233). 

(2) That the institution of undulations depends on the varying strains 
resulting from relative motion of the singular surfaces (Art. 264). 

(3) That the energy of the wave is absorbed by the singular surfaces, 
and that the energy thus absorbed is conducted and conveyed through the 
aggregate singnlar surfaces (Art. 266). 

Whence it follows that the singular surfaces which correspond to matter 
are free to move in any direction through the medium without resistance, and 
vice versd the medium is free to move in any direction through the singular 
surfaces without resistance. And that the waves corresponding to those of 
light are instituted and absorbed by the singular surfaces only. So that after 
institution at the place where the singular surfaces are, the motion of the 
waves depends solely ou the mean motion of the medium, and the rato of 
propagation is equal in all directions until they again come to singular 
surfaces. Thus all paradox is removed and the explanation of aberration 
is established on the basis of the absence of any appreciable resistance to 
the medium in passing through matter. 

Thus besides the explanations by definite analysis of: 
the potential energy, 

the propagation of transverse waves of light, 

the apparent absence of any rate of degradation of light, 

the lack of evidence of normal waves, 

the gravitation of matter, 

electricity, 

which explanations render the purely mechanical substructure of the universe 
indefinitely probable, we have by further analysis obtained:— 
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Tim explanation ol' flic blackness of the sky on a clear night. (Art. 258.) 

The definite proof of tho fundamentnl dissipation of the energy of the 
waves of light mid tho relative energy of the molecules to increase the mean 
iiieveisilile relative uintiou of the grains; which dissipation is independent 
ol that which tends to the equalisation of the mean onergy of the molecules. 
(Art. 250.) 

1 lie number ol grains, the displacement of which through a unit distance 
represents the electrostatic, unit. (Art. 2(!0.) 

The proof of the coincidences between the periods of vibration of the 
molecules and the periods of the waves. (Art. 201.) 

Proof Mint dissociation of compound molecules proves tho previous state 
to have, been one of limited stability. (Art, 2(i2.) 

Proof that light is produced by the reversion of complex inequalities. 
(Arts. 2l>:i~-2li-|..) 

Proof (.hat the rcassooiatioii of compound molecules results from tho 
reversion of complex inequalities. (Art. 2(i5.) 

Proof of the absorption of the energy of light by inequalities. (Art. 2GG.) 

Proof that negative inequalities affect tho waves passing through, 
(Art, 207.) 

Proof that rofruetion is caused by the vibrations of the inequalities having 
the same periods as the waves. (Art. 208.) 

Proof that dispersion results from the greater number of coincidences as 
the waves get shorter. (Art, 20!),) 

Proof that the polarisation of light by reflection is caused only by that 
component of the transverse motion in the medium which is in the plane of 
incidence, and results from the passago of the light from a space without 
inequalities through a surliieo into a space in which there arc inequalities. 
(Art, 270.) 

Proof that metallic, reflection results from tho relativo smallness of tho 
dimensions of the molecules compared with the wavo-longth, and the close¬ 
ness of their piling, when the waves pass from a space without inequalities 
across the surface beyond which tho inequalities aro in closest order. 
(Art. 270.) 

Proof that the aberration of light results from tho absence of any 
appreciable resistance to the motion of the medium when passing through 
matter. (Art. 271.) 
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